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Abstract

In this paper we study harmonic functions of subordinate killed Brownian motion
in a domain D. We first prove that, when the killed Brownian semigroup in D is
intrinsic ultracontractive, all nonnegative harmonic functions of the subordinate killed
Brownian motion in D are continuous and then we establish a Harnack inequality for
these harmonic functions. We then show that, when D is a bounded Lipschitz domain,
both the Martin boundary and the minimal Martin boundary of the subordinate killed
Brownian motion in D coincide with the Euclidean boundary 0D. We also show that,
when D is a bounded Lipschitz domain, a boundary Harnack principle holds for positive
harmonic functions of the subordinate killed Brownian motion in D.
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1 Introduction

Suppose that X; and T; are two independent processes, where X; is a Brownian motion
in R? and T} is an a/2-stable subordinator starting at zero, 0 < a < 2. It is well known
that Y;* = Xy, is a rotationally invariant a-stable process whose generator is —(—A)%/2,
the fractional power of the negative Laplacian. The potential theory corresponding to the
process Y is the Riesz potential theory of order a.

Suppose that D is a domain in R?, that is, an open connected subset of R%. We can kill
the process Y, (t) upon exiting D. The killed process Y,”(¢) has been extensively studied in
recent, years and various deep properties have been obtained.

Let Alp be the Dirichlet Laplacian in D. The fractional power —(—A|p)®/? of the nega-
tive Dirichlet Laplacian is a very useful object in analysis and partial differential equations,
see, for instance, [20] and [14]. There is a Markov process Z2 corresponding to —(—A|p)®/2
which can be obtained as follows: We first kill the Brownian motion X at 7p, the first exit
time of X from the domain D, and then we subordinate the killed Brownian motion using
the «/2-stable subordinator T;. Note that in comparison with Y.P(¢) the order of killing
and subordination has been reversed. For the differences between the processes Y.”(t) and
ZP(t), please see [19].

Until recently the process Z2(t) had not been studied much. This process was first
studied in [12], where, among other things, a relation between the harmonic functions of
ZP(t) and the classical harmonic functions in D was established. In [13] (see also [10]) the
domain of the Dirichlet form of ZP(¢) was identified when D is a bounded smooth domain
and a # 1. In [19], the process ZP(t) was studied in detail and upper and lower bounds on
the jumping function J? and the Green function G2 of ZP(t) were established when D is a
bounded C'!' domain. However the upper and lower bounds provided in [19] are drastically
different near the boundary. In [17], new lower bounds for J” and GZ were established
when D is a bounded C*! domain. These lower bounds differ from the upper bounds of [19]
only by multiplicative constants and in this sense the bounds are sharp. Sharp bounds for
JP and G2 were also established in [17] when D is an exterior C*! domain. In [18] sharp
bounds for J” and G were established when D is the domain above a C™! function.

Despite of the recent progress, there are still a lot of unanswered questions about the
potential theory of Z2. For instance, are all nonnegative harmonic functions of Z2 contin-
uous? Does the Harnack inequality hold for nonnegative harmonic functions of ZP? What

can one say about the Martin boundary of the process Z2? Is there a boundary Harnack



principle for positive harmonic functions of Z?

In this paper we will study the potential theory of Z2 and we will, among other things,
answer the four questions above.

The content of this paper is organized as follows. In section 2 we introduce the notations
and recall the main results from [12]. In section 3 we improve the results of [12] and establish,
under the assumption of intrinsic ultracontractivity, an one-to-one correspondence between
the family of positive harmonic functions of killed Brownian motion and the family of positive
harmonic functions of subordinate killed Brownian motion Z”. We prove that the Harnack
inequality holds for Z2 in section 4. Our proof of the Harnack inequality uses the intrinsic
ultracontractivity in an essential way and differs from the existing proofs of the Harnack
inequality in other settings. In section 5 we prove that, when D is a bounded Lipschitz
domain, the Martin boundary and minimal Martin boundary of Z2 both coincide with the
Euclidean boundary 0D. In the last section we use the result from Section 5 to show that,
when D is a bounded Lipschitz domain, a boundary Harnack principle holds for positive

harmonic functions of Z2.

