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Abstract

In this paper we study the Martin boundary of open sets with respect to a large class of
purely discontinuous symmetric Lévy processes in R%. We show that, if D € R¢ is an open set
which is k-fat at a boundary point Q € 9D, then there is exactly one Martin boundary point
associated with @ and this Martin boundary point is minimal.
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1 Introduction

The Martin boundary of an open set D is an abstract boundary introduced in 1941 by Martin
[26] so that every nonnegative classical harmonic function in D can be written as an integral
of the Martin kernel with respect to a finite measure on the Martin boundary. This integral
representation is called a Martin representation. The concepts of Martin boundary and Martin
kernel were extended to general Markov processes by Kunita and Watanabe [25] in 1965. In order
for the Martin representation to be useful, one needs to have a better understanding of the Martin
boundary, for instance, its relation with the Euclidean boundary. In 1970, Hunt and Wheeden [14]
proved that, in the classical case, the Martin boundary of a bounded Lipschitz domain coincides
with its Euclidean boundary. Subsequently, a lot of progress has been made in studying the Martin
boundary in the classical case.

With the help of the boundary Harnack principle for rotationally invariant a-stable (a € (0,2))
processes established in [2], it was proved in [3, 11, 27] that the Martin boundary, with respect
to the rotationally invariant a-stable process, of a bounded Lipschitz domain D coincides with
its Euclidean boundary and that any nonnegative harmonic function with respect to the killed
rotationally invariant a-stable process in D can be written uniquely as an integral of the Martin
kernel with respect to a finite measure on dD. In [29] this result was extended to bounded k-

fat open sets. The Martin boundary, with respect to truncated stable processes, of any roughly
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connected k-fat open set was shown in [16] to coincide with its Euclidean boundary. In [17], the
results of [29] were extended to a large class of purely discontinuous subordinate Brownian motions.
For Martin boundary at infinity with respect to subordinate Brownian motions, see [23].

In this paper, we study the Martin boundary of open set D C R¢ with respect to a large class
of symmetric, not necessarily rotationally invariant, (transient) Lévy processes killed upon exiting
D. We show that if D is an open set and D is k-fat at a single point @Q € 9D, then the Martin
boundary associated with () consists of exactly one point and the corresponding Martin kernel is
a minimal harmonic function. Another point is that, unlike [3, 11, 16, 17, 27, 29], the set D is
not necessarily bounded. In the case when D is unbounded, we do not study the Martin boundary
associated with infinite boundary points.

Now we describe the class of processes we are going to work with.

Throughout this paper, r +— j(r) is a strictly positive and non-increasing function on (0, c0)
satisfying

Jjr) <ecjlr+1) for r > 1, (1.1)

and X = (X, P,) is a purely discontinuous symmetric Lévy process with Lévy exponent ¥x (&) so
that
E, [e’f'(Xt_XO)} = e_t‘IIX(S), t>0,z € ]Rd,f e R%

We assume that the Lévy measure of X has a density Jx such that
1 (YD) < Jx(y) < ni(yl), forall y € RY, (1.2)

for some v > 1. Since [;°j(r)(1 Ar?)r?~ldr < co by (1.2), the function z — j(|z|) is the Lévy

density of an isotropic unimodal Lévy process whose characteristic exponent is

W(leh = [ (1= cos(é - )il (13)

The Lévy exponent ¥x can be written as
Wx(©) = [ (1 cos(é - 1) Tx(u)dy
R
and, clearly by (1.2), it satisfies

W) < Tx(€) < mP(lE]), for all € € RY. (1.4)

The function ¥ may be not increasing. However, if we put ¥*(r) := sup,, ¥(s), then, by [4,

Proposition 2] (cf. also [13, Proposition 1]), we have
U(r) < U*(r) < w20(r).

Thus by (1.4),
() T (E]) < Wx(§) S mPH(fe]),  for all € € RY. (1.5)



We will always assume that U satisfies the following scaling condition at infinity:
(H): There exist constants 0 < §; < d2 < 1 and aj,ag > 0 such that
a N W (1) < U(AE) < ag\®2W(t), A>1,t>1. (1.6)

Then by [4, (15) and Corollary 22], for every R > 0, there exists ¢ = ¢(R) > 1 such that

e
d

U(r—1)

1
¢ d

<j(r)<c

for r € (0, R]. (1.7)

T T

Note that the class of purely discontinuous symmetric Lévy processes considered in this paper
contains some of the purely discontinuous isotropic unimodal Lévy processes dealt with in [4].

Let us now formulate precisely the main result of this paper.

Definition 1.1 Let D C R? be an open set and Q € R?. We say that D is k-fat at Q for some k €
(0,1), if there exists R > 0 such that for all v € (0, R], there is a ball B(A.(Q),xr) C DNB(Q,T).
The pair (R, k) is called the characteristics of the k-fat open set D at QQ. We say that an open set
D is k-fat with characteristics (R, k) if D is k-fat at Q € 0D with characteristics (R, k) for all

QeoD .

For D C R% we denote by dy;D the Martin boundary of D. A point w € 9y D is said to be
associated with @ if there is a sequence (yp)n>1 C D converging to w in the Martin topology and

to @ in the Euclidean topology. The set of Martin boundary points associated with @ is denoted
Q
by 0y, D.

Theorem 1.2 Suppose that the assumption (H) is satisfied. Let X be a symmetric Lévy process
with a Lévy density satisfying (1.2) and let D be an open subset of R® which is k-fat at Q € OD. If
D is bounded, then aﬁD consists of exactly one point and this point is a minimal Martin boundary

point. If D is unbounded and the process X is transient, the same conclusion is true.

In the case when D is unbounded, a natural assumption would be that D is Greenian, that is,
the killed process X is transient. Unfortunately, under the assumption (H), which governs the
behavior of the process in small space, it seems difficult to obtain estimates of the Green function
Gp(z,y) when either x or y becomes large. This is why in the case of unbounded D we impose
the transience assumption on X which gives the asymptotic behavior of the free Green function
G(z,y), cf. Lemma 2.20.

We begin the paper by showing that only small modifications are needed to extend some results
from the isotropic case studied in [20] to the symmetric Lévy processes X considered in this paper.
These results include exit time estimates, Poisson kernel estimates and Harnack inequality. A little
more work is needed to establish the upper and the lower bound on the Green function Gp. Those
are used to obtain sharp bounds on the Poisson kernel and the boundary Harnack principle in the

same way as in [20]. In Section 3 we follow the well-established route, see [2, 17, 19, 23], to identify



the Martin boundary point associated to ). After preliminary estimates about harmonic functions,
we first show that the oscillation reduction lemma, see [2, Lemma 16], is valid in our setting (with
essentially the same proof). The lemma almost immediately implies that 85&,D consists of exactly
one point. We then show that this point is a minimal Martin boundary point. We end the paper
by giving the Martin representation for bounded rk-fat open sets.

We finish this introduction by setting up some notation and conventions. We use “:=" to denote
a definition, which is read as “is defined to be”; we denote a A b := min{a, b}, a V b := max{a, b};
we denote by B(z,r) the open ball centered at € R? with radius » > 0; for any two positive
functions f and g, f =< ¢ means that there is a positive constant ¢ > 1 so that ¢ 1¢g < f < cg on
their common domain of definition; for any Borel subset E C R? and = € E, diam(F) stands for
the diameter of F and dg(x) stands for the Euclidean distance between z and E€; N is the set of
natural numbers.

In this paper, we use the following convention: The values of the constants R, 01, d2, C1, Cy, Cs, Cy
remain the same throughout this paper, while ¢, ¢y, c1, co, ... represent constants whose values are
unimportant and may change. All constants are positive finite numbers. The labeling of the
constants cg, ¢1, Ca, ... starts anew in the statement and proof of each result. The dependence of

constant ¢ on dimension d is not mentioned explicitly.

2 Green function estimates

Let S = (S;: t > 0) be a subordinator with no drift. The Laplace exponent ¢ of S is a Bernstein

function and admits the following representation
o0
o0 = [ =M@, Ao
0

where p satisfies [;(1 A t)u(dt) < co. p is called the Lévy measure of S or ¢. The function ¢ is
called a complete Bernstein function if u has a completely monotone density.

The following elementary result observed in [19, 22] will be used several times later in this
paper.
Lemma 2.1 If ¢ is a Bernstein function, then for all \,t >0, 1A X < ¢(At)/o(t) <1V A

Recall that, throughout this paper, we assume that X = (X, P,) is a purely discontinuous
symmetric Lévy process in R? with Lévy exponent Wy (€) and a Lévy density Jy satisfying (1.2).

It follows from [4, (28)], (1.4), (1.6) and (1.7) that there exist a constant 72 > 1 and a complete

Bernstein function ¢ such that

75 ' O(IE) < W(EN) < 720(€%),  for all € €RY, (2.1)
and j enjoys the following property: for every R > 0,
)
jlr) =< gb(::d) for r € (0, R]. (2.2)



Furthermore, there exist by, by > 0 such that
bING(t) < p(AL) < baAZ@(t), A>1,t>1. (2.3)

Throughout this paper, we assume that ¢ is the above complete Bernstein function.
From Lemma 2.1 and (2.2), we also get that for every R > 0,

jr) <ej2r), re(0,R]. (2.4)

The infinitesimal generator L of X is given by

Li@) = | (fe+) = F@) =y VI@1yien) Tx()dy (25)

for f € CZ(R?). Furthermore, for every f € CZ(R?), f(Xt)—f(Xo)—fOt Lf(X;s)dsis a P,-martingale
for every x € RY.

The following two results are valid without assuming (H). The next lemma is a special case of
[13, Corollary 1].

Lemma 2.2 There exists a constant ¢ > 0 depending only on d such that
1 T o0
clu(rh) < 2/ s 1i(s)ds +/ s Li(s)ds < e®(r 1Y), Vr > 0. (2.6)
r 0 T

Lemma 2.3 There exists a constant ¢ = c¢(V,v1,72) > 0 such that for every f € CZ(RY) with
0<f<1,

Lf.(z) <co(r 3|2+ Supz 1(0%/0y;0ue) f ()| |, for every x € RY,r > 0,
v Tx

where fr(y) == f(y/r).

