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1 Introduction

The boundary Harnack principle for classical harmonic functions is a very deep result in po-
tential theory and has many important applications in probability theory and analysis.

In the late nineties Bogdan [3] established the boundary Harnack principle for harmonic
functions of rotationally symmetric a-stable processes, o € (0,2), in Lipschitz domains. This
was the first time that the boundary Harnack principle was established for harmonic functions
with respect to non-local operators (or, equivalently, discontinuous Markov processes). Since
then the result has been generalized in various directions. In [18] Song and Wu extended
the boundary Harnack principle to harmonic functions with respect to rotationally symmetric
stable processes in k-fat open sets, with the constant depending on the local geometry near
the boundary. The definitive result in the case of rotationally symmetric stable processes was
obtained in [4] by Bogdan, Kulczycki and Kwasnicki who established the boundary Harnack
principle in arbitrary opens sets with the constant not depending on the open set itself. This
type of result is known as the uniform boundary Harnack principle. Note that the uniform
boundary Harnack principle is not true for Brownian motion.

In another direction, the boundary Harnack principle has been generalized to different classes
of discontinuous processes. In [8] the boundary Harnack principle was established for harmonic
functions with respect to a wide class of purely discontinuous subordinate Brownian motions

in x-fat open sets, with an extension obtained in [10]. In [11] (see also, [6, 9]) the boundary
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Harnack inequality was established for harmonic functions of subordinate Brownian motions
with Gaussian components.

The purpose of this paper is to generalize the main results from [4, 8, 10] and prove the
uniform boundary Harnack principle for harmonic functions with respect to a large class of
rotationally symmetric purely discontinuous Lévy processes in arbitrary open sets. The class
of processes treated in this paper is larger than the class of processes treated in [8, 10]. The
processes considered in this paper need not be subordinate Brownian motions. Even when
restricted to subordinate Brownian motions, the assumptions on the subordinate Brownian
motions in this paper are slightly weaker than those in [8, 10].

To be more precise, let S = (S; : t > 0) be a subordinator with Laplace exponent ¢. We
assume that ¢ is a complete Bernstein function satisfying the following upper and lower scaling

conditions (see [22]):

(H): There exist constants 1,02 € (0,1), a1,as > 0 and Ry > 0 such that

(LSC) d(AT) = a X1 o(r),
<

1/Rg
(USC) p(Ar) 1

A
A
Note that it follows from (USC) that ¢ has no drift.

Let W = (W; : t > 0) be a Brownian motion in R%, d > 1, independent of the subordinator

S. The subordinate Brownian motion Y = (Y; : t > 0) is defined by Y; := Ws,. The Lévy

measure of the process Y has a density given by J(x) = j(]z|) where
3(r) ::/ (4mt) =2 /D y(ydt, >0 (1.1)
0

and p(t) is the Lévy density of S. Note that the function r — j(r) is continuous and decreasing
on (0, 00).

We will assume that X is a purely discontinuous rotationally symmetric Lévy process with
Lévy exponent ¥(£). Because of rotational symmetry, the function ¥ depends on |£] only, and
by a slight abuse of notation we write ¥(§) = ¥(|¢]). We further assume that the Lévy measure
of X has a density Jx. Then

E, [eig'(xf*X“)] = e tY(ED, for every € R? and ¢ € RY,

with
W(ieh = [ (1 cos(¢ 1) Tx )iy (12)

We assume that Jx is continuous on R?\ {0} and that there is a constant v > 1 such that
7y < Ix(y) < villyl), for all y € RY. (1.3)
Clearly (1.3) implies that
7l o(€?) < W(lE]) < vo(€f?),  forall € € RT. (1.4)

For a Greenian open set D C R?, we will use Kp to denote the Poisson kernel of X in D x D°

(see (4.6) below). The goal of this paper is to establish the following result:
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Theorem 1.1 Let X be a purely discontinuous rotationally symmetric Lévy process with a
continuous Lévy density Jx satisfying (1.3) where the complete Bernstein function ¢ satisfies
(H). There exists a constant ¢ = c(¢,7y,d) > 0 such that

(i) For every zy € R, every open set D C RY, every r € (0,1) and for any nonnegative
functions u,v in R which are regular harmonic in D N B(zg,r) with respect to X and

vanish in D¢ N B(zp,r), we have

~

N

c —2~

(y)

u(y
v(z)  w
for all z,y € DN B(zg,7/2).
(ii) For every zy € R, every Greenian open set D C RY, every r € (0,1), we have
Kp(z1,y1)Kp(22,y2) < cKp(z1,y2)Kp(22,41)

for all 1,29 € DN B(zo,7/2) and all y1,y2 € D'n B(zg,7)°.

The proof of the above theorem uses some results developed in [10] and several ideas from
[4]. In the next section we recall some necessary definitions and results from [10]. In Section 3
we prove several results about one-dimensional symmetric Lévy processes that will be needed
in the proof of Theorem 1.1. In Section 4, we present some estimates on the Poisson kernel Kp
that are essential for the proof of Theorem 1.1. The proof of Theorem 1.1 is given in Section 5,
where we also give an approximate factorization of the Poisson kernel, see Corollary 5.6. In the
last section we relate the assumption (H) with the class OR of O-regularly varying functions
and sketch the construction of an example of a complete Bernstein function which satisfies (H)
but not the assumptions in [10].

At the meeting “Foundations of Stochastic Analysis” held in Banff from September 18 to
23, 2011, M. Kwasnicki announced that, in a forthcoming joint paper with K. Bogdan and
T. Kumagai, they have obtained a version of the boundary Harnack principle for Hunt processes
in metric measure spaces under rather general conditions.