2 Notation and setting

Let X, be the Brownian motion in R¢, which runs twice as fast as the standard d-dimensional
Brownian motion, and let T; be an «/2-stable subordinator starting at zero, 0 < a < 2.
We assume that X and T are independent. We are going to use P, and E, to stand for
the probability and expectation with respect to the Brownian motion X starting from =z
respectively, (P;)¢>0 to stand for the transition semigroup of X, and u; / *(s) to denote the
density of T;.

Let D C R be a bounded domain, and let X be the Brownian motion killed upon exiting
D. We define now the subordinate killed Brownian motion ZP as the process obtained by
subordinating X P via the a/2-stable subordinator T;. More precisely, let Z2(t) = XP(T}),
t > 0. Then ZP(t) is a symmetric Hunt process on D. If we use (PP);>o and G to
denote the semigroup and potential operator of X P respectively, then the semigroup Q% and

potential operator G of ZP are as follows:

Q) = / " PP f(ayu’(s)ds
Gl f(x) = ﬁ / D ()t



Obviously Q¢ has a density given by

q“(t,z,y) =/ pP (s, 2, y)uy"* (s)ds
0

and G2 has a density

1

G£<x7 y) - / qa(t,l‘, y)dt — W / pD(t,x, y)ta/Z—ldt
0 0

where p” (¢, x,y) is the transition density of X?. We call GP(z,y) the Green function of Z7.
We are going to use [, to stand for the expectation with respect to Z, D starting from z.
Recall that a real-valued Borel function h on D is said to be harmonic with respect to

ZD if for every relatively compact open subset U C U C D,
h(z) = Ex[h(ZD(%U))], Ve e U,

where 7y = inf{t : ZP(t) ¢ U} is the first exit time of U. We are going to use H_ to denote
the collection of all the nonnegative functions on D which are harmonic with respect to Z2.
A nonnegative function which is not identically infinite on D is said to be excessive with
respect to Z2 if (i) Q¥ f(x) < f(z) for every t > 0 and x € D; and (ii) limy o Q% f(z) = f(x)
for every x € D. We are going to use S, to denote the collection of all the excessive functions
with respect to Z2. Denote by H, and S the collections of nonnegative harmonic functions
and excessive functions with respect to X P respectively. Recall that H} C S, and HT C S.

An important connection between Ss_, and S was established in [12]. The underlying
assumption in that paper was that every excessive function for X? is purely excessive, i.e.,
for every s € S it holds that lim; .., PPs = 0. The relationship between S,_, and S, as well

as Hy_,, and HT, can be summarized as follows (see [12], Theorems 2 and 3, and formula

(17)):

Theorem 2.1 If s € S, there exists a function g € Sy_o such that s(z) = GPg(x) on D.
The function g is given by the formula

o o
= — /21 - pP dt. 2.1
o) = gy [ el = RPsta) (2.)
If, moreover, s € H, then g € Hi_,,.
Conversely if g € Sa_q, and the function s :== GPg is not identically infinite, then s € S.
If, moreover, g € Hy ., and s is not identically infinite, then s € H.

Further, if g € Hy _, is such that GPg is not identically infinite, then g is continuous.

4



The first goal of this paper is to improve Theorem 2.1 by showing that if g € Sy, then
s := GPg is not identically infinite, implying the full converse. This will be proved under the
condition that the semigroup (PP);>o is intrinsic ultracontractive. Intrinsic ultracontractiv-
ity plays a fundamental role in this paper: (i) It implies that every excessive function of X%
is purely excessive , thus enabling us to use results from [12], and (ii) It is essentially used
in the proof of Harnack inequality.

Let ¢y denote the positive eigenfunction corresponding to the smallest eigenvalue Ay of
the Dirichlet Laplacian —A|p such that [, ¢§(x)dz = 1. Recall that the semigroup (P);o

is said to be intrinsic ultracontractive if there exists C'(t) > 0 such that

pP(t,z,y) < C(t)po(x)do(y), Vt>0,z,y€ D. (2.2)

It is well known that (see, for instance, [7]) when (PP);>¢ is intrinsic ultracontractive, there
exists C'(t) > 0 such that

pD(t,(L’,y) Z é(t)¢0(x)¢0(y)7 Vt > O,Ji,y € D. (23)

The assumption that (PP);>¢ is intrinsic ultracontractive is a mild geometric assumption on
D. Tt is well known that (see, for instance, [1]), when D is a bounded Lipschitz domain, or
a Holder domain of order 0, or a uniformly Holder domain of order 3 € (0,2), (PP);> is
intrinsic ultracontractive. We show now that it implies that every excessive function of X?
is purely excessive. To see this, let us recall the concept of s-conditioned Brownian motion.