Proof. Using (1.2) and Lemma 2.2 or [4, Corollary 3], this result can be obtained by following the
proof of [21, Lemma 4.2]. We omit the details. O

For any open set D, we use 7p to denote the first exit time of D, i.e., 7p = inf{t > 0: X; ¢ D}.
Using Lemmas 2.1 and 2.3 and (2.1), the proof of the next result is the same as those of [18,
Lemmas 13.4.1 and 13.4.2]. Thus we omit the proof.

Lemma 2.4 There exists a constant ¢ = ¢(V,7y1,7v2) > 0 such that for every r > 0 and every
z € R?,

ZEBi(I;:f,‘r/Z) E. [TB(:B,T)] >

¢(r=2)

The idea of the following key result comes from [31].



Lemma 2.5 There exists a constant ¢ = ¢(¥,~1,72) > 0 such that for any v > 0 and x¢ € R,

Eo[TB(s0,n] < c(@(r2)p((r — |z — x0])"%)) "%, 2 € B(ao, ).

Proof. Without loss of generality, we may assume that zo = 0. We fix  # 0 and put Z; = %

.
x
Then, Z; is a one dimensional symmetric Lévy process in R with Lévy exponent

0
Uy(0) = / (1 - cos(—x . y)) JIx(y)dy, 6 € R.
Rd |z
By (1.2),
Ox ,
w20) = [ (1= cos(T5 ) ) ity = w(0)
R |z

It is easy to see that, if X; € B(0,7), then |Z;| < r, hence Ey[1g( ] < Ejy[F], where 7 =

inf{t > 0:|Z; > r}. By [5, (2.17)], the proof of [5, Proposition 2.4] and Lemma 2.2.

Eolrp0,)] < B [7] < e (L0 )¥((r - |2))7H)) 2.
Now the assertion of the lemma follows immediately by (2.1). O

Given an open set D C R%, we define X (w) = X;(w) if t < 7p(w) and XP (w) = dif t > 7p(w),
where 0 is a cemetery state. We now recall the definitions of harmonic functions with respect to
X and with respect to X 7.

Definition 2.6 Let D be an open subset of R%. A nonnegative function u on R% is said to be
(1) harmonic in D with respect to X if
u(z) = Eg [u(X7,)], rzeU,
for every open set U whose closure is a compact subset of D;
(2) regular harmonic in D with respect to X if for each x € D,
u(z) =Ey [u(X5,); 7p < 00].
Definition 2.7 Let D be an open subset of R%. A nonnegative function u on D is said to be
harmonic with respect to X7 if
u() = Eo[u(Xn)], zED,
for every open set U whose closure is a compact subset of D.

Obviously, if v is harmonic with respect to X, then the function which is equal to u in D and
zero outside D is harmonic with respect to X in D.
Since our X satisfies [7, (1.6), (UJS)], by [7, Theorem 1.4] and using the standard chain

argument one has the following form of Harnack inequality.



Theorem 2.8 For everya € (0,1), there exists ¢ = c(a, ¥,v1,v2) > 0 such that for every r € (0,1),
o € R, and every function u which is nonnegative on R? and harmonic with respect to X in
B(xg,r), we have

u(z) < cu(y), forallz,y € B(xg,ar).

Let D C R? be an open set. Since Jy satisfies the assumption [7, (1.6)], by [7, Theorem 3.1],
bounded functions that are harmonic in D with respect to X are Holder continuous. Suppose that
u is a nonnegative function which is harmonic with respect to X in D. For any ball B := B(xq,r)
with B C B C D, the functions u,, n > 1, defined by

up(z) = Ez [(uAn)(Xp)], reR?,

are bounded functions which are harmonic with respect to X in B. Applying Theorem 2.8 to
Un(z) == u(z) —up(z) = By [(u— (uAn))(Xrp)], it is easy to see that w, converges to u uniformly
in B(zg,r/2). Thus u is continuous in D. This implies that all nonnegative functions that are
harmonic in D with respect to X are continuous.

A subset D of R? is said to be Greenian (for X) if X is transient. By [7, Theorem 3.1] X
has Hoélder continuous transition densities pp(t,z,y). For any Greenian open set D in RY, let
Gp(z,y) = [;° pp(t, z,y)dt be the Green function of X”. Then Gp(z,y) is finite off the diagonal
D x D. Furthermore, z — Gp(z,y) is harmonic in D \ {y} with respect to X and therefore
continuous. Using the Lévy system for X, we know that for every Greenian open subset D and
every f >0and z € D,

B f(Xop): Xy # Xl = [ [ Golo2)Ix(c = )iz fu)ay (2.7)
We define the Poisson kernel
Kp(a,y) == /D Gp(w,2)Jx(z — y)dzy  (w.y) € D x D, (2.8)

Thus (2.7) can be simply written as

B lf(Xop): Xy # Xrp) = [ Kpla) flu)d.
The following result will be used later in this paper.

Lemma 2.9 There ezist ¢y = c1(¥,y1,72) > 0 and c2 = ca(V,v1,72) > 0 such that for every
r € (0,1] and o € RY,

Kpon(@y) < crjlly — ol = r)(@(r)o((r — | — zo]) %)) 7'/
< cj(ly — x| —r)o(r) 7 (2.9)
for all (z,y) € B(zo,7) x Bz, r) and

KB(so.r)(@0,y) > c2j(ly — zo)p(r=2)7",  for all y € B(zo,7)". (2.10)



Proof. This proof is exactly the same as that of [18, Proposition 13.4.10]. We provide the proof
to show that only the monotonicity of j, (1.1), (2.4) and Lemmas 2.4 and 2.5 are used.
Without loss of generality, we assume xo = 0. For z € B(0,r) and r < |y| < 2,

Yl =7 <lyl = [zl < ly =2 <[zl + [y + 7 +[y| < 2Jy]
and for z € B(0,r) and y € B(0,2)¢,
yl =7 < Iyl = [zl < ly =2 <[zl + [yl + 7 + [yl < [y + 1.
Thus by the monotonicity of j, (1.1) and (2.4), there exists a constant ¢ > 0 such that

cillyl) < 3(lz —yl) < iyl =), (2,y) € B(0,r) x B(0,r)".

Applying the above inequalities, Lemmas 2.4 and 2.5 to (2.8), we immediately get the assertion of

the lemma. O
As in [20], to deal with s-fat open set, we need the following form of Harnack inequality.

Theorem 2.10 Let L > 0. There exists a positive constant ¢ = c¢(L,V,v1,v2) > 1 such that
the following is true: If x1,x5 € R and r € (0,1) are such that |x1 — x| < Lr, then for every

nonnegative function w which is harmonic with respect to X in B(x1,r) U B(xa,1), we have

clu(ze) < ulzy) < culzs).
Proof. Let r € (0,1], 21,22 € R? be such that |21 — 22| < Lr and let u be a nonnegative function
which is harmonic in B(z1,7) U B(22,7) with respect to X. If [z1 — xo| < 7, then since r < 1, the
theorem is true by Theorem 2.8. Thus we only need to consider the case when %r < |y —ax9| < Lr
with L > .
Let w € B(z1,5). Because |vg — w| < |1 — 22| + |w — 21| < (L + %)7“ < 2Lr, first using the
monotonicity of j and (2.10), then using (2.2) and Lemma 2.1, we get

_a9((2Lr)7?)
o(r=?)

For any y € B(w1,g), u is regular harmonic in B(y, %) U B(x1, %) Since |y — x1] < §g, by the

Kp(ps oy (x2,w) > 1 j2Lr)¢(r2)~" > cor > cgrd. (2.11)

127§)

already proven part of this theorem,

u(y) = cyu(z1), yeB@Lg% (2.12)

for some constant ¢z > 0. Therefore, by (2.7) and (2.11)-(2.12),

.
Wﬁ:Eﬂ%%wMz%hm%ﬁm@%@m%ﬂ



r

> cou(xy) Py, (XTB(%%) € B(xy, §)> = u(a:l)/B( T)KB(M,%)(a:g,w) dw
1,5
r
3

Thus we have proved the right-hand side inequality in the conclusion of the theorem. The inequality

d

> C3u(a:1)‘B(:U1, r~% = cqpu(xy).

on the left-hand side follows by symmetry. O

For notational convenience, we define

1
d(r)=—", 7>0. 2.13
)= g (2.13)
The inverse function of ® will be denoted by the usual notation ®~1(r).
Our process X belongs to the class of Markov processes considered in [7]. Thus we have the
following two-sided estimates for p(¢, x,y) from [7]. The proof is the same as that of [9, Proposition

2.2].
Proposition 2.11 For any T > 0, there ezists ¢y = c1(T, ¥V, ~v1,72) > 0 such that
p(t,z,y) < e (D71(t)~¢ for all (t,z,y) € (0,T] x R? x RY. (2.14)

For any T, R > 0, there exists co = co(T, R, ¥, v1,72) > 1 such that for all (t,z,y) € [0,T] x R x R?
with |z — y| < R,

-1 -1 —d t -1 —d t
“ <((I) (©) Alx—ylw(lx—yl))Sp(t’x’y)g(’? <((D ) A“’5?JC“I)(%y)(>2.15)

Our argument to obtain upper bound on the Green functions of bounded open sets is similar

to those in [8, 15]. We give the details here for the completeness.
Lemma 2.12 For every bounded open set D, the Green function Gp(x,vy) is finite and continuous
off the diagonal of D x D and there exists ¢ = c(diam(D), ¥, ~1,72) > 1 such that for all x,y € D,

el _ ¢
e P L P (216)

Proof. Put L := diam(D). By (2.15), for every € D we have

P.(rp < 1) > Po(X1 € R\ D) =/ p(1,z,y)dy
RIA\D

1 1
201/ (1/\ )dchl/ (1/\)d2202>0.
RA\D |z —yld®(|z —y|) R |2]@ @(|2])

Thus
sup/ pp(l,z,y)dy = supPy(mp > 1) < 1.
zeD JD xzeD



Now the Markov property of X implies that there exist positive constants c¢3 and ¢4 such that
/ pp(t,z,y)dy < cze ' for all (t,2) € (0,00) x D.
D