In this paper we always assume d > 1. We use the following convention: The value of the
constant C' will remain the same throughout this paper, while ¢, ¢y, co, -+ stand for constants
whose values are unimportant and which may change from location to location. The dependence
of the lower case constants on the dimension d will not be mentioned explicitly. The labeling of
the constants ¢y, cg, - - starts anew in the proof of each result. The notation f(t) < g(t), t = 0
(respectively f(t) < g(t), ¢ — oo) means that the quotient f(t)/g(t) stays bounded between

two positive constants as t — 0 (respectively ¢ — c0).

2 Preliminaries

Suppose that S = (S; : ¢ > 0) is a subordinator with Laplace exponent ¢, that is, S is a

nonnegative Lévy process with Sy = 0 and

E [e7*5] = 7", Vi, A > 0.
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The function ¢ can be written in the form
d(A) = bA +/ (1 — e M)pu(dt) (2.1)
0

where b > 0 and y is a measure on (0,00) satisfying [ (1 A ¢)u(dt) < oo. b is called the drift
of the subordinator and p the Lévy measure of the subordinator. The function ¢ is a Bernstein
function, i.e., it is C°°, positive and (=1)""1D"¢ > 0 for all n > 1.

Note that, by using (2.1) and the elementary inequality 1 —e™% < t(1 — e™¥) valid for all
t > 1 and all y > 0, we see that the Bernstein function ¢ satisfies

(tN) < Ap(t)  forall A >1,t > 0. (2.2)

In this paper we will always assume that ¢ is a complete Bernstein function, that is, the
Lévy measure p of S has a completely monotone density u(t), i.e., (—1)"D"u > 0 for every
non-negative integer n. For basic results on complete Bernstein functions, we refer our readers
to [17]. Tt follows from [10, Lemma 2.1] that there exists ¢ > 1 such that

p(t) < cep(t+1), t>1. (2.3)
The next result will be used to obtain the asymptotic behavior of p(t) near the origin.

Proposition 2.1 ([22, Theorem 7]) Suppose that w is a completely monotone function given

by w(A) = fooo e M f(t)dt, where f is a strictly positive decreasing function. Then
FO<(@—e Y e wE), >0
If, furthermore, there exist § € (0,1) and a,ty > 0 such that
w(t) < aX"ow(t), A>=1,t>1/tg, (2.4)
then there exists ¢ = ¢(f, a,to,0) > 0 such that
Ft) =t tw(t™h), <t

From now on we will always assume that the Laplace exponent ¢ of S is a complete Bernstein
function satisfying (H).

Theorem 2.2 For every M > 0, there exists ¢ = ¢(M, ¢) > 1 such that the Lévy density u of
S satisfies

UGN < plt) <etTlo(tY) and e Tlo(tT) < ult,00) < co(tT), VE< M (25)

where p(t,00) = [ pu(s) ds is the tail of the Lévy measure .

Proof. Let w()) := A7'¢(A) = [;* e~ pu(t, 00) dt. The upper scaling condition (USC) implies
that w satisfies (2.4) with § = 1 — 3 and ¢y = R2. Hence by Proposition 2.1, there exists a

constant ¢; > 1 such that

it rw(tTh) < plt,o0) < et rw(tTh),  t< RE,
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which immediately implies
e ot < plt,o0) <erp(t™h), t< Ry (2.6)

We proceed to prove the first inequality. Since p(t/2,00) > ftt/2 w(s)ds = (t/2)u(t) by (2.2)
and (2.6), for all t € (0, R3],

() < 267 u(t)2,00) < 2e1t7p((£/2) ) < dert™ro(t7h).

Using (LSC) we get that for every A > 1

R2
H(s71) = dp(AAs) 1) = a1 A p((As) 1), s < 70 (2.7)
Fix \j := 2% ((c?a;!) v 1)/9 > 1. Then, by (2.6) and (2.7), for s < (RZ A1)/,
1
(A1s,00) < e16((Ms) 1) < crar M7 p(s7h) < Fart AT (s, 00) < iﬂ(sa o0)
by our choice of A\;. Further,
)\15 1 1
(= su(s) > [ u(t)dt = (s 50) ~ (s, 20) > w(s,50) ~ Fa(s.50) = u(s,00).
S
This implies that for all ¢t < (R3 A 1)/A1,
-1 1 —1 ,/4—1
7 p(t, 00) o).

02 50 Z 20l —1)

The case (R2 A 1)/A\; < t < M is clear since the functions we consider are all positive and

continuous on (0,00). The proof is now complete. O

A consequence of (2.5) and (USC) is that for any K > 0 there exists ¢ = ¢(K) > 1 such that
w(t) < eu(2t), t e (0,K). (2.8)
Suppose that W = (W, : t > 0) is a Brownian motion in R¢ with
E [eig'(W‘_WO)} = e_tmz, VEeRYLE>0,

and that W is independent of S. The process Y = (Y; : t > 0) defined by Y; = W, is called a
subordinate Brownian motion. It is a rotationally symmetric Lévy process with characteristic
exponent @y (£) = ¢(|¢|?), &€ € RL Recall that the Lévy measure of Y has a density J(z) =
j(|z|) with j given by (1.1) and that r — j(r) is continuous and decreasing on (0, o).

The following theorem establishes the asymptotic behavior of j near the origin.