For any s € S,

stz = P Y)s(y)

determines a Markov semigroup. The Markov process corresponding to this semigroup is
called the s-conditioned Brownian motion and we use X® to denote this process. We are
going to use E? to denote the expectation with respect to the law of this process starting from
x and ¢° to denote the lifetime of this process. When s = GP (-, y) for some y € D, we use EY
to stand for E? and (¥ to stand for (*. As a consequence of the intrinsic ultracontractivity

of (PP);>o we get that for any s € S,

hm TP (5 > t) (2.4)

For the above facts on intrinsic ultracontractivity, one can refer, for instance, to [7] and [1].

Since s is not identically infinite in D, we have s(x) < oo for some x € D, and so
0> s(a) > [ PPt sy = COnte) [ onlw)s(o)dy
D
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implying
/ Po(y)s(y)dy < oo.
D

Consequently, it follows from (2.4) that P$(¢* = oco) = 0, which implies that limy;, PPs(x) =
0 for every € D. Therefore under the assumption that (P) is intrinsic ultracontractive,

every excessive function s of X is purely excessive, which is the basic assumption in [12].

3 Correspondence between H; and H*

In this section we always assume that D is a bounded domain such that (PP) is intrinsic

ultracontractive. We start this section with the following improvement of Theorem 2.1.

Theorem 3.1 Suppose that D is a bounded domain such that (PP) is intrinsic ultracon-
tractive. If s € S, there exists a function g € Sy, such that s(z) = GPg(z) on D. The

function g is given by the formula

«

g(z) = ST —a/2) /000 t=2 1 (s(z) — PPs(x))dt.

If, moreover, s € H, then g € Hi_,,.
Conversely if g € Sy_q, then the function s defined by s = GPg is in S. If, moreover,
g€ Hy , then s € HY.

Proof. In view of Theorem 2.1 we only need to show that, whenever g € Sy_,,, the function
s = GPg is not identically infinite on D.

Since g is in S, there exists ¢y € D such that for every t > 0,

0 > (o) 2 QF glan) = [ PPo(an)ul ™ (s)ds
0
Thus PP g(z0) is finite for almost every s € (0, 00). Since (PP);>¢ is intrinsic ultracontractive,
by Theorem 4.2.5 of [6] there exists 7' > 0 such that

1

§€_A°t¢o($)¢o(y) <pP(t,z,y) < ;€_A0t¢o(x)¢o(y)a t>T,xz,yeD. (3.1)

Take a t > T such that PPg(zy) < co. Then

00 > PPg(wg) = /

DpD(tw,y)g(y)dy > %e‘*[’%o(fﬁo) /D bo(y)g(y)dy,



so we have [, ¢o(y)g(y)dy < co. Consequently
/ GPg(z)go(x)dr = / 9(2)GP ¢y (x)dx

(a/2) / 9(‘”)/0 t27 PP go () dtdx

- (;/2 [ ata) [ e ey

/2 /¢0 / /2 el < 0,

Therefore s = G g is not identically infinite in D. 0

It follows from Theorem 3.1 that, when D is a bounded domain such that (PP) is intrinsic
ultracontractive, Gg is a bijection from S;_, to S, and is also a bijection from Hj_, to H™.

We are going to use (G2)~! to denote the inverse map and so we have for any s € S

«

(G2)7s(0) = gy [ ¢ slo) = RSt

Although the map G2 is order preserving, we do not know if the inverse map (GZ2)~! is order
preserving on S. But from the formula above we can see that (G2)~! is order preserving on
HT.

Theorem 3.2 If D is a bounded domain such that (PP) is intrinsic ultracontractive, then

every h € HY is continuous in D.

Proof. From Theorem 3.1 we know that G2  h is not identically infinite in D. Now the

conclusion follows from Theorem 2.1. O

In the remaining part of this section we prove several results that complement the results
from [12]. We start with another form of formula (2.1).