Thus combining this, (2.15) and the semigroup property, we have that for any (¢, x,y) € (1,00) X
D x D,

pD(tal‘ay) = / pD(t - 17'757 Z)pD(].,Z,y)dZ < 05/ PD(t - 17337 Z)dz < C6€_C4t‘
D D

This with (2.15) implies that such that for any (z,y) € D x D,

¢
A\
|z =yl ®(|lz - y|)

Go(z,y) = /Ooopp(t,:c,y)dt < C7/1 ((qu(t))—d

) dt + cz. (2.17)
0

By the proof of [7, Theorem 6.1],

v ' (e —y)
/o((‘l’ ) A|xy|d<1><|xy|>)dt“ gl

Therefore the Green function Gp(z,y) = fooo pp(t,z,y)dt is finite and continuous off the diagonal
of D x D. Furthermore, by (2.3), we have inf,<giam(p) ®(a)a™? > 0. Consequently, (2.16) holds.
O

For interior lower bound on the Green function, we use some recent results from [9]. The next
result is an analog of [9, Proposition 3.6], which is the main result of [9, Section 3]. Even though
it is assumed in [9] that X is rotationally symmetric and its Lévy density satisfies a little stronger
assumption than in this paper, all the arguments of [9, Section 3] only use the results in [7], (1.1),
(1.2), (2.2), (2.3), and the semigroup property. Thus by following the same arguments line by
line, one can prove the next proposition. We omit the details. We note in passing that D is not

necessarily bounded in the next proposition.

Proposition 2.13 Let T and a be positive constants. There exists ¢ = ¢(T,a,¥,v1,72) > 0 such
that for any open set D,

po(t,z,y) = c((@71(t) " Atj(lz —yl)
for every (t,z,y) € (0,T] x D x D with dp(z) Adp(y) > a®1(t).

Lemma 2.14 For every L, T > 0, there exists ¢ = ¢(T, L, V,~v1,7v2) > 0 such that for any bounded
open set D with diam(D) < T, z,y € D with |z —y| < L(0p(z) A dp(y)),
O(|z —yl) ¢

Coley) 2 €l = Ty — o) (2.18)

10



Proof. Without loss of generality, we assume L > 1, dp(y) < dp(z) and diam(D) < T. By
Proposition 2.13 and (2.2), there exists ¢1 = c1(T,¥,v1,72) > 0 such that for all (t,z,w) €
(0,T] x D x D with §p(2) A dp(w) > ®7L(¢),

oot zw) > ¢ <(<I>_1(t))_d/\ ¢ ) (2.19)

|2 — wl|?®(|z — wl)

Using this we have
T 2(0p(y))
GD(xay) > / pD(th?y)dt > / pD(tax7y)dt
0 0

®(6p(y)) o1 4 t g
> () TEA t
z /0 (@O A T (e =g

/ P g1y ! d (2.20)
> c )TN t. .
= |z — y|2®(jz — y])

Let r = |x — y|. By the change of variable u = @ and the fact that ¢ — ®(t) is increasing,

®(L7Mr) t O(r) [ r d
L) A dt = / w2 () Aut du
/o (@) rid(r) ™ Jo@)oL-1r) O~ (u=1d(r))
O(r) [ _

- T(d) / u du. (2.21)

o(r)/@(L~1r)

Since by (2.3) and (2.13)

/ w3 du > / u3du > 0, (2.22)

®(r)/@(L-1r) s 251
we conclude from (2.20) and (2.21) that (2.18) holds. O

It follows from (2.3), Lemmas 2.14 and 2.5 that, for all » € (0,1) and all « € (0, 7), there exists

¢ = ¢(a) > 0 such that for all cones V' of angle o with vertex at the origin,

E / O (X G ri0.(0,y)d L
0 1% s> / B(0,n)(0,9)dy > c1 / T Y
0 ° VNB(0,r/2) ) VNB(0,r/2) vl (ly~2)

r/2 1
> ———dr > “2) > ¢E ,
> 02/0 ) r > c3d(r=") = caiEoTp(o)

Thus X satisfies hypothesis H in [30]. It follows from (1.2), (2.2) and Lemma 2.4 that for every

cone V with vertex at the origin,

/ Eo7p0,ly))/x (y)dy = C/ ly|~dy = oo.
VNB(0,1) VNB(0,1)

Therefore it follows from [30, Theorem 1] that if V is a Lipschitz open set in R? and D is an open
subset of V,
Py (X, € 0V) =0, x €D.

11



Using Theorem 2.8, the proof of the next result is the same as that of [18, Proposition 13.4.11]. So

we omit the proof.

Proposition 2.15 For every a € (0,1), there exists ¢ = ¢(V,v1,72,a) > 0 such that for every
r € (0,1], 2o € R? and x1, 29 € B(xg,ar),

KB(IQ,T)(xlay) S CKB(IQ,T‘)(x27y)7 a.e.y € B(‘rO?T)C

Proposition 2.16 For every a € (0,1), there exists ¢ = ¢(V,v1,7v2,a) > 0 such that for every
r € (0,1] and zo € RY,

((ly — wo| — r>—2>>”2
o(r2)

for all x € B(xp,ar) and a.e. y such that r < |zo —y| < 2r.

KB(xo,r)(xay) <c Tﬁd <

Proof. Using (2.2), Lemmas 2.2, 2.5 and Proposition 2.15, the proof is exactly the same as that
of [21, Proposition 4.9]. We omit it. O

Lemma 2.17 For every a € (0,1), there exists a constant ¢ = ¢(V,y1,72,a) > 0 such that for any
r € (0,1) and any open set D with D C B(0,r) we have

P, (X-, € B(0,r)°) < c¢(r_2)/ Gp(z,y)dy, x € DN B(0,ar).
D

Proof. Using Lemma 2.3, the proof is exactly the same as that of [21, Lemma 4.10]. We omit it.
O

With these preparations in hand, we can repeat the argument of [21, Section 5] to get the
following form of the boundary Harnack principle established in [21]. We omit the details. Note

that the open set D in the next result is not necessarily bounded.

Theorem 2.18 There exists C1 = C1(V,v1,72) > 1 such that the following hold for all r € (0,1).

(i) For every zy € R%, every open set U C B(zo,r) and for any nonnegative function u in R?
which is regular harmonic in U with respect to X and vanishes a.e. in U N B(zg,r) it holds
that

Cr B[] /

iy — z)u)dy < ulz) < C1 Egfry] / 3y — zol)uly)dy
B(zo,r/2)¢

B(zo,r/2)¢

for every x € U N B(zp,r/2).
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(i) For every zy € R?, every open set D C R?, every r € (0,1) and for any nonnegative functions
u,v in R? which are regular harmonic in D N B(zq,7) with respect to X and vanish a.e. in
DN B(zp,r), we have

Sszgyg, x,y € DN B(z0,7/2).

(i4i) For every zg € R, every Greenian open set D C R?, every r € (0,1), we have

Kp(z1,y1)Kp(22,32) < C1Kp(21,y2)Kp(22, 1)
for all z1,z9 € DN B(z20,7/2) and a.e. y1,y2 € DN B(zg,7)°.

In the next two results, we will assume that X is transient and will use G(x,y) to denote the
Green function of X. Note that G(z,y) = G(y,z) by symmetry and G(z,y) = G(0,y — z) by
translation invariance. Since we only assume that X is symmetric, rather than unimodal, the next

result does not follow from [13].

Theorem 2.19 For every M > 1 there exists a constant Co(M) = Co(M, ¥, ~1,72) > 0 such that

for all x € B(0, M),
D)
||

CQ(M) S G(Q?,O) S CQ(M)

Proof. In this proof, we always assume that x € B(0, M). It follows from Lemma 2.14 that

®(|z|)
Hald

G(z,0) > Gpam(z,0) > ¢

On the other hand, by the strong Markov property and Lemma 2.12,

®(J)
G(l": 0) = GB(O,QM) (x,O) + ECU[G(XTB(OJMI)’O)] < ¢ ]x\d + EI[G(XTB@BM)’O)]'
Choose 29 = (0,...,0,M/2). By Theorem 2.10 and the strong Markov property, we have

E.[G(X

TB(0,2M)"

0)] < e3E4, [G(X 0)] < e3G(x0,0) < ¢4 < 00.

TB(0,2M)°
Furthermore, by (2.3), we have inf,<2y ®(a)a~? > 0. Thus we conclude that

®(|z))

|

O([z))

G(7,0) = Gp2m)(7,0) + EL[G(X 0)] <co 2l

+cq <cs

TB(0,2M)?

The following result will be needed in the proof of Theorem 3.12.
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Lemma 2.20 If X is transient, then

xlggo G(z,0) =0.
Proof. It follows from the transience assumption and (1.5) that 1/¥x is locally integrable in R?,
thus by [1, Proposition 13.23] that the semigroup of X is integrable (in the sense of [1]). Therefore
it follows from [1, Proposition 13.21] that, for any nonnegative continuous function f on R? with
compact support, lim,_,. Gf(x) = 0.
By Theorem 2.8, for any = € B(0,4)¢,

G(z,0) < cG(z,y), y € B(0,2).

Take a nonnegative function f with support in B(0,2) such that f is identically 1 on B(0,1). Then
G0 [ fwir= [ Ga0f@dy<e [ Gy = Gi)
B(0,2) B(0,2) B(0,2)

which yields
GIr)
fB(O,2) f(y)dy

Therefore lim,_,oc G(x,0) = 0. ]

G(z,0)<c

Remark 2.21 Note that several results of this section are stated only for small radii r, namely
r € (0,1]. This is, of course, a consequence of the scaling condition (H) at infinity which governs
the behavior of the process for small time and small space. If we want to study the large time and
large space behavior of X, we would need to add the following scaling condition on ¥ near the
origin too:

(H2): There exist constants 0 < d3 < d4 < 1 and ag, ag > 0 such that

as 1 (1) < U(A) < agh®Bp(t), A<1,t<1.

One consequence of adding condition (H2) to condition (H) is that many results that were valid
for small r only will hold true for all » > 0. For future reference, we list below precisely which
statements are true.