Theorem 2.3 It holds that

|z|7%)

J(lz]) < il . |z| — 0. (2.9)



6 Kim, Song and Vondracek

Proof. By (2.2),

o) W) <o, (2.10)
v u

To obtain the upper bound in (2.9) we write

o0

i(r) = / (4mt)=4/2e="*160 1) it + / (Art)=4/2e="* 140 () it = Ty 4 T,
0 r

2

For r < 1, by using (2.5) in the first inequality and (2.10) in the second, we have

2

a 2 " 2 ¢(r?)
Ji < cl/ (4mt) = 2em /=g (1Y) dt < cl/ (dmt) /27 /=112 gy
0 0 r

< CQT2¢)(7‘_2)/ t—d/2—2e_r2/(4t) dt = 637“2¢)(7“_2)’I“_d_2 _ 03r_d¢(r_2) )
0

Next

k)

o0 o0 d oo
Ja < 04/ =2 () dt = 04/ (2/ s~4/21 ds) wu(t) dt
r2 r2 t

= C5/ (/ u(t) dt) sTV 1 ds < esp(r?, oo)/ sTY s < egrlp(r?)

2 2 2

where the last inequality follows from Theorem 2.2. The last two displays show that j(r) <
crr~4¢(r=2), for r small. To prove the converse inequality, we also use Theorem 2.2 and get
that for r < 1,

1 1/r2
j(r) > / (4ms) =42~/ (49) 1 (5) ds = (4m) /2 / (tr2) 2=/ 4) |y (124)02 gt
0 0
1 1
> C8r2—d/ 1= /2= A0 (24 dp > CQTZ—d/ (= /2=1/ () =21 =2 =1) gy
0 0
1
> 0107’_d/ =2V g (r=2) dt = crlp(r?),
0

where the last inequality follows because 7=2¢t~1 > =2 and ¢ is increasing. O

Using (2.3) and (2.8), we can easily show (see [10, Proposition 3.5] or [15, Lemma 4.2]) that
(1) For any M > 0, there exists ¢ = ¢(M, ¢) > 0 such that

Jjr) < cj(2r), vr e (0, M). (2.11)

(2) There exists ¢ = ¢(¢) > 0 such that

Jj(r) <cj(r+1), Vr > 1. (2.12)
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3 Some results on symmetric Lévy process in R

In this section we assume that d = 1 and denote the process X by Z. That is, (Z;,P,) is a

purely discontinuous symmetric Lévy process in R such that
E, [eig'(zt*ZO)} = 110D, for every x € R and 0 € R.

We assume that (1.4) holds with a complete Bernstein function ¢ satisfying (H), that is,
7 1p(6%) < U(|0]) < v9(0?) for all § € R, but we do not assume the assumption (1.3) concerning
the Lévy measure of Z. As a consequence of (H), (1.4) and [16, Proposition 28.1] we know
that for any ¢ > 0, Z; has a density pi(z,y) = p:(y — x) which is smooth.

Let x (k, respectively) be the Laplace exponent of the ladder height process of Z (Y, respec-
tively). It follows from [7, Corollary 9.7] that

X(A) = exp <71r /000 Wd@) , K(A) =exp (i /000 Wd@) , VA> 0(3 .

It follows immediately from these two equations and (1.4) that v~ /2k()\) < x(A\) < v/2k(N),
i.e., that x is comparable to x. From (H) and [10, Propsoition 3.7] or [12, Proposition 2.1] we
conclude that the ladder height process of Y has no drift and is not compound Poisson, thus
the ladder height process of Z has no drift and is not compound Poisson. Thus the process Z
does not creep upwards. Since Z is symmetric, we know that Z also does not creep downwards.

Thus if, for any a € R, we define
T, =inf{t >0: 2, <a}, o,=inf{t>0:2, <a},

then we have
Pyra=04,) =1, z>a. (3.2)

Let Z(9:%) be the process Z killed upon exiting (0,00). Since Z has a smooth density, we can
easily show that Z(®°°) has a density p(®>)(t, z,y). Let G0 (z,y) = fooo PO (t, x,y) dt be
the Green function of Z(%°), If we use V to denote the potential measure of the ladder height
process of Z, then using the symmetry of Z and [1, Theorem 20, page 176] we have that for

any z € (0,00) and any nonnegative function f on (0, 00)

/ )G (2, y)dy = / "V (dy) / V() faty - 2). (3.3)

In the following, we will also use V to denote the renewal function of the ladder height process
of Z: V(t) := V((0,t)). For any r > 0, let G(>") be the Green function of Z in (0,7). Then we
have the following result.

Proposition 3.1 For allr >0 and all x € (0,r)

/OT GO(z,y)dy < 2V(r)(V(z) AV (r — ).
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Proof. Since

/G(O”")(m,y)dyé/ G0 (2, y)dy,
0 0

we can apply (3.3) with f being the indicator function of (0,r) to immediately get the conclusion

of the proposition. O

The following result will play an important role in this paper.

Proposition 3.2 There exists a constant ¢ = c¢(y) > 1 such that for all v >0
1 1
c_li2 < V(r) € "
P(r=2) P(r=2)
Proof. The proof is a simple modification of [12, Theorem 4.4]. By [10, Proposition 3.7] (or

[12, Proposition 2.1]) we have that ¢;'\/¢(\) < k(\) < e11/@()\) for a constant ¢; > 1. Hence
c3 '/ dN) < x(\) < e2y/d(N), ca > 1, implying that

— < LV(r) € cg———
ar SV S e

(where LV (r) denotes the Laplace transform of the function V). The claim now follows by
repeating the second part of the proof of [12, Theorem 4.4]. O

4 Poisson Kernel Estimates

Recall that Y is a subordinate Brownian motion in R? with Lévy exponent ¢(|£]?), X is a purely
discontinuous rotationally symmetric Lévy process in R? with Lévy exponent W(£) = W(|¢])

and Lévy density Jx, i.e.,
E, [eif'(xt_xo)] = e tw(ED, for every x € R? and ¢ € R?

and U(|¢]) = [pa(1—cos(&y))Jx (y)dy. Recall that we assume that (1.3) holds. As a consequence
of (H), (1.4) and [16, Proposition 28.1] we know that for any ¢t > 0, X; has a density p;(x,y) =
pt(y — x) which is smooth.