Proposition 3.3 Suppose that D is a bounded domain such that (PP) is intrinsic ultracon-
tractive. If s € S, then s = GPg, where

o) = F— a7 S@EC) ™) 32



Proof. From Theorem 2.1, if s € S, then s = GPg, where g is given by (2.1). By the
definition of s-conditioned Brownian motion we know that

PC <) =1— % /D PPt 2. )s(y)dy,

thus
S(@)PS(C° < 1) = s(z) — / PP (t, 7, 9)s(y)dy.

D
Therefore we have

(67

) = gy fy £ R < o

1

= ms(@ﬂfi[(fs)_aﬂ]-

As a consequence of this result, we immediately get the following corollaries.

Corollary 3.4 When D is a bounded domain such that (PP) is intrinsic ultracontractive,

the Green function GY  of ZP . can be written in the following form

Galalr,y) = (G) UG (L)) = 5 P B,

(1—a/2)

where GP (x,y) denotes the Green function of XP.

Proof. Using the Markov property and Fubini’s theorem we can easily get that for any

nonnegative function f on D,
GPGY flx)=GPf(z), ze€D.
Now the conclusion of this corollary follows immediately from Proposition 3.3. a
Recall that 7p := inf{t : X; ¢ D} is the first exit time of D for the Brownian motion X.

Corollary 3.5 Suppose that D is a bounded domain such that (PP) is intrinsic ultracon-
tractive. If h(z) = E,[f(X,,)] for some bounded function f on OD, then h = GPg, where

1 7a/2]

g(z) = mEx[f(XTD) Th z € D.



Proof. When f is nonnegative, the conclusion follows immediately from Proposition 3.3.

For the general case we decompose f into its positive and negative parts. O

Repeating the proof of (19) in [12] we immediately get the following corollary of the result

above.

Corollary 3.6 Suppose that D is a bounded domain such that (PP) is intrinsic ultracon-
tractive. Then for any nonnegative function f on on 0D and any o € (0,2) we have

al(a/2)T(1 — a/2)
),

E,[f (X, )]dz = /D Eolf (Xop) 75" - Ealr/de.

Proposition 3.7 Suppose that D is a bounded domain such that (PP) is intrinsic ultra-
contractive and that D is regular in the sense that P.(tp = 0) = 1 for every z € 9D. If
h = hy — hy where h; € Hi_, i = 1,2, is such that for every z € 0D,

h(z)

li _— =
Dalziriz Em [TD_O‘/Q] 0 ’
then h = 0.
Proof. Put .
Digy= —— R, [rp~/? D. 3.3
Kq (l’) F(l _ 04/2)) [TD ]7 S ( )

Then it follows from Example 1 of [12] and Theorem 3.1 that GPxP(z) = 1 for every
x € D. For any z € D, let §(x) be the distance between x and 0D. For any 6 > 0, let
Ds:={x € D:(x) <d}. For any € > 0, there exists § > 0 such that

\h(2)| < exZ(z), x€ D\ Ds.
For any x € D\ Dy,
GoIh(x)| < GJ(Ih[1p,)(2) + eGlrg (x) < G ([h]Lp,)() + €.

Since GZ (z,y) is bounded on (D\ Ds/2) x Ds and lim,_gp GE (z,y) = 0 for any y € D, we get
by the dominated convergence theorem that lim, .sp G2 (|h|1p,)(x) = 0. This shows that
lim, .9p GPh(x) = 0. Since GPh(z) = GPhy(x) — GPhy(z) is a difference of two functions
in H*, it is a harmonic function for X?. Therefore, GPh = 0, which implies that h = 0

almost everywhere in D. Since h is continuous by Theorem 3.2, we get h = 0. O

The proposition above implies in particular that there are no non-trivial bounded func-
tions in H — H}. The following proposition says that there are no non-trivial bounded

functions in H,.



Proposition 3.8 Suppose that D is a bounded domain such that (PP) is intrinsic ultracon-
tractive. If h € H, is bounded, then h = 0.

Proof. It was shown in [19] that the function defined in (3.3) is the killing function of the

process Z2. Therefore for any compact subset K of D we have
P, (ZP((-) € K) =GR (kP - 1k)(x), 2€D.