First note that if both (H) and (H2) hold, there exist a5, ag > 0 such that

2810ds) 2(82Vd4)
as B < (R)gaﬁ B , a>0,0<r<R<oo0, (2.23)
T U(r) r

cf. [22, (2.6)].
In the remainder of this remark, in addition to all conditions from Section 1, namely (1.1), (1.2)

and (H), we also assume (H2). Then X satisfies the assumptions in [10]. Furthermore, it follows
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from [4, (15), Corollary 23, Proposition 28] and (2.23) that (2.2) and (2.4) hold for all » > 0. That
is, under both (H) and (H2)

() = W for > 0, (2.24)
and
jr) <ej2r), r>0. (2.25)

The following results are now true for all » > 0: Theorem 2.8, Lemma 2.9, Theorem 2.10, Proposi-
tion 2.15, Proposition 2.16, Lemma 2.17 and Theorem 2.18. In order to prove Theorem 2.8, we also
have to use [10, Theorem 4.12], while in the proof of Theorem 2.10 we use (2.24) instead of (2.2).
Furthermore, using results in [10], Proposition 2.13 and Lemma 2.14 hold with 7' = oco. Proofs of

all other listed results stay the same.

3 Martin Boundary

In this section we will use the boundary Harnack principle (Theorem 2.18) and follow the well-
established route, see [2, 17, 19, 23], to study the Martin boundary of an open set D with respect
to X. The key ingredient is the oscillation reduction technique used in the proof of Lemma 3.4.

Throughout this section we assume that D C R? is a Greenian open set, Q € D and D is
k-fat at @ for some k € (0, %), that is, there is R > 0 such that for all » € (0, R], there is a ball
B(A,(Q),kr) € DN B(Q,r). Without loss of generality, we assume that R < 1/2. After Lemma
3.4, we will further assume that QQ € 9D.

Lemma 3.1 There exist C3 = C3(V,k,v1,72) > 0 and £ = &(V,k,v1,72) € (0,1) such that for
every r € (0, R) and any non-negative function h in R which is harmonic in D 0 B(Q,r) it holds
that

h’(A’f’(Q)) < C3(¢(r_2))_1€k¢((H/Q)_ri_2)h("4(ﬁ/2)kr(Q)) ) k= 0,1,2,.... (31)

Proof. Without loss of generality, we may assume that @ = 0. Fix r € (0,R). For £k =0,1,2,...,
let m, = (k/2)Fr, A, = A, (0) and By = B(Ag, n11). Note that the balls By are pairwise disjoint.
By harmonicity of h, for every k = 0,1, 2

h(Ak):IEAk[ TB} ZEAk[ )t Xrg, eB,} Z KBkAk, 2h(z)dz.

By Theorem 2.10, there exists ¢; = ¢1(V,~1,72) > 0 such that for every [ = 0,1,2,..., h(z) >
c1h(4;) for all z € B; . Hence

Kp, (Ag, 2)h(z)dz > c1h(4;) | Kp, (Ag,2)dz, 0<I1<k-1.
B B
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By (2.10), we have

Kp, (Ag, z)dz > 62¢>(77k2)_1/ J(12(Ax — 2))dz, 0<I<k—1.
Bl Bl

For 1 =0,1,--- ,k—1and z € By, it holds that |z| < r(k/2)'r + (k/2)F D = (3k/2)(k/2)'r. Since
|Ak| < kng, we have that |Ax — z| < |Ag| + |2| < 3m. Together with (2.2) and Lemma 2.1, this
implies that j(|2(Ax — 2)|) > 03|m\_d¢(nk_2) for every z € B; and 0 <[ < k — 1. Therefore,

: Kp,(Ag, 2) dz > calm| o, 2)o(ni.*) " BIl > esd(n; ) /o(n, %), 0<1<k—1.

Hence,

k—
o(my, Z h(4;), forallk=1,2,...,

where ¢5 = ¢5(V,v1,72,K). Let ar := ¢(n ) (Ag) so that ap > c5 Zf_ol a;. Using the identity
1+cs Zf:_()?(l +c5)t = (1+¢5)F ! for k > 3 by induction it follows that aj > c5(1 +c5)*tag. Let
¢€:=(1+c5)7t €(0,1) so that

G(r 2)h(Ag) = ao < (1 + ¢5)c5 ' ay, = (1 + c5)c5 '€ d(n; *)h(A).

Then,
h(Ar(0)) < (14 c5)e; (@(r)) T e b (my > (A ayer (0)) -

Lemma 3.2 There ezists ¢ = ¢(V,k,v1,72) > 0 such that for every r € (0,R) and every non-

negative function u in R? which is regular harmonic in D N B(Q,r) with respect to X,

W@z et [ (- Qhutz)a:

Proof. Without loss of generality, we may assume that @ = 0. Fix r € (0, R) and let A := A,(0).
Since w is regular harmonic in D N B(0, (1 — k/2)r) with respect to X, we have

w(A) > Eg [u(X X

TDNB(0,(1—k/2)T) ) * “rTDNB(0,(1—k/2)7)

€ B(0,r)¢
= / K pnp(o,(1-r/2)r) (A, 2)u(2)dz
B(0,r)c
= / / GDﬁB(O,(l—n/2)r)(Aa Y)Jx(y — 2)dyu(z)dz.
B(0,r)e J DAB(0,(1—k/2)r)
Since B(A,kr/2) C DN B(0,(1 — x/2)r), by the domain monotonicity of Green functions,
GpnBo,1-r/2)0) (A Y) 2> G (Ay),  y € B(A, kr/2).
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Thus
u(A) > / / G a2y (Asy) Tx (y — 2)dyu(2)dz
B(0,r)¢ J B(A,kr/2)
- / K a2y (A, 2)u(2)dz
B(0,r)c

> cr((r/2) %) / J(1A - 2u(z)dz,

(0,r)°

where in the last line we used (2.10). Note that |A — z| < 2|z| for z € A(0,7,1) and |[A—z| < |z|+1
for z € B(0,1)°. Hence by (1.1), (2.4) and Lemma 2.1,

u(A) > exd(r2) ! / J(2Du(z)dz.

B(0,r)c

Lemma 3.3 There exist Cy = Cy(V,k,71,72) > 1 and & = £(V, k,71,72) € (0,1) such that for
any r € (0,1), and any non-negative function u on R which is regular harmonic in D N B(Q,r)

with respect to X and vanishes in DN B(Q,r) we have
Eo |w(Xrpep, )t Xrpop, € B(Q,7)°| < Catfu(z),  z€ DN By,
where By, := B(Q, (k/2)*r), k =0,1,2,---.

Proof. Without loss of generality, we may assume that @ = 0. Fix ~ € (0, R). Let ny := (k/2)Fr,
By, := B(0,n) and

up(z) == By [u(XTDmBk) : Xrpop € B(O,T)C] ., zeDNB.
Note that for x € D N By,
Wt (@) = By [u(Xrpos, )t Xepos,,, € BO,7)]
x _U(XTDﬂBk+1) *TDNBgt1 = TDmBk’XTDﬁBk+1 € B(0, T)C}

U(XTDmBk) “TDNByy1 = TDNBy» Xrpnp, € B(O,r)c}

z _U(XTDmBk) : XTDmBk € B(()?T)c] .

8

E
= E
E

Thus
g () < ug(x), x € DN Byy. (3.2)

Let Ay := A, (0). Similarly we have
un(Ar) = Ea, [u(Xrpns,) : Xrpos, € BO,7)]
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< Eg4, [u(XTBk)  Xrpng, € B(0,7)°

/ K, (Ag, 2)u(2)dz.
B(0,r)c

IN

By (2.9), we have
Kp (A, 2) < e1j(|zl —m)e(n )™, =€ B(0,r)"

Note that |z| — nr > |2]/2 for z € A(0,r,2) and |z| — nr > |z| — 1 for z > 2. Thus by (1.1), (2.4)
and the monotonicity of 7,

w(A) < () | B (3.3)
B(0,r)c
By Lemma 3.2, we have
u(4o) = a0t ) RGOS (3.4)

Thus (3.3)—(3.4) imply that
ur(Ar) < cad(n7%) /oy, 2 u(Ao)-
On the other hand, using Lemma 3.1, we get
u(Ap) < c5(9(r™2)) 71 o *u(Ar).
Combining the last two displays and using Lemma 2.1, we get

o(n; %)

ur(Ag) < cet" u(Ag) < cr€hu(Ay).

p(r=2)
By the boundary Harnack principle, Theorem 2.18 (i), we have
ur(@)  un1(r) Csﬂk—l(Ak—l) < otk
u(z) u(z) u(Ag-1)
for k=1,2,---. The proof is now complete. O

Using the boundary Harnack principle and Lemma 3.3 (instead of Lemmas 13 and 14 in [2]),
we can repeat the argument of [2, Lemma 16] (which dealt with isotropic stable process) to get
the following result. We include the proof from [2] to show that it does not depend on scaling
property of stable processes, and on the way make some constants explicit and provide the detailed
computation in the end of the induction argument.