The infinitesimal generator L of X is given by
Li@) = [ (fla+9) = @) =y~ V@ gyen) Tx(o)dy (11)

for f € C2(RY). Moreover, for every f € CZ(R?), f(X;) — f(Xo) — fot Lf(Xs)ds is a Py-
martingale for every x € R

First we record several inequalities that will be needed in the remainder of the paper.

Lemma 4.1 There ezists a constant ¢ = c(¢p) > 0 such that

A1
Or ) 2 < NTIODY, A 1/ Ry, (42)
0
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ATt Ro
A2 / ro(r=?)dr + / ro(r ) dr < cd(X®), YA >1/Ro, (4.3)
0 A

—1

and

At Ro
22 / ro(r2)"2dr + / FlO() e < coOR)YE IAZ /Ry (44)
0 ATt

Proof. Assume A\ > 1/Ry. By (USC), ¢(r~2) < c1r™ 292 A= 292¢(\2) for r < A™1. On the other
hand, by (LSC), ¢(r~2) < cor 2% A7291¢()\?) for A~! <7 < Ry. Thus

—1 —1

A
1
/ o) 2dr < ¢} Pp(3)!/2A 0 / P < e\ o),
0 0 e

At Ro
2 -2 -1 -2
A /0 ro(r )dr+/}\ rro(r)dr

A Ro 1 1
< AQ )\27252 / 17262(1 )\7251 / 717261d g )\2
cap(N?) ( ; r r+ - r r csP(A°) 0 =0) + %,

and

ATt Ry
)\2/ r¢(r—2)1/2dr+/ T_1¢(7“_2)1/2d7“
0 A

—1

M fio 11
< cep(N*)? (AQ_(SQ/ riT02gp 4 AT /}\ ) r_l_gldr> < crp(A2)/? (2 s + 51) .
O —_

Lemma 4.2 There exists a constant ¢ = c(¢,y) > 0 such that for every f € CZ(R?) with
0< f<1,

Lf(a)] < colr?) (2+ isupD(a?/ayjayk)f(y)) +bo, for cvery z € R%, 7 < Ry
Y

jik
where f(y) == f(y/r) and by := 2f‘z‘>Ro JIx(z)dz < oo.

Proof. Let Ly = sup, 33 ;. [(9°/0y;0yx) f(y)|. Then [f(z +y) — f(z) —y - VI(2)| < 3Lalyl*
For r € (0, Ro], let f.(y) = f(y/r). Then the following estimate is valid:

Ly |y?
[fe(z +y) = fo(2) =y V(L] < 5 75 Ll + 20 Lyzn -
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Now, by using (H), (2.9) and (4.3), we get

|Lf7‘(z)| < /Rd‘fr('z—’—y)_fr(z)_y'vfr<z)1{|y\<r}|JX(y)dy

Ly y?
S g L s

5 Ix (y)dy + 2 /d 1iglyi<royIx (y)dy
R

+2 /]R Lyi>rorJx (y)dy

< My WP by + 20 [ 1 i(|ly))d
S 5 (yl<ry —5-J (Yl dy + 2y (r<lyl<Ro}J ([y))dy
Rd r R
+2/d Lyl ro}Jx (y)dy
R
—_92 Ll
< ep(ro) (24 o) +2 Ix(y)dy,
2 {ly|>Ro}

where the constant ¢ is independent of r € (0, Ry]. O

For any open set D, we use 7p to denote the first exit time of D, i.e., 7p = inf{t >0: X; ¢
D}.

Using Lemma 4.2, the proof of the next result is the same as those of [10, Lemmas 4.1 and
4.2]. Thus we skip the proof.

Lemma 4.3 There exists a constant ¢ = c(¢,7y) > 0 such that for every r € (0,1], and every
z € R?,
c
inf ]Ez TB(z,r 2 T e o~ -
€B(,r/2) 73] o((r/2)72)

The idea of the proof of the following proposition comes from [20].

Lemma 4.4 There exists ¢ = c(y) > 0 such that for any r € (0,00) and zo € R,
Eu[TB(x0.m) < ¢ (0(r)o((r — & — o)) 72 2 € Blao,r).

Proof. Without loss of generality, we may assume that g = 0. We fix z # 0 and put Z; = %

Then, using the fact that ¥ is a radial function, Z; is a Lévy process on R with
E[e0%t] = B("ToT ) = ¢ 1Y) = —t0(0) g eR.

Clearly, 7~ 1¢(6%) < ¥(6) < v¢(#?). Thus Z; is of the type of one-dimensional symmetric Lévy
processes studied in Section 3.

It is easy to see that, if X; € B(0,r), then |Z;| < r, hence Ey[Tp(0,)] < Ej4([7], where 7 =
inf{t > 0:(Z;| > r}. Thus, applying Proposition 3.1, we obtain E.[r5(0,,] < 2V (2r)V (r —|z]).
Now, by Proposition 3.2 and (H), we have proved the lemma. O

We now recall the definition of harmonic functions with respect to X.

Definition 4.5 Let D be an open subset of R®. A nonnegative function u on R? is said to be
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(1) harmonic in D with respect to X if
u(@) = Ba [u(Xr,)], € B,
for every open set B whose closure is a compact subset of D;
(2) regular harmonic in D with respect to X if for each x € D,
u(z) = Eq [u(X7p)].