Recall that GPkP(z) = 1 for every z € D. By taking an increasing sequence of compact
sets K, with K,, T D, we get

B,(Z2((-)€D)=1, zeD,

where f is the lifetime of ZP. Take an increasing sequence of open sets D, such that
D, CD, C Dy CDuy CDforalln>1and D, T D. Let 7, = inf{t : Z” ¢ D,}, then
7. 1 ¢ and from the display above we know that P,({ = 7, for some n > 1) = 1 for every
x € D. Therefore for every x € D,

[h(@)] = B [n(Z2 (7))]] < [BllocPa(Fa < ) — 0.
The proof is now complete. a

The function in ‘Hj _, playing the role of a constant function 1 € H* is (GP)711. It is
shown in [12] (Example 1) that this function is equal to k2 (z) = 1/(I'(1 — oz/2))]E$(TBO‘/2).
While the classical formulation of the Dirichlet problem for harmonic functions for Z2 _ is
impossible in view of the last proposition, the following reformulation seems appropriate: for
any given bounded function f on 0D, find a function h € Hs_, such that
h(z)

lim ———— = f(2).

The following two propositions show that classical conditions for solvability of the Dirichlet

problem are sufficient for this reformulated Dirichlet problem as well.

Proposition 3.9 Suppose that D is a bounded domain such that (PP) is intrinsic ultracon-
tractive and that z € OD is reqular for D¢, that is, P,(tp = 0) = 1. Then for any bounded

function f on 0D which is continuous at z, we have

lim E, [f(XTD> ) TBQ/Q]

P Bl

= [f(2).
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Proof. It is easy to see that
lim E,[r,*%] = oo. (3.4)

D3>x—z
In fact, since the function x — P,(s > 7p) is upper semicontinuous in R” for any s > 0, we
have

limsupP,(mp > s) < P,(7p > s) =0.

r—z

Hence there exists § > 0 such that

, x € B(z,0),

N | —

P.(tp > s) <
consequently

E.[7 70‘/2] > E,.[r a/Q;s > Tp| > s’o‘/Q]P’w(s > Tp) > 5o/2

[\Dlr—\

whenever z € B(z,0) N D. Therefore (3.4) is valid.
Now for any € > 0, there exists ¢ > 0 such that

fw) = f(2)| < 5. we B(z0)NaD.
For any x € B(z,0/2) we have Tp(;,6/2) < Tp(,5). Therefore

E,[|f(X(p)) — f(2)|7p*""]
1f

= E.[|f(X(p)) — f()|mp** i 7p < Th(-)]
+E[| f(X (70)) — £(2) |75 TB(0) < TD)
< E,[|f(X(rp)) — <Wf/m<mwﬂ
HENF(X (10)) = f()rp™* Tmasz) < o)
< SB[ + 20 oBelr s o)
= SEul75""] 4 20 Bolri 372

By (3.4) we can take n > 0 such that
—a/2
Eulrp"") 2 22 flEolrpigia) @€ BN D.
Then whenever z € B(z,n A $) N D, we have

—a/2
20/ llBolriinyl _ e
Bl 2
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Therefore we have

Eo[|f(X(mp)) = FIp™"] _

The proof is now complete. O

Proposition 3.10 Suppose that D is a bounded domain such that (PP) is intrinsic ultra-
contractive and that D is reqular in the sense that P,(tp = 0) = 1 for every z € 0D. Let
f be a continuous function on 0D. The function E,[f(X,,) -Tga/2] is the unique function

h € Ho_, such that
h
lim L)z = f(2).
D3 B[]
Proof. Without loss of generality we may assume that f > 0. The last proposition and
Corollary 3.5 show that E,[f (XTD)TDO‘/ | is a solution of the problem. To prove uniqueness,

suppose that hy and hy are two solutions. Then hy, hy € Hy ,, and h = hy — hy satisfies

lim i)

_
Doz—z [E, [TD_O‘/2] ’

By Proposition 3.7, h = 0. O

Using the fact that G _h is not identically infinite in D for any h € H

following improvement of Theorem 4 in [12].

we have the

o)

Proposition 3.11 Suppose that D is a bounded domain such that (PP) is intrinsic ultra-
contractive. For a € (0,2), if h € HY, then for any ¢ € C§°(D),

/f ~AIp)*2(x)dz = 0.