Lemma 3.4 There exist ¢ = ¢(V,v1,72,k) > 0 and = B(¥Y,71,72,k) > 0 such that for all
r € (0, R/2) and non-negative functions v and v on R% which are regular harmonic in DN B(Q, 2r)
with respect to X, wvanish on DN B(Q,2r) and satisfy u(A-(Q)) = v(A,(Q)), the limit g =

limpsz—q % exists, and we have

u(w)_g‘gc(m—@\)ﬁ, reDNBQ.r). (3.5)

r
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Proof. Fix r € (0, R/2). Without loss of generality, we assume that u(A,(Q)) = v(4,(Q)) = 1.
Let Dy = D N B(Q,r). We start the proof by fixing several constants. We first choose ¢; =
c1(¥,~1,792) > 10 such that

u(zx) a1\ . . u(z)
S0P @) = (1+3) ot o(z) (3:6)

This is possible because of Theorem 2.18 (it suffices to choose 14-c1/2 > C?). Let § = 6(¥,v1,72) :=
1 - %Cl_l € (1/2,1), where Cy is the constant from Theorem 2.18. We further define ¢ =

€(W,71,72) € (0,1/4) by s

© 20c1
and choose ky = ko(¥, 71,72, k) € N large enough so that (1 — &)~ < 2 and Cy&ko < £(4C)™!
where Cy > 1 and £ € (0,1) are the constants from Lemma 3.3.
For k=0,1,..., define

rp = (k/2)%%r By, = B(Q,r), Dy =DNBy, W=D\ Dy, 113 = B§.
Fori=-1,0,1,...,k—1, let
W(z) = E, [u(XTDk);XTDk € Hl] . zeRY (3.7)
vh(@) = E, [U(XTDk);XTDk € Hl} ,  zeR% (3.8)

Apply Lemma 3.3 with 7 = ;1 instead of r. Then 7, = (k/2)*%r = (k/2)**+=1=1DF hence for
k=0,1,2,... and x € Dy

uk (z) < Cy(eRo)e="1y(x), l=-1,0,1,...,k—2. (3.9)
Then since Z;:El(gko)k_l_l = gho Zﬁ;})(gko)n < gho(1 — ghoy=1 < 2¢ko | we have that for k =

1,2,... and « € Dy,
k—2

> up(z) < 204k0u(x). (3.10)

I=—1

Since 20460 < ¢/2 < 1/2, for k=1,2,...,1=—1,0,1,...,k — 2, we have >7 =2, uk(z) < uf~1(2)
for all z € Dy and, by (3.10)

ub (z) < ek_l_luﬁ_l(x), x € Dy. (3.11)
By symmetry we also have that for k=1,2,...,l=-1,0,1,...,k — 2,
vh () < ek_l_lvllzfl(:v), x € Dy. (3.12)

Define ¢ = ((¥,71,72) € (1/2,1) by



We claim that for all [ =0,1,...

u(z) 0 oo u(®@)
< (1 f —=. 1
2B o) =B ) 1
By Theorem 2.18 with y = A,(Q) we have that
q4<5$;<0b z e Dy=DnNBQ,7). (3.14)

We show that (3.13) and (3.14) imply the statement of the lemma. Indeed,

u(z)

u@) o ul)

< ¢t inf < Creil, 1=0,1,....

zeD, V(x)  zeD; v(x) zeDy v(x)
Since the right-hand side goes to zero as I — oo, the same is valid for the left-hand side proving
that the limit g = limps,—q % exists. Further, for z € D N B(Q,r) there is a unique [ > 1 such
that = € Il;_y C D;_1. Thus x ¢ D; implying |z — Q| > r; = (k/2)*!r, that is

log "
1> —— =9
ko log =
Let 8 := —%. Then 8 = B(¥, 1,72, k) and
lo¢ oo ol - 8
uz) _ g| < Crerl! < Crei¢ ek = O - PR e 2= 0l .
v(x) |z — Q| r

We now prove (3.13) by induction. By (3.6) we wee that (3.13) holds for I = 0. Again by (3.6)
and the fact that ¢ > 1/2 we have

xseugl v(x) = ;Eugo v(x) = <

T %) xgngo v(x) < (L4 ed) xgngo v(x) < (L4 ed) zlen51 v(x)

9

hence (3.13) holds also for [ = 1. Let k =0, 1, ... and assume that (3.13) holds for = 0,1,2,..., k.
By the definitions (3.7)—(3.8), and the regular harmonicity of v and v, we have

k
u(z) = Z u§€+1(x), x € Dy, (3.15)
I=—1
k
v(z) = Z vh (2), T € Dyy1. (3.16)
I=—1

For any function f on a set A we define

Oscaf =sup f(x) — inf f(x).
z€EA zeA
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Let g(z) :=u}_,(x)/vf, (), © € Dy. We claim that
Oscp,,,9 < 6 Oscp, g (3.17)

Recall that § = 1 — 307" € (1/2,1). Let my := infuep, g(z) and ma := sup,ep, 9(z). By (3.7),
(3.8) and Theorem 2.18, it holds that 0 < m; < ma < oco. If m; = ma, then both Oscp, ,g and
Oscp, g are zero so (3.17) holds trivially. Otherwise, let

(x) —my “§+1(1’) - mlv'§+1(m)

~ g
x) = = , x € Dy.
9(x) mo —my (mg — ml)v’gﬂ(x)

Note that ¢ is the quotient of two non-negative functions regular harmonic in D1 with respect

to X. Clearly Oscp, g = 1. Furthermore,
Oscp,,9 = Oscp,,,g - Oscp, g. (3.18)

This is clear from g(z) = (m2 — m1)g(x) + m1 = (Oscp,g)g(z) + ma. If supp, , g(z) < 1/2, then
Oscp,.,9 < 1/2, and it follows from (3.18) that

1
Oscp,,,9 < §Oschg. (3.19)

If, on the other hand, supp, , g(x) > 1/2, we apply Theorem 2.18 to the functions u(z) = u’,jH (x)—
myvy,(¢) and (z) = vf, () to conclude that

—1uly) _ ulz) u(y)

z,Y € Dgy1.

This can be written as
Cr'gly) < g(z) < C1gly), x,y € Diy1.

Hence, for all x € Do, we have

N ~ N 1
g(z) = 7' sup gly) > SCOT
YEDk 2

Therefore, infyep, ., g(y) > %C’fl, and since g < 1, we get that

1
Oscp, ,§ < 1— 50;1 = . (3.20)
By (3.18)—(3.20) we get (3.17).
We claim that
k k
e (@) e @) ) () 0,...k. (3.21)

2€Dy 12 v,’j+1(x) 2€Dj 11 v,’§+1(x) ~ zeDy v(x) ~ zeD; v(x)
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Indeed, let 1 :=inf,cp, UE ; so that u(x) > nu(z) on Dy. Then for € Dy,

Uliz+1(95) = Ew[u(XTDkJrl ); *XTD]€7L1 € Hk] > nEI[U(XTDk+1 ); ‘XTD,CJrl € Hk] = nvllf:—‘rl(x)?

so the second inequality of (3.21) holds. The first and third equalities of (3.21) are trivial. Similarly

we have
su uﬁﬂ(x) < sup uiﬂ(:c) < sup u(x) (3.22)
€Dy 42 v’l:+1(x) a €D 11 U]]f:—l-l(x) - zE€Dy, ’U(fl?)
Combining (3.21), (3.22) and (3.17) we get
up i (7) u(x)
SUPzeDy o :k“((;)) 1< S'upxeDk E B (3.23)
infxeDk+2 vgill(x) lnfxEDk ’U(.’L’)
Using (3.23) and (3.13) with | = k (the induction hypothesis) we obtain
k k
up 4 (z up, 4 (z
sup ZH( ) = (14 c16p¢*)  inf L() (3.24)

€D 2 Vpiq (z) 2E€Dg12 ”/’§+1 (z)

with a suitably chosen p € [0, 1] (independent of & € Dj2). Indeed,

SUDze Dy 4o UI::( SUP,ep, vE )
(z)

ianGDk o(z)

\_/

M = — 1| <14 ¢6¢k

Q

: “k+1(
1nfm€DkJr2 I

)
) —
)

Thus, 1 < M < 14 ¢16¢* which implies that there exists p = p(c1,(, k) € [0,1] such that M =
1+ c10pC*. Next, by symmetry and (3.24) we have

of (@ of L (x
sup i1 (%) = (1+c16p¢®)  inf ZLU (3.25)
2€Dy4a uk+1(l‘) 2E€Dj 42 ukH(:n)
Combining (3.21) and (3.13) we get
u(@) _ Ui (@)
sup —~ < (1+¢ inf , 1=0,1,...,k. 3.26
zeD; V v(x) . IC )QJGDHQ v],;Jrl(x) ( )
Now we fix x € Dy19. Then by (3.15) and (3.16),
u(z) _ Zf:o “§c+1($) + uI;—il-l(x>
v(z) Zf:o Vjopy () + ”1?4&1(55)
k
< Do Wi (2) + T hup (2)
B Zf:o ”L+1($)
k l
< (14 ek'H)M, (3.27)

%
>i=0 ULH(QU)
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where in the first inequality we used (3.11) with [ = —1. Now we apply [2, Lemma 15] with

k
k k ky gy (y)
Ug = uk-{—l(x)a Vo = V41 (ZE), a = (1 + 015PC )yelgii.z Uk (y)7
k+1
ngJrl(y) %

k k _ k—i :
U; = uk+zl (SL’), Vi = Uk+i (SL’) b; = (1 + ¢ Z) yélgif.m U]1§+1 (y) )

We need to check the conditions of [2, Lemma 15]. [2, (5.16)], a < b;, i = 1,...,k, is immediate.
[2, (5.18)], ug < avy, is true by (3.24). [2, (5.17)] consists of two parts: u; < bjv; and v; < €vg for
i=1,...,k. The first part follows from

k—1 k—1
U . U
sup IIEJFZ 1) < sup uy) < (1+ clg“k*l) inf ]’:H(y),
YEDk 41 Uk+1(y) yeDy_; V(Y) YE€Dk+2 Uk—f—l(y)

where the first inequality is (3.22) and the second inequality is (3.26). The second part of [2, (5.17)]
is precisely (3.12). Now we apply [2, Lemma 15] to conclude that

Z “k+1

uk ( k uk k
y) k—i k gy (y) k—i
< | (14 c16pc*)  inf Lkl +) (¢t —=0pC") inf . v
YEDk 12 ka(y) ZZ; YEDr42 vk+1(y Zz; k+
k k—i i U';§+1(y) r k
< (14c6plt+c ~'e'| inf . vy
1 ,OC 1 ; C yEDi 1 U]I§+1(y) ; k+1( )

Hence, letting 7 := (14 ") (1 + c10pCF + ¢1 Zle ¢Fie') and applying (3.27) we get

k k—i k
w3 (x
wz) gy e’““)z;(’—z“() <7 inf “Z*l(y). (3.28)
v(z) 2 im0 V1 (@) vEDk+2 U4 (y)
By symmetry,
k
v
v(x) <7 inf Z—H(y)' (3.29)
u@) =7 vebun uf 1 ()
Now, (3.28), (3.24) and (3.29) imply that
k
sup u(y) < 7. inf U:H(y)
YyEDg 4o U Y) YE€Dk+2 Uk+1(y)
_ T sup U]I:_H(y)
1+ Cldpgk YEDE 42 v]];+1(y)
2 . ou(y)