Since our X satisfies [5, (1.6), (UJS)], by [5, Theorem 1.4] and using the standard chain

argument one have the following form of Harnack inequality.

Theorem 4.6 For every a € (0,1), there exists ¢ = c(a, ¢,7) > 0 such that for every r € (0,1),
zo € RY, and any function u which is nonnegative on R and harmonic with respect to X in
B(zg,r), we have

u(z) < culy), forallxz,y € B(xg,ar).

Given an open set D C R? we define X (w) = X;(w) if t < 7p(w) and X (w) = 0 if
t > 7p(w), where 0 is a cemetery state. A subset D of R? is said to be Greenian (for X) if X
is transient. When d > 3, any non-empty open set D C R? is Greenian. An open set D C R?
is Greenian if and only if D¢ is non-polar for X (or equivalently, has positive capacity with
respect to X). In particular, every bounded open set is Greenian.

Since X has a smooth density, using the strong Markov property, it is standard to show that,
for every Greeninan open set D, X has a density pp(t,z,y). For any Greeninan open set D
in R? let Gp(z,y) = fooo pp(t,z,y) be the Green function of X”. Using the Lévy system for

X, we know that for every Greeninan open subset D and every f > 0 and x € D,

B lf(Xnn) X # Xnpl = | [ Gl 2)0x(z = )z s (4.5)
We define the Poisson kernel
Kp(z,y) = / Gp(z,2)Jx(z — y)dz, (z,y) € D x D". (4.6)
D

Thus (4.5) can be simply written as
B lf(Xnn) X # Xepl = | Kn(e.)f)is

Using continuity of Jx, one can easily check that Kp(z,-) is continuous on D for every z € D.

Proposition 4.7 There exist ¢; = c1(¢,y) > 0 and ca = ca(p,y) > 0 such that for every
r € (0,1] and zo € R,

Kp@om(z,y) < crjlly —aol = r) (6(r7)e((r — |z — 20])72)) (4.7)
< eaglly —wol =r)e(r ) (4.8)
for all (z,y) € B(xo,r) X B(mo,r)c and

Kpon(@0,y) > c2jlly—xol)$(r™>)"",  Jorally € Blao,r)". (4.9)

—-1/2
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Proof. Using (1.3) and (2.11)—(2.12), the proof of (4.7) and (4.9) is exactly the same as that
of [10, Proposition 4.10] (using (H)), while (4.8) follows from (4.7) and the fact that ¢ is

increasing. U

The next result is a direct consequence of Theorem 4.6 and the continuity of Kp(s, (7, ")

on B(xg,r) “ for every x € B(xzg,r) (see [10, Proposition 1.4.11] for more details).

Proposition 4.8 For every a € (0,1), there exists ¢ = c(¢,v,a) > 0 such that for every
r € (0,1], o € R? and 21,75 € B(xg,ar),

KB(xo,r)(xlvy) < CKB(xo,r)(x%y)a Yy e B(Z’(),T’)

Proposition 4.9 For every a € (0,1), there exists ¢ = c(¢,v,a) > 0 such that for every
r € (0,1] and zo € R,

((ly — ol —r>2>>”2
3(r2)

for all x € B(zo,ar) and all y such that r < |zg —y| < 2r.

KB(xo,r)(wvy) <c rid <

Proof. By Proposition 4.8,

c

KB(xo,r)($ay) < 7(11/ KB(xo,r)(way)dw
r B(zg,ar)

for some constant ¢; = ¢1(¢,7,a) > 0. Thus from Lemma 4.4, (4.6) and Theorem 2.3 we have
that

C
KB(azo,r)(xvy) g %/ / GB(IO,T)(U}’Z)JX(Ziy)dZdw
r B(zo,r) J B(zo,r)

c
- 2 E. [TB(zo,m]Ix (2 — y)dz

) B(ao.r)
o o(lz —y|72)

ri(p(r=2))1/2 /B(W) (B((r — |z — wo|)72))"/2

N

|2 —y|~dz

for some constant ca = ca(¢,y,a) > 0. Since r — |z — xo| < |y — 2|, we have

co (B(]z —y[72)"/?
K xo,T x,y < / d
B(zo, )( ) Td(¢(r—2))1/2 Blzo.r) |z—y|d

z

S (60— ul=2)2
Td(¢(r72))1/2 B(y,3r)\B(y,|ly—zo|—7) ‘Z - y|d

3r —2\1/2
< 073/ Mds.
|

rd(¢(r_2))1/2 y—xo|—r S

Now, using (4.4) in the last integral (considering the cases r < Rg/3 and 1 > r > Ry/3

<

z

separately), we arrive at the conclusion of the proposition. O
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Lemma 4.10 For every a € (0, 1), there exists a positive constant ¢ = c(p,7,a) > 0 such that
for any r € (0,1) and any open set D with D C B(0,r) we have

P, (X, € B(0,7)°) < cgb(r_Q)/ Gp(z,y)dy, x € DN B(0,ar).
D

Proof. The proof of the lemma is similar to that of [10, Lemma 4.15]. Transience was used in
the proof [10, Lemma 4.15] in order to derive equation [10, (4.29)]. By noting that [10, (4.29)]
in the proof of [10, Lemma 4.15] follows immediately from Dynkin’s formula, using our Lemma
4.2, we can follow the rest of the proof [10, Lemma 4.15] (which does not use transience) to get

the conclusion of the lemma here. We omit the details. O

5 Uniform Boundary Harnack Principle

In this section, we give the proof of the main result of this paper. Let A(z,a,b) := {y € R?:
a<ly—xz| <b}.