4 Harnack inequality

In this section we are going to prove the Harnack inequality for positive harmonic functions
for the process Z” under the assumption that D is a bounded domain such that (PP)
is intrinsic ultracontractive. The proof we offer uses the intrinsic ultracontractivity in an

essential way, and differs from the existing proofs of Harnack inequalities in other settings.
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Lemma 4.1 Suppose that D is a bounded domain such that (PP) is intrinsic ultracontrac-
tive. If s €S, then GP s < Css with

Cs :F(a/2)(1+T+)%), (4.1)

where T is the constant in (5.1).

Proof. For any nonnegative function f,
GP _["pr dt = E, N XP)d
f(2) / D f () dt [/0 F(XP)d
s(Em[ / ta/2‘1f<XtD)dt]) (Em[ / tl—a/2f<xf>dﬂ> . (42)
0 0

Now

B[ e fOe)an = [0l RR fa)at

0

! D * D
g/o P f(a:)dt—l—/ £PP f(2)dt

1

< [ res@ars [ 2 s

0

=GP+ GP(GPf)(=).

Since GP f € S, we have by (3.1)

PGP ) - [ " PGP ()t

0

T 00
_ / PPGP f(2)dt + / PPGP f(2)dt
0 T

< TGP () + 2 olz) /D b0(y)GP £ (y)dy /T ety

2
5 3 pD(T,$7y>
<167 (o) + gontn) | LG
< TGDf(LL') + 3GDf(fI§')€/\OT/ efkotdt

T

o0

GP f(y)dy / ety

T

— TGP () + %GW —(T+ %)G%).

Hence we have

Ex[/o' tlfa/Qf(Xt)l(t<TD)dt] < (1 + T + )%)GDf<x)’

13



and so by (4.2) we get
3

GPf(x) < (D(a/2)G7 f(2) (L + T + A—O)l/z(GDf(m))l/Q,
that is,
P f(x) < OGP (x) (43)
with
C=T(a/2)(1+T + )\i)
0
Since GP f(x) = G GP f(x), (4.3) can be rewritten as

Gy oG f)(w) < CGY f ().
Since any s € S, is the limit of an increasing sequence of functions of the form G2 f the

lemma follows. O

Lemma 4.2 Suppose D is a bounded domain such that (PP) is intrinsic ultracontractive.
If s € S,, then for any x € D,

1 ~a
(@) 2 g0 N 00le) [ sy,
203 D
where T' is the constant in (3.1) and Cs is the constant defined by (4.1).

Proof. From the lemma above we know that, for every x € D, GP _s(z) < Css(z), where

Cs is the constant in (4.1). Since G s is in S, we have

GEus@) > [ pP(T )G s(0)y = 5T on(a) [ onl)GE. sty
Hence
Cos(z) > GDs(x) > 2e Ty / G0(y)G3o5(y)dy
= 2 M) / Y)GY o d0(y)dy
= 5N 0n(a) [ st)ontu)dy

D

[\D
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Theorem 4.3 Suppose D is a bounded domain such that (PP) is intrinsic ultracontractive.
For any compact subset K of D, there exists a constant C' depending on o, K and D such
that for any h € H,

sup h(z) < C inf h(x).

zEK ek

Proof. If the conclusion of the theorem were not true, for any n > 1, there exist h,, € H}
such that
sup hy,(z) > n2" in}f( hp(x). (4.4)
[AS

zeK

By the lemma above, we may assume without loss of generality that

/D h()doly)dy =1, n > 1.

Define -
h(z) = ZQ‘"hn(:v), x € D.
n=1

Then
/D h(y)doly)dy = 1

and so h € H}. By (4.4) and the lemma above, for every n > 1, there exists x, € K such
that h,(x,) > n2"c; where

I _ —a/2 .
st dnf o

with 7" as in (3.1) and Cj defined in (4.1). Therefore we have h(x,) > nc;. Since K is

compact, there is a convergent subsequence of z,. Let zy be the limit of this convergent

CcT =

subsequence. Theorem 3.2 implies that A is continuous, and so we have h(zg) = oo. This is

a contradiction. So the conclusion of the theorem is valid. O

5 Martin Boundary

In this section we are going to assume that D is a bounded Lipschitz domain. Fix a point

ro € D and set

GP(x,y)
MD z, = —77 T,y € D.
(9 = Gty ™Y
It is well known that the limit
lim MP
pim (z,9)
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exists for every x € D and z € dD. The function MP(z,2) := limps,—.. MP(z,y) on
D x 0D defined above is called the Martin kernel of X based at xy. The Martin boundary
and minimal Martin boundary of X? both coincide with the Euclidean boundary dD. For
these and other results about the Martin boundary of X one can see [2]. One of the goals
of this section is to determine the Martin boundary of Z2.