—— 11 .
1+ ¢16pCF yeDyy v(y)
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The proof of the induction step will be finished by showing that

2

<14 onckt? 3.30
1+ c16pCk — e (3.30)

k
_ k € (€ k
ooz (1))

7= (14 <1 +c1 <5p—|— €€> Ck> ,

First note that

Let

so that 7 < 7. Then
€ € 2
P2<F = (142 <1 + 2¢1 <5p + C) k4 <6p + C> <2k>
— € — €
< (14344,

where

2
A=1+¢ 25p-|—i ¢k e? 5,0+L ¢
C—e C—e

Further, let
B = (1+c10p¢") (14 e1¢¥?) = 14 e1(6p + ¢*)¢F + 1 (0p¢%) ¢

We will show that B — (1 4 3¢"*1)A = B — A — 3¢5 4 > 0. Since B — (1 +3éM1)A < B — 72
this will prove what want. We now prove B — (1 + 3é**1)4A = B — A — 3¢¥*14 > 0. Note that
e € (0,1/200) € (0,1/4) and thus ( —e > 1/2 —1/4 = 1/4. We will need the following estimate:

€
— <4 1. 31
e €< (3.31)

Since § € (1/2,1), p € [0,1] and ¢ < 1 we have
A<14+c242)+E1+1)2=1+4¢; +4¢2 = (1+2¢1)* < (3c1)* =92 (3.32)

Note that it follows from (3.31) that

1496 21-6 1 2 2

where we used that 1/2 — 2/(5¢1) > 1/2 —2/50 = 23/50 > 2/5 which follows immediately from
c1 > 10. Thus,

2
R ) L (e e =
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> cl(CQ—(Sp—Se)C _cl(C—)
c1(¢? — 6 — 8e)(F — cf(4e)*¢**

oo (49 (5

_ gq(l_(s) (“2”5>k/2 a ;56)2 (1;5>’f

= (1-9) (1;5>k/2 <§01_1255 <1;5>k/2>

> (1—5)(1;5>k/2 (4_215<1;5>k/2>7 .

where in the third line above we used (3.31) and neglected the first term in the square brackets in

v

Y

the line above, in the fourth line we used that p <1 and again (3.31), and in the last line we used
that ¢; > 10.
By combining (3.32) and (3.33) we get

B—A-3"1A > B—A-3. 92

k/2 k/2 Nkl s e\ 2
R N CONRICONE
25 2 2061 2001
k/2 k/2 N
a3 (503 B () o
25 2 202 \ 20c;
k/2 k/2 _ k+1
. ( 5) ( <1+5> )_27<1 5)
2 20

vV
/\
c.».
~_
e
~
(V)
|
[\
J
N
—_
[\Dl
(an)
>,
~__
E
+
—

k/2 1\ At
> Z —
= 5 < > 27<20>
_ 1 k/2+1 . 1\ 1 .
-2\ ““N\2) -~

for all £ > 1. In the penultimate line we used that 1 —9§ > 1/2, (1+4)/2>1/2and 1 -0 < 1.

The proof is now complete. O

An alternative approach to the oscillation reduction in case of rotationally stable processes is
given in [6, Lemma 8]. We note that for non-local operators the oscillation reduction technique
seems much harder than for the Laplacian, because the subtraction used in this process may destroy
global nonnegativity. In this regard, we note that there is a gap of this nature in the proof of [11,
Lemma 3.3].
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In the remainder of this section, we assume that @ € 0D. Since D is Greenian, the Green
function Gp(z,y), z,y € D, is well defined. Fix z¢g € D and set

GD(iU, y)

Mp(e.y) = Gp(zo,y)

) $,y€D,y7é$0.

Let r < %min{dist(x,@),dist(xo, @)}. Since Gp(zx,-) and Gp(xp,-) are regular harmonic in D N
B(Q,2r) and vanish in DN B(Q, 2r), using Lemma 3.4, one immediately gets the following.

Corollary 3.5 The limit Mp(z,Q) := limpsy—q Mp(z,y) exists. Furthermore, there exist posi-
tive constants ¢ and 8 depending on (V,~1, 72, k) such that for any r € (0, %(R A dist(zg, Q)), any
ye DNB(Q,r) and any v € D\ B(Q,2r),

_ B
Mp(e.) ~ Moo, Q)| < eh(e. @) (L2 (3:34)
Proof. Put Gl ) o )
._ D\T,Y L D(Zo, Yy
W= G Ay Y

" Gp(zo, 4:(Q))

Since u and v satisfy the assumptions of Lemma 3.4, there exists

e WD Mple)
D3y—Q v(y)  D3y—Q Mp(z, A-(Q))

<
<

~—

This implies the existence of Mp(xz, Q) := limpsy—o Mp(z,y). Furthermore, by (3.5) we have that

NN
u(;,)_g‘g(ly@l) . forallye DNBQ.r).

v(y) T
Equivalently,
Mp(z,y) Mp(z,Q) ly—Q\”
oy ey <c(15) o eravepns@n,
which is (3.34). -

Recall that XP is the process X killed upon exiting D. As the process X satisfies Hypothesis
(B) in [25], D has a Martin boundary dp; D with respect to X satisfying the following properties:

(M1) DU OypD is a compact metric space (with the metric denoted by d);

(M2) D is open and dense in D U dy/D, and its relative topology coincides with its original
topology;

(M3) Mp(z, -) can be uniquely extended to djsD in such a way that

(a) Mp(z,y) converges to Mp(z,w) as y — w € Oy D in the Martin topology;
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(b) for each w € D U dyyD the function x — Mp(z,w) is excessive with respect to X;

(c) the function (x,w) — Mp(z,w) is jointly continuous on D x (D U dyrD) in the Martin
topology and

(d) Mp(-,w1) # Mp(-,we) if w1 # we and wy,we € Oy D.

We will say that a point w € 9y D is a finite Martin boundary point if there exists a bounded
sequence (yn)n>1 C D converging to w in the Martin topology. The finite part of the Martin
boundary will be denoted by 8]J\C4D. Recall that a point w on the Martin boundary dy;D of D is
said to be associated with @) € 9D if there is a sequence (y,)n>1 C D converging to w in the Martin
topology and to ) in the Fuclidean topology. The set of Martin boundary points associated with
@ is denoted by G%D.

Proposition 3.6 8]%D consists of exactly one point.

Proof. We first note that aﬁD is not empty. Indeed, let (y,)n>1 C D converge to @) in the
Euclidean topology. Since D U das D is a compact metric space with the Martin metric, there exist
a subsequence (yy, )r>1 and w € D U dy D such that limy_,o0 d(yn,, w) = 0. Clearly, w ¢ D (since
relative topologies on D are equivalent). Thus we have found a sequence (yy, )r>1 C D which
converges to w € dyr D in the Martin topology and to @ in the Euclidean topology.

Let w € Oj?/lD and let Mp(-,w) be the corresponding Martin kernel. If (y,),>1 C D is a
sequence converging to w in the Martin topology and to @ in the Euclidean topology, then, by
(M3)(a), Mp(z,y,) converge to Mp(x,w). On the other hand, |y, — Q| — 0, thus by Corollary
3.5,

lim Mp(z,y,) = Mp(z,Q).

n—oo

Hence, for each w € 8]?4D it holds that Mp(-,w) = Mp(-,Q). Since, by (M3)(d), for two different
Martin boundary points w® and w® it always holds that Mp(-,w™™) # Mp(-,w®), we conclude
that BA%D consists of exactly one point. O

Because of the proposition above, we will also use () to denote the point on the Martin boundary
OJ%D associated with (). Note that it follows from the proof of Proposition 3.6 that if (y)n>1
converges to () in the Euclidean topology, then it also converges to @@ in the Martin topology.

For € > 0 let

K :={w € oyD :dw,Q) > €} (3.35)

be a closed subset of 0y D. By the definition of Martin boundary, for each w € K, there exists a
sequence (Y )p>1 C D such that lim,_, d(yy,w) = 0. Without loss of generality we may assume
that d(y,,,w) < § for all n > 1.

Lemma 3.7 There exists ¢ = c(e) > 0 such that |y — Q| > ¢ for allw € K, and all n > 1.
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Proof. Suppose the lemma is not true. Then {y;; : w € K,,n € N} contains a sequence (y,,*)>1
such that limy_, [y * — Q| = 0. Then also limy_, d(y,,*, Q) = 0. On the other hand,

w €
d(yn:a ) > d(wka Q) - d(y'rqf:awk;) > €— 5 .

DO

This contradiction proves the claim. |
We continue by showing that Mp(-, Q) is harmonic in D with respect to X.
Lemma 3.8 For every bounded open U C U C D and every x € D, Mp(X,,,Q) is P,-integrable.

Proof. Let (ymm)m>1 be a sequence in D \ U such that |y, — Q| — 0. Then Mp(-,y,) is regular

harmonic in U. Hence, by Fatou’s lemma and Corollary 3.5,

By [Mp(Xry, Q)] = Bal lim Mp(Xry,ym)] < Hminf By [Mp(Xry, ypn)]

m— 00

= lirri)infMD(:L‘,ym) = Mp(z,Q) < c0.

Using the results above, we can get the following result.

Lemma 3.9 Suppose that D is either (i) a bounded open set or (ii) an unbounded open set and X
is transient. For any x € D and p € (0, R A (0p(z)/2)],

MD($, Q) = Ex[MD(XTB(z,pr)] :
Proof. Fix x € D and a positive r < R A 5DT(x). Let

N 1= (g)mr and z, =A4,,(Q), m=01,....

Note that
B(2m,ms1) € DN B(Q, %’”) c DN B(Q,m) € DN B(Q,7) C D\ B(x,r)
for all m > 0. Thus by the harmonicity of Mp(, z,,), we have
Mp(x,zpm) = E; MD(XTB(I‘”,zm) .