Lemma 5.1 For every p € (0,1), there exists ¢ = c(¢,,p) > 0 such that for every r € (0,1),

Iyl r

/ KB(O,s)(xay)dS <c ) J(|y|) Vo € B(Oapr)a RS A(O,T’(l +p)/2,r).
r(14p)/2 P(r=2)

Proof. Let 0 < p < 1 and ¢ = (1 + p)/2. Note that the functions r + r~94+1 and r —

=Y (p(r=2))"1/2 are decreasing, see (2.10). Using Proposition 4.9 we get

lyl lyl s—d
| Knon@nds < o [ o6 - o)) s

—d

lyl
CT— _5)2 1/28
< et |l =)

for some constants c¢;(p,¢) > 0 and ca(p, ) > 0. Note that by (4.2) (considering the cases
lyl] — qr < Ry and 1 > |y| — qr > Ry separately) and the fact that r — 7(¢(r=2))Y/? is

increasing,

[y |y|—qr
/(MMP&*Wﬂk: / (é(s72))/2ds
qr 0
< esllyl — )@yl — ar) ) < esr(o(r2)2

for some constant ¢z > 0. Thus, by (H), Theorem 2.3 and the fact that r — j(r) is decreasing,

we have

X ds NS X C S .
B(0,s) Y Td_l 5 (T'_Q)j 6 (T'_Q)j Yy

qr
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From the strong Markov property, it is well known and easy to see that for all Greenian open
sets U and D with U C D, Gp(z,y) = Gy (2,y) + Es [Gp(Xr,,y)] for every (z,y) € R? x R%
Thus, for all Greenian open sets U and D with U C D,

Kp(z,2) = Ky(z,2) + By [Kp (X, 2)],  (2,2) €U x D° (5.1)

and
E,|rp] = Eu|rv] + Es [IEXTU [TD]} . zel. (5.2)

Lemma 5.2 For every p € (0,1), there exists ¢ = ¢(p,7,p) > 0 such that for every r € (0,1),
for every zo € R%, U C B(zg,7) and for any (z,y) € (U N B(zo,pr)) x B(zo,7)°,

1 . .
Ku(ry) < c—o / 307 — z0)) Ko (z,y)dz + (ly — =) | -
o(r=2) \Jo\B(zo,(14p)r/2)

Proof. Without loss of generality, we assume zp = 0. Let 0 < p < 1, ¢1 := (1 + p)/2 and
g2 := (34 2p)/5. For every s € [q11,g2r] and x € U N B(0, pr), by (5.1) we have

KU(mvy) = EJ[KU(XTU,-,B(OYS)JJ)] + KUQB(O,S) (x,y)

= / Ky (2,9)Kvunp(o,s)(, 2)dz + Kunp(o,s) (%, y)
U\B(0,s)

N

/ KU(Zay)KB(O,s)(x7Z)dZ+KB(O,5)(‘T7y)'
U\B(0,s)

Thus

1

(g2 — q1)
1 qa7

qar
Ku(r,y) < / / Kp(o.0) (@, 2) K (2, y)deds
q U\B(0,s)

17

+ Kp,s(z,y)ds

T(QQ - Q1) qr
= IT+1I.

By Tonelli’s theorem, we have

10 /W/
I = ——— 2151 KB(0,s) (%, 2) Ky (2, y)dzds
r(1=0) Jor Jpsevgzgn PO

10 / 21
2R KB 0,s (Z‘,Z)dS KU(Zyy)dZ
r(1=p) Ju\B.qm) ( g0

Applying Lemma 5.1 to the inner integral above, we get that

<

N (12 Ku (2, y)dz. -
(1—p) (r=2) ~/(U\B(o7q17-))j(|z|) ul(z,y)dz (5.3)

One the other hand, for any s € [¢17, go7], by Proposition 4.7,

) 1 1
KB(O,s)(way) < c2j(lyl —s) (¢(5*2))1/2 (é((s — |ID72))1/2'
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When y € A(0,7,4) we have (1 — g2)|y| < |y| — s, while when |y| > 4 we have |y| — s > |y| — 1.
Since s — |z| < s < gor, we have by the monotonicity of j,

. 1 1 ) 1
3l =) w72 e = < (0~ )l gy

y € A(0,r,4)

and
1 1

) . 1
iyl = s) D)7 ({5 2] T2 < e3j(lyl _1)W’ ly| > 4

for some constant ¢g > 0. Thus by applying (2.11) and (2.12), we get
azr 1 1

1
1<t [ =) G e S gy 69
Combining (5.3)-(5.4), we conclude that
Ko(ay) < cosos | J(2D K (2, 9)dz + caj(1y]) ——pr-
o(r=2) Jiw\Bo.gr)) P(r=2)
O

Since X is a purely discontinuous rotationally symmetric Lévy process, it follows from [14,
Proposition 4.1] (see also [19, Theorem 1]) that if V' is a Lipschitz open set and U C V,

P.(X;, €0V)=0 and P.(X;, €dz) = Ky(x,z)dz on V- (5.5)

Lemma 5.3 For every p € (0,1), there exists ¢ = ¢(¢,7,p) > 0 such that for every r € (0,1),
for every zg € RY, U C B(zg,7) and any nonnegative function u in R which is regular harmonic

in U with respect to X and vanishes in U° N B(zy,r) we have

1

< et
D(r72) JW\B(z0,(14+p)r/2))UB(20.r)°

illy = zo))u(y)dy, =€ UnN B(zo,pr).