On the other hand, by Theorem 2.18, there exist mg = mg(k) > 2 and ¢; = ¢1 (¥, 71,72, k) > 0
such that for every w € D\ B(Q, 1) and y € D N B(Q, Mm+1),

GD(U), Zm) <e GD(U/, y)
Gp(zo,2m) —  Gpl(zo,y)

Mp(w, zpm) = = c1Mp(w,y), m > my.
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Letting y — Q we get
Mp(w, zm) < c;Mp(w, Q), m > mog,w € D\ B(Q,Nm)- (3.36)

To prove this lemma, it suffices to show that {MD(XTB(M),zm) :m > mg} is Pg-uniformly
integrable. Since MD(XTB@’T),Q) is integrable by Lemma 3.8, for any ¢ > 0, there is an Ny > 1
such that

€
E, [MD(XTBW),Q);MD(XTBW),Q) > Ny /cl} <5 (3.37)

Note that by (3.36) and (3.37),
By [Mp(Xrg,,ys 2m)i Mp(Xry ) 2m) > No and Xo, | € D\ B(Q )|
_ €
=<

€
< 1By | Mp(Xey, ), Q)1 Mp(Xory, ), @) > No| < g

By (2.9), we have for m > my,
E, |:MD(XTB<Z’T))ZW); XTB(IY” eDn B(Q, nm)}

_ / Mp(w, 2m) K oy (2, )
DNB(Q,nm)

< cpd(r2)! / Mp (w, ) (0 — 2] — r)duw
DﬂB(Qmm)

for some ¢ = c2(¥,y1,792) > 0. Since |w — 2| > |z — Q| — |Q — w| > dp(x) — Ny > Ir, using (2.4)
and (2.2), we get that

E, [MD(XTB(W) zm)i Xy € DO B(Q,0m)

< e3j(r)g(r2)! / Mp(w, 2 duw
DNB(Q,nm)

< C47’d/ Mp(w, zp,)dw
DNB(Q,nm)
= C4rdGD(:1:0,zm)1/ Gp(w, zpy)dw (3.38)
DNB(Q,nm)
for some c3 = ¢3(¥,v1,7v2) > 0 and ¢4 = c4(¥,71,72) > 0. Note that, by Lemma 3.1,

Gp(x0,2m) " < Cs(d(mpa)) ™™ h(0;,2) G (0, 2my) - (3.39)

By (2.3), there exists ¢5 = ¢5(¥,v1,72) > 0 such that for any n < 1,

o1 —2v—1
/Osqb(SQ)dSSCSQs(W )

Thus by Lemma 2.12 in case D is bounded and by Theorem 2.19 in case of unbounded D,

1
Gplw, zm)dw < ¢ / —vdw < e7((2mm)72)Th (340
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for some constants cg = c6(¥,71,72) > 0 and ¢7 = ¢7(¥,v1,72) > 0. It follows from (3.38)—(3.40)
that

Ey [MD(XTB(IJ),Zm);XTB@YT) ebDn B(Qunm):|
Cdy o —2ny— 1 ) e
SCST d (Z) an 1GD T0, Zm 17_5771 mo'
(o)) o0 20 G2
Applying Lemma 2.1, we get
Eo |Mp(Xrp,,yr2m)i Xrppy € DOBQ,0m) | < cor™(¢(n,0)) ' G (20, 2me) ™™,

Thus there exists N > 0 such that for all m > N,

E, [MD(XTB(M>,zm); Xrpn €D0N B(Q,nm)] <

N

Consequently, for all m > N,
By |Mp(Xrp(,. 2m)i Mp(Xry, 0 2m) > N| <6,
which implies that {Mp(Xs,, ), 2m) : m > mo} is Pp-uniformly integrable. O
Using this, we can easily get the following
Theorem 3.10 The function Mp(-,Q) is harmonic in D with respect to X.

Proof. The proof is basically the same as that of [19, Theorem 3.9]. We write the details here for
completeness. Let h(z) := Mp(x,Q). Consider a relatively compact open set D; C D7 C D, and
put 7(z) = RA(36p(z)) and B(z) = B(z,7(x)). Define a sequence {7}, : m > 1} of stopping times
as follows: T :=inf{t > 0: X; ¢ B(Xp)}, and for m > 2,

T L Tmfl + TB(XTm_l) : eTm—l lf XTmfl € Dl
" D, otherwise.

Note that X, € 0Dy on M2 {T,, < 7p,}. Thus, since limy, 00 Tr, = 7p, Py-a.s. and h is
continuous in D, using the quasi-left continuity of X7, we have lim,, oo h(X%’m) = h<X7%1) on

N> {T,, < 7p, }. Now by the dominated convergence theorem and Lemma 3.9,

h(z) = lim E[A(XE,);Upl{Tn = 7p,}] + lim Eo[h(X7,); MLy {Tn < 7p,}]
= E[n(X7, );Uili{To = 7o, 1) + Eu[h(X7), ): i {T < 7p,}]
D
= E[h(X7)).

Part (b) of the following result is proved in [23, Lemma 4.18]. Part (a) is even simpler.
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Lemma 3.11 (a) Let D be a bounded open set and suppose that u is a bounded nonnegative har-
monic function for XP. If there exists a polar set N C D such that for any z € 0D\ N
lim wu(zx) =0, (3.41)

D3z—z

then u 1is identically equal to zero.

(b) Let D be an unbounded open set and suppose that u is a bounded nonnegative harmonic function
for XP. If there exists a polar set N C 0D such that for any z € 0D \ N (3.41) holds true and
additionally

D3t P =0

then u 1is identically equal to zero.

The next result completes the proof of Theorem 1.2. Recall that a point z € dD is said to
regular boundary point of D if P,(7p = 0) = 1 and an irregular boundary point if P,(7p = 0) = 0.

The set of irregular boundary points is polar.

Theorem 3.12 Assume that either D is bounded, or D is unbounded and X is transient. Then Q)

is a minimal Martin boundary point, that is, Mp(-, Q) is a minimal harmonic function.

Proof. Let h be a positive harmonic function for X such that h < Mp(-,Q). By the Martin

representation in [25], there is a finite measure on dys D such that

h(zx) = g DMD(x,w)M(dw):/a D\{Q}MD(wi)N(dw)+MD(357Q)M({Q})-

In particular, u(da D) = h(xo) < Mp(xo, Q) =1 (because of the normalization at zp). Hence, y is
a sub-probability measure.
For € > 0, K, is the compact subset of Jy;D defined in (3.35). Define

u(x) == /K Mp(z,w) p(dw). (3.42)

Then u is a positive harmonic function with respect to X satisfying

u(@) < h(@) — p({QHMp(2,Q) < (1 - n({Q}))Mp(z,Q) .- (3.43)

Let ¢ = ¢(e) > 0 be the constant from Lemma 3.7. Hence, for w € K, and (y,Y),>1 a sequence
such that lim,_,~ d(y¥,w) = 0, it holds that |y¥ — Q| > ¢. Fix 1 € D N B(Q,¢/2) and choose
arbitrary yo € D\ B(Q,¢). For any x € DN B(Q,¢/2) and any y € D \ B(Q, ¢) we have that

Gp(r,y) _ Gp(r,y) Gp(z1,y) < Gp(z,y0) GD(xlay)_
Gp(xo,y) Gp(z1,y) Gp(ro,y) —  Gp(x1,%) Gp(xo,y)
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Here the inequality follows from Theorem 2.18 applied to functions Gp(-,y) and Gp(-,yo) which
are regular harmonic in D N B(Q,¢) and vanish in D \ B(Q,c). Now fix w € K, and apply the

above inequality to y;’ to get

. GD(xvyw) GD(%?JO) . GD(xlvyw)
Mp(z,w) = lim —"L <c¢—r——% lim —f— 2L
D( ) n—00 GD(any%}) 1GD(:C17y0) n—00 GD(.%'O,y%))

GD(%Z/O) GD(xayO)
= ¢q———""=Mp(x1,w) <ci—=——7—"% sup Mp(x1,w
YGp(w1,90) plosw) YGo(®1,40) wer. pl@,w)
GD(xayO)
< cg—r—" =c3Gp(x, .
= 2GD(x1,yo) 3G p(z,Y0)

In the last line we used property (M3) (c) of the Martin kernel. Thus,
Mp(z,w) < e3Gp(z,y0), r e DNB(Q,c/2),we K.. (3.44)

Choose r < ¢/4. For any z € D\ B(Q,2r) and y € D N B(Q,r) with r small enough, by
Theorem 2.18 applied to Gp(z,-) and Gp(zo,-), we have

Gp(z,y) Gp(z, A (Q))
Gp(zo,y) Gp(z0, 4+(Q))

<cy

Letting D > y — @, we get

Gp(z, A (Q))
Gp(wo, Ar(Q))

Recall that limps,—, Gp(z,y) = 0 for every regular z € dD. Since r < ¢/4 can be arbitrarily
small, we see from (3.45) and (3.43) that limps, »—, u(x) = 0 for every regular z € 9D, z # Q.
Assume D is bounded. Fix r < ¢/4. It follows from Lemma 2.12 that for all z € D\ B(Q, 2r),

Bz — A(Q))) & (a)
w— A = ONPTT

From (3.45) and (3.43) we conclude that u is bounded in x € D \ B(Q,2r). Similarly, for every
z € DN B(Q,c/2) we have that Gp(z,y0) < c85UP,>c/2 ®(c)c™? =: cg (recall yo € D\ B(Q,¢)).
Hence by (3.44) and (3.43) we see that u is bounded on D N B(Q,¢/2). Thus u is bounded on D.
Now it follows from Lemma 3.11 (a) that u =0 in D.