Proof. Without loss of generality, we assume zg = 0. Let 0 < p < 1 and set ¢ = (1 + p)/2.
Note that the part of boundary of U belonging to U N B(zp, ) need not be Lipschitz, but here
u vanishes. The other part of boundary of U is a part of the boundary of the ball B(z,r).
Thus, since u is regular harmonic in U with respect to X and vanishes in U¢ N B(zo, ), by
Lemma 5.2 and (5.5) we have

wz) = Eolu(Xr)] = UCKu(%y)U(y)dy

1 , .
S S0 </C/U\B(OVW)J(I'Z)KU(z,y)dw(y)dy+/B(OVT)CJ(Iy)U(y)dy>-

Since [;;. Ky (z,y)u(y)dy = u(z) on U \ B(0,¢r), by Tonelli’s theorem, we have

1 _ .
u(r) < ) (/U\B(W)J(IZI)U(Z)OZH/B(Oyr)L_J(IyI)U(y)dy>-
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Lemma 5.4 There exists C = C(¢,v) > 1 such that for every r € (0,1), for every zy € R?,
U C B(zo,7) and for any (z,y) € (U N B(z,7/2)) X (B(zo,r)*NT"),

C™" Eq[70] (/ j(Z—20|)KU(2ay)d2+j(|y—ZO|)>
U\B(z0,r/2)

< Ku(z,y) < CEg[ry] (/ iz = 20 ) Ku (2, y)dz + j(ly — Zo|)> :
U\B(z0,r/2)

Proof. Without loss of generality, we assume zg = 0. Fix r € (0,1) and let B := B(0,r),
Uy :=UnNB0,4r), Uy := UNB(0,2r) and Us := U N B(0,2r). Let x € U N B(0,r/2),
y e B(0,r)°nT". By (5.1),

KU(m>y) = ]Ew[KU(XTU27y)] +KU2($’y)

/ Ky (2, y)Ps(Xr, € dz) —|—/ Ky(z,y)Ky,(z,2)dz + Ky, (z,y)
Us\U2 U\Us

— [ Ko, e+ [ Kulaw) [ Gulewi(z - wdud:
Us\U2 U\Us; U,

+ [ Gu,(z,w)j(ly —w|)dw =T+ II +III.
Uz

From Lemmas 4.10 and 5.2, we see that there exist ¢; = ¢;(¢,7y) > 0,7 = 1,2, such that I is less

than or equal to

¢ (sup KU(Zvy)) S~ Ealrv,] < c2Balry] (/U j(lZl)KU(%y)derj(lyl)) - (5:6)

z€Us \Us

Note that if 4 > [z| > 2r and |w| < Zr, then

1

2
glel= II—*IyI\II—*T 2] = Jwl < [z —w] <[zl + Jw] <[ + 37 < 22|

Thus, since j is monotonely decreasing, by (2.11)

1. . . 1 . . 3 2
ez (l2) < 5@l2l) < (e —wl) <GGlaD) < esillzl), 4> 2> gr el < v

for some constant cg > 0. If 4 < [2| and |w| < 27, then |z — 2r < |z — w| < |2| + 2r and by
(2.12)

) , 2 2 1.
iz =wl) 2 j(lzl+3m) > e 'i(lzl + 37 = 1) > eg'5(12])

and

. ‘ 2 , 2 .
i1z —wl) < (2l = 57) < eajllzl = 3r+1) < eai(l2])

for some constant ¢4 > 0. Thus there exists ¢5 = ¢5(¢,7) > 1 such that

& Ealru,] / (2D Ko (5 9)dz < IT < e5Ealrus] / J()Ke(zpdz  (5.7)
U\Us U\Us
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and
¢ Ealron]i(lyl) < IIT < esEalmu,]5(1yl) - (5.8)

Now the upper bound follows from (5.6)—(5.8). To prove the lower bound we can neglect I.
Further, by using Lemmas 4.4 and 4.10 in the third line, from (5.2) we get

E, [TU]

Eulrv,] + B, [Ex,,, (0]

N

E.[rv,] + (81615 E, [TU]> P, (XTU2 € B(0,2r/3)°)

< Eofru,) 4+ c6p(r™) " er¢((2r/3) ) Ealmr,] < csEelru,]

for some constants cg > 0. In the last inequality above we have used (H). Since

/ J(12) Koz, y)dz =/ J(12) Ko (2 p)dz + / J(12) Ko (2 p)dz
U\U, U\Us Us\Us

< [ iR+ (s Ku) | e
U\Us 2€Us A(0,r/2,3r/4)
by Theorem 2.3 and Lemma 5.2,

. K d < 1 C9 sr/4 —1 —2 d
fp, dEE G < (1 gt [T

x (/ j(|z|)KU(z,y)dz+j(|y|)> ~
U\Us

Applying (4.3) (considering the cases r < 4Ry/3 and 1 > r > 4Ry /3 separately) and (H), we
obtain

/ Iz Ku(z,y)dz < cro (/ j(ZI)Ku(zy)dzH(lyl))- (5.9)
U\U; U\Us

Combining (5.7)-(5.9), we have proved the lower bound. O

Lemma 5.5 For every zo € RY, every open set U C B(zg,7) and for any nonnegative function
u in R which is regular harmonic in U with respect to X and vanishes a.e. in U N B(zo,7) it
holds that

CE, (] / iy — zol)ul)dy < u(@) < CEylry] / 31y — zo)uly)dy
B(z0,m/2)¢ B(zo,r/2)°

for every x € U N B(zo,7/2) (where C is the constant from Lemma 5.4).

Proof. Without loss of generality we may take zp = 0. By the argument in the proof of Lemma

5.3 and by the assumption that u vanishes a.e. on U¢ N B(0,r) we have that

w@) = | Koo y)uly) dy = / Ky (, y)uy) dy
Ue B(0,r)c



18 Kim, Song and Vondracek

Now the claim follows from Lemma 5.4. Indeed, by Tonelli’s theorem we get

CEulro] ( L 702D ( Lo Ko dy> o L) dy>

= CRf] ( [ CIZCEESY N0 dz)

= CEI[TU]/ J(|z)u(z) dz,
B(0,r/2)¢

u(x)

N

where for the last line we used that w vanishes a.e. on U°N B(0,r). The lower bound follows in

the same way. O

We remark that in the statements of Lemmas 5.1-5.5, by using the assumption (1.3), we could
have replaced the density j with the density Jx of the process X (with a different constant).
We will do this in the next corollary which gives an approximate factorization of the Poisson

kernel. It is an immediate consequence of the last two lemmas.

Corollary 5.6 Let zg € R?, D C R? be Greenian open set and denote U := DN B(zg,r). Then
for every r € (0,1) and all (z,y) € (D N B(zp,7/2)) x (D°N B(z,7)¢) it holds that

C'E.[r]A(y) < Kp(z,y) < CE.[u]A(y), (5.10)
where

Aly) = / (JX(szO)KU(z,y) dz+JX(yfzo))
U\B(z0,r/2)

+ / Tx (2 — 20)E: [Kp(Xr,,y)] dz.
B(zo,r/2)°

Proof. Without loss of generality, we assume zo = 0 and DN B(0,7/2) # (). We first note that
by (5.1) and (5.5), for every (z,y) € (DN B(0,r)) x (DN B(0,r)),

KD(x’y) = KU(Ivy) +E,; [KD(XTU’y)] .

The function z — E, [Kp(X,,,y)] is regular harmonic in U with respect to X and vanishes
a.e. in U° N B(0,r). By using Lemma 5.5 for this function, and Lemma 5.4 for Ky (z,y) we

immediately obtain required inequalities. ]

We can now easily prove Theorem 1.1.
Proof of Theorem 1.1. (i) This follows immediately from Lemma 5.5 with ¢ := C*.
(ii) Let 1,22 € D N B(z0,7/2), y1,y2 € D° N B(zp,7)° and let U := D N B(zp,r). Then by
(5.10)
Kp(r1,491)Kp(22,52) < (CEu,[1u]A(y1)) (CEa, [T0]A(y2))
= (CEqa [ru]A(y2)) (CEq, [Tu] A(y1))
< C'Kp(21,y2)Kp(za, 1)

The lower bound is proved in the same way. O
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6 Remarks on (H)

In this section we point out the relationship between the assumption (H) and the class OR of
O-regularly varying functions, and sketch the construction of a complete Bernstein function ¢
which satisfies (H) but not the assumption in [10] that ¢ is comparable to a regularly varying
function. Using the idea in the construction below, one can come up with a complete Bernstein
function that is bounded between any two regularly varying complete Bernstein functions.

It follows from the definitions on [2, page 65 and page 68] and [2, Proposition 2.2.1] that
the assumption (H) is equivalent to that ¢ is in OR with its Matuszewska indices contained in
(0,1).

Here is a sketch of the construction. For z € (0, 2], define

f(a)=a'/%

Then we define
fla)y=a'"P 4+ f(2)—2'3 ze(2a]

for some large constant a; > 2. The constant a; is chosen so that for large values of z in (2, a4],
the function f behaves like 2/3, that is f(\z)/f(z) is close to AY/? uniformly for A € [1,2].
Then we define

f(:lc)::101/2—&—]“(al)—a}/27 x € (ay,as]

for some large constant as > a;. The constant as is chosen so that for large values of x in
(a1,as], the function f behaves like z'/2, that is f(\z)/f(z) is close to A'/? uniformly for
A € [1,3]. Then we define

fl@) =23+ fas) —ay/®,  x € (as,as]

for some large constant az > as. The constant ag is chosen so that for large values of z in
(as,as3], the function f behaves like z/3, that is f(\z)/f(z) is close to A3 uniformly for
A € [1,4]. We repeat this procedure to define this function inductively.

The function f is an increasing function in OR with upper Matuszewska index 1/2 and lower
Matuszewska index 1/3.

Let o be the measure with distribution function f. Since f(O,oo)(l +t)lo(dt) < o0, o is a

Stieltjes measure. Let
1
A) = —— o(dt
o= [ el

be the corresponding Stieltjes function. It follows from integration by parts that

o = [ e

Using our construction of f we know that

o 51/3 00 f(f) e} 61/2
/2 <A+§>2d§</2 <A+e>2d§</2 D™
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Thus it follows from [21, Lemma 6.3] that
AL gN) e V2 A= 2

for some positive constants ¢; < ca.

Modifying the argument of the proof of the de Haan—Stadtmiiller theorem ([2, Theorem
2.10.2]) one can show that g is in OR with upper Matuszewska index —2/3 and lower Ma-
tuszewska index —1/2. It follows from [17, Theorem 7.3] that ¢(z) := 1/f(z) is a complete
Bernstein function. Thus ¢ is a complete Bernstein function in OR with upper Matuszewska
index 1/2 and lower Matuszewska index 1/3.

It follows from [21, Lemma 6.3] that g cannot be comparable with any regularly varying
function at infinity, and therefore ¢ cannot be comparable with any regularly varying function
at infinity.

Acknowledgements We thank Nick Bingham and Charles Goldie for their help related to

the construction of the function in the last section.
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