If D is unbounded, we argue as follows. Since Gp(z,A4,(Q)) < G(z, A,(Q)), it follows from
(3.44) and Lemma 2.20 that limps, 0o Mp(z,Q) = 0. Hence by (3.43) limpsy oo u(z) = 0.
Thus, there exists R > 2 such that u(z) < 1 for all z € D\ B(Q,R). Fix r < ¢/4 A1 and let
x € DN (B(Q,R)\ B(Q,2r)). By (3.45) and Theorem 2.19,

O(|lz — A (Q)]) ®(a)

o — A, (Q) < Cl08up = - <c-

Mp(x,Q) < cy =c;Gp(x,A(Q)), xe€ D\ B(Q,2r). (3.45)

Gp(z, Ar(Q)) < 6

<er. (3.46)

Mp(z,Q) < c5G(x, Ar(Q)) < e5C2(R)
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It follows that w is bounded in D N (B(Q, R) \ B(Q,2r)). The proof that u is bounded on D N
B(Q, c/2) is the same as in the case of a bounded D. Hence, u is bounded, and again we conclude
from Lemma 3.11 (b) that u =0 in D.

We see from (3.42) that v = g, = 0. Since € > 0 was arbitrary and dy D\ {Q} = Ueso K, we
see that 19, p\{g) = 0. Hence h = u({Q})Mp(-, Q) showing that Mp(-, Q) is minimal. O

In the next two results we assume that D is a s-fat set. Then one can define = : 0D — 8J{4D

so that Z(Q) is the unique element of (%%D, cf. Proposition 3.6.

Theorem 3.13 Suppose that either D is bounded, or D is unbounded and X in transient. If D
is a k-fat set, then the finite part of the minimal Martin boundary of D and the finite part of the
Martin boundary of D both coincide with the Fuclidean boundary 0D of D. More precisely, = is

1-1- and onto.

Proof. Since every finite Martin boundary point is associated with some @ € 9D, we see that =
is onto. We show now that Z is 1-1. If not, there are Q,Q" € 9D, Q # @', such that Z(Q) =
2(Q') = w. Then Mp(-,Q) = Mp(-,w) = Mp(-,Q"). Choose r > 0 small enough and satisfying
r < |Q — Q'|/4. By (3.45) and (3.46) we see that there exists a constant ¢; = ¢;(Q) such that
Mp(z,Q) < c; forall z € D\ B(Q, 2r). Similarly, there exists co = c2(Q’) such that Mp(z, Q') < co
for all x € D\ B(Q',2r). Since B(Q,2r) and B(Q',2r) are disjoint, we conclude that Mp(-, Q) =
Mp(-, Q") is bounded on D by ¢; V co. Again by (3.45), limps,—,, Mp(z,Q) = 0 for all regular z €
0D. In case of unbounded D, we showed in the proof of Theorem 3.12 that lim,_,.c Mp(z,Q) = 0.
Hence by Lemma 3.11 we conclude that Mp(-, Q) = 0. This is a contradiction with Mp(z9, Q) = 1.

The statement about the minimal Martin boundary follows from Theorem 3.12. O

As a consequence of the result above and the general result of [25]), we have the following

Martin representation for nonnegative harmonic functions with respect to the killed process X .

Theorem 3.14 Suppose that D is a bounded k-fat set. Then = : 0D — Oy D is a homeomorphism.
Furthermore, for any nonnegative function u which is harmonic with respect to X, there exists a

unique finite measure p on 0D such that

u(z) = Mp(z, z)u(dz), x € D.
oD
Proof. Let Q € 9D and z € D. Choose r < imin{R,dist(z,Q),dist(z9,Q)} so that = €
D\ B(Q,2r). Let Q@ € 0D N B(Q,r/2). Since D is k-fat at @', by Corollary 3.5 there exists
Mp(z,Q") =limpsy o Mp(z,y). Further, by letting y — Q" in (3.34) we get that
: @ —Ql\’
‘MD(xaQ) _MD(va)‘ SCMD(m7AT(Q)) . :

r
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This shows that if (Qy)n>1 is a sequence of points in 0D converging to Q € 0D, then Mp(-,Q) =
limy, 00 Mp (-, Qn)-

In order to show that = is continuous we proceed as follows. Let @, — @ in dD. Since dy D is
compact, (2(Qn))n>1 has a subsequence (Z(Qp, ))r>1 converging in the Martin topology to some
w € Oy D. By property (M3), Mp(-,2(Qn,)) = Mp(-,w). On the other hand, by the first part of
the proof, Mp(-,E(Qn,)) = Mp(-,Qn,) = Mp(-,Q), implying that w = Z(Q). This shows in fact
that (2(Qn))n>1 is convergent with the limit Z(Q). Using the fact that 0D is compact, the proof
of the continuity of the inverse is similar.

The Martin representation for nonnegative harmonic functions is now a consequence of the

general result form [25]. O

Acknowledgements. We thank the referee for helpful comments on the first version of this

paper.

References

[1] C. Berg and G. Forst: Potential Theory on Locally Compact Abelian Groups. Springer, 1975.

[2] K. Bogdan: The boundary Harnack principle for the fractional Laplacian. Studia Math. 123(1)(1997),
43-80.

[3] K. Bogdan: Representation of a-harmonic functions in Lipschitz domains. Hiroshima Math. J. 29
(1999), 227-243.

[4] K. Bogdan, T. Grzywny and M. Ryznar: Density and tails of unimodal convolution semigroups. J.
Funct. Anal. 266 (2014), 3543-3571.

[5] K. Bogdan, T. Grzywny and M. Ryznar: Barriers, exit time and survival probability for unimodal Lévy
processes. Preprint. arXiv:1307.0270 [math.PR]

[6] K. Bogdan, T. Kulezycki, M. Kwasnicki: Estimates and structure of a-harmonic functions. Probab.
Theory Rel. Fields. 140 (2008), 345-381.

[7] Z.-Q. Chen, P. Kim and T. Kumagai: On heat kernel estimates and parabolic Harnack inequality for
jump processes on metric measure spaces. Acta Mathematica Sinica, English Series 25 (2009), 1067—
1086.

[8] Z.-Q. Chen, P. Kim and R. Song: Dirichlet heat kernel estimates for fractional Laplacian with gradient
perturbation. Ann. Probab. 40 (2012), 2483-2538.

[9] Z.-Q. Chen, P. Kim and R. Song: Dirichlet heat kernel estimates for rotationally symmetric Lévy
processes. To appear in Proc. London Math. Soc.

[10] Z.-Q. Chen and T. Kumagai: Heat kernel estimates for jump processes of mixed types on metric measure
spaces. Probab. Theory Relat. Fields, 140 (2008), 277-317.

[11] Z.-Q. Chen and R. Song: Martin boundary and integral representation for harmonic functions of sym-
metric stable processes. J. Funct. Anal. 159 (1998), 267-294.

[12] K.-L. Chung: Lectures from Markov Processes to Brownian Motion. Springer, New York (1982)

34



[13] T. Grzywny: On Harnack inequality and Hélder regularity for isotropic unimodal Lévy processes. To
appear in Potential Anal.

[14] R. A. Hunt and R. L. Wheeden: Positive harmonic functions on Lipschitz domains. Trans. Amer. Math.
Soc. 147 (1970), 507-527.

[15] P. Kim and R. Song: Two-sided estimates on the density of Brownian motion with singular drift. Illinois
J. Math., 50 (3), (2006), 635-688.

[16] P. Kim and R. Song: Boundary behavior of harmonic functions for truncated stable processes. J.
Theoret. Probab. 21 (2008), 287-321.

[17] P. Kim, R. Song and Z. Vondracek: Boundary Harnack principle for subordinate Brownian motions.
Stoch. Processee Appl. 119 (2009), 1601-1631.

[18] P. Kim, R. Song and Z. Vondracek: Potential theory of subordinate Brownian motions revisted. Analysis
applications to finance, essays in honour of Jia-an Yan. Interdisciplinary Mathematical Sciences - Vol.
13, World Scientific, 2012, 277-317.

[19] P. Kim, R. Song and Z. Vondra¢ek: Minimal thinness for subordinate Brownian motion in half space.
Ann. Inst. Fourier 62 (3) (2012), 1045-1080.

[20] P. Kim, R. Song and Z. Vondracek: Two-sided Green function estimates for killed subordinate Brownian
motions. Proc. London Math. Soc. 104 (2012), 927-958.

[21] P. Kim, R. Song and Z. Vondra¢ek: Uniform boundary Harnack principle for rotationally symmetric
Lévy processes in general open sets. Science China Math. 55 (2012), 2317-2333.

[22] P. Kim, R. Song and Z. Vondra¢ek: Global uniform boundary Harnack principle with explicit decay
rate and its application. Stoch. Proc. Appl. 124(1) (2014), 235-267.

[23] P. Kim, R. Song and Z. Vondracek: Boundary Harnack principle and Martin boundary at infinity for
subordinate Brownian motions. To appear in Potential Analysis

[24] M. Kwasnicki, J. Malecki, M. Ryznar: Suprema of Lévy processes. Ann. Probab. 41 (2013) 2047-2065.

[25] H. Kunita and T. Watanabe: Markov processes and Martin boundaries I. Illinois J. Math. 9(3) (1965)
485-526.

[26] R.S. Martin: Minimal harmonic functions. Trans. Amer. Math. Soc. 49 (1941), 137-172.

[27] K. Michalik and K. Samotij: Martin representation for a-harmonic functions. Probab. Math. Statist.
20 (2000), 75-91.

[28] R. Song, Z. Vondracek: Potential theory of subordinate Brownian motion. In: Potential Analysis of
Stable Processes and its Extensions, P. Graczyk, A. Stos, editors, Lecture Notes in Mathematics 1980,
(2009) 87-176.

[29] R. Song and J. Wu: Boundary Harnack principle for symmetric stable processes. J. Funct. Anal. 168
(1999), 403—-427.

[30] P. Sztonyk: On harmonic measure for Lévy processes. Probab. Math. Statist. 20 (2000), 383-390.

[31] P. Sztonyk: Boundary potential theory for stable Lévy processes. Collog. Math. 95 (2003), 191-206.

Panki Kim
Department of Mathematical Sciences and Research Institute of Mathematics,
Seoul National University, Building 27, 1 Gwanak-ro, Gwanak-gu Seoul 151-747, Republic of

Korea

35



E-mail: pkim@snu.ac.kr

Renming Song
Department of Mathematics, University of Illinois, Urbana, IL 61801, USA
E-mail: rsong@math.uiuc.edu

Zoran Vondracek

Department of Mathematics, University of Zagreb, Zagreb, Croatia
Email: vondra@math.hr

36