By using the Harnack inequality, one can easily show that (see, for instance, page 17 of
9]), if h,, is a sequence of functions in H' converging pointwise to a function h € H™, then
(hy) is locally uniformly bounded in D and equicontinuous at every point in D. Using this
one can get that, if h, is a sequence of functions in H™ converging pointwise to a function
h € H', then (h,) converges to h uniformly on compact subsets of D. We are going to use
this fact below.

Lemma 5.1 Suppose that D is a bounded Lipschitz domain, xo € D s a fixed point.

(a) Let (x,) be a sequence of points in D converging to x € D and (h,) be a sequence of
functions in H* with hy,(x¢) = 1 for all n. If the sequence (h,) converges to a function
h € H*, then for each t >0

lim PPh,(x,) = PPh(x).

(b) If (yn, n > 1) is a sequence of points in D such that lim, y, = z € 0D, then for each
t > 0 and for each x € D

. D GD('vyn) ) = D Dy, Nz
i P (e ) (a) = PP 2)(e),

Proof. (a) For each n € N there exists a probability measure y, on 9D such that

hp(x) = . MP(z, 2)pn(dz), x€ D.

Similarly, there exists a probability measure 1 on 9D such that

h(z) = - MP (z, 2)u(dz), x € D.
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Let Dy be a relatively compact open subset of D, z¢g € Dy, and also x,z, € Dy. Then

|PPh,(z,) — PPh(z)|
oy / (t, T, ) (3)dy — / D(t, 2, y)h(y)dy]

<|[ p (t,xn,y)hn(y)dy—/D p"(t, z,y)h(y)dy|

Do

+/ PP (t, 20y y) P (y) dy+/ pP(t,z,y)h(y) dy .
D\Dg D\ Do

Recall that (see Section 6.2 of [5], for instance) there exists a constant ¢ > 0 such that

GP(z,y)GP(y,w) 1 1

) = ). z.y,weD. (5.1)

o=y Iy =l
From this and the definition of the Martin kernel we immediately get
1 1
o~y gz
Now using (2.1), the inequality above and the fact (see [6], p.131, Theorem 4.6.11) that
GP (2o, y)
¢o(z0)

GD(any)MD(yVZ) SC( ’d72)’ y€D>z€aD'

do(y) < c yeD, (5.2)

we get that for any u € D,
/ PPt u, y)h(y) dy
D\ Dy
C(t)dolu) / bo(y)h(y) dy

D\Dy

— C(t)do(u) / dydo(y) | MP(y, 2)p(dz)
D\Dy aD

— C(t)gu(u) / ) /D o 2) dy

< C(t)e /a ndz) /D Gl n)MP(y,2)dy

1 1
= C(t)c/(m uldz) /D\Do( ly — z[4-2 - |zo — y|d72) %

SC(t)c/aDu(dz) sup/D ( ! — + ! —)dy

z€8D J D\ Dy |?J—Z|d 2 |I0—?J|d 2

1 1
=C(t + d
(t)e Sup/D ( — \xo—y|d—2> y

2€8D \Dg |y—Z|d 2
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The same estimate holds with h,, instead of h. For a given ¢ > 0 choose Dy large enough so
that the last line in the display above is less than e. Put A = supp h. Take ng € N large

enough so that for all n > ng we have

PP (t, 20, y) — PP (t 2, y)| <€ and |h,(y) — h(y)| <e

for all y € Dy. Then

\/D pD(t,fEn,y)hn(y)dy—/ PP (t, z,y)h(y)dy|

Do

< / PP, s ) ) — RNy + | 107t 20 y) — 9P (4, 2, 9) (y)dy
Do DO

< e+ A|Dyle,

where | Dg| stands for the Lebesgue measure of Dy. This proves the first part.
(b) We proceed similarly as in the proof of the first part. The only difference is that we use
(5.1) to get the following estimate:

GP(y,yn)
D(t g, y) =229 g
/D\Dop ( y)GD(a:o,yn) y

< C(t)60(x) /D > fbo(y)%d

GP (20,y)G" (y, yn)
<cO(t / ’ ’ d
) D\ Dy GP (29, yn) Y

< cC(t) / (leo — P+ [y — yul>%) dy
D\ Dy

< cC(t)sup / (leo — yP~ + ly — gl %) dy
D\ Dy

n

The corresponding estimate for MP(-, z) is given in part (a) of the lemma. For a given ¢ > 0
find Dy large enough so that the last line in the display above is less than e. Then find
ng € N such that for all n > ng,

GD(?Jann) D
——— — M"(y,2)| <k, € Dy.
|GD($0,yn) (y Z)| € Y 0
Then oo )
D Y, Yn D
p(t,x,y)|=—=—"5 — M"(y,z)|dy < e forall n>ng.
e gty = ) 0
This proves the second part. g
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Theorem 5.2 Suppose that D is a bounded Lipschitz domain and xo € D is a fixed point.

(a) If (z,) is a sequence of points in D converging to x € D and (h,) is a sequence of

functions in H* converging to a function h € H*, then

m(GD) o) = (G2)'h(x).

n

(b) If (yn) is a sequence of points in D converging to z € 0D, then for every x € D,

in(GE) ) =t (O B 6y taro o)

Proof. (a) Normalizing by h,(x) if necessary, we may assume without loss of generality

that h,(zo) =1 for all n > 1. Let ¢ > 0. We have

(GP)  ha(za) — (GP) ' h(z))
= c(o) / £ (1 (5, — PP ()t / £ @24 (1) — PP ha))d|

< ¢(a) /0 6 t= @2 (b () — PPhy(zn))dt + ¢ /0 6 t= /2D (h(2) — PPh(z))dt

o) / TP () — PPhy ()t — / TP () — PPh(x))di],

where c(a) = a/(2I'(1 — «/2)). Let K and L be compact subsets of D such that (z,) C K C
L° C L. Since h,, — h locally uniformly, there exists a constant M such that h,,h < M on
L. The estimate at the end of the proof of Theorem 3 in [12] gives that

€ 2Md
/ =@ (hyy — PPhy) () dt < —— €% n>1
0 (1 —a/2)p
and
2Md 1—o¢/2‘

et—<a/2+1> h—PPh)(z)dt < ————¢
= pew e < =

Here p = dist(K, L¢). Further,

| /wt*“/?“)(hnm)—Pf’hn< )t — /Oot @24 (h(z) — PPh(x))dt]
< /mﬂa/wqhn(zn)— h(aa)| + |h(za) — h(z)|)dt

+ / t=@/240 pPp (2,) — PPh(x)|dt.
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Since |hy,(2,) — h(x,)| + [h(x,) — h(x)| < 2M and |PPh,(x,) — PPh(z)| < M, we can apply

Lemma 5.1(a) and the dominated convergence theorem to get
lim / £/ (| (20) — ()| + [B0) — h(2)])dt = 0

and -
lim / t=@/240 PPy (2,) — PPh(z)|dt = 0.

Hence

: _ _ 4eMd W
linsup [(GF) " hn (an) = (G7)h(a)| < G o e ™

for every € > 0. The proof of (a) is now complete.
(b) The proof of (b) is similar to (a). The only difference is that we use 5.1(b) in this case.
We omit the details. O

Let us define the function K2 _(z,2) := (G2)"*MP(-,2)(x) on D x dD. For each fixed
z € 0D, KP (-,z) € Hy_,. By the first part of Theorem 5.2, we know that K2 (z,z2) is
continuous on D x dD. Let (y,) be a sequence of points in D converging to z € 9D, then
from Theorem 5.2(b) we get that

K200 = (@) (el )

n—0o0 GD<C(}0, Yn
GD -1 GD “ UYn
i (O CC))
n—00 G ($07yn)
G o(, yn)
= lim /-~ 5.3
n—oo GD (.730, yn) ( )
where the last line follows from Proposition 3.4. In particular, there exists the limit
. Gé)_a(ﬂf(), yn) D
nh—{{.lo m = KQ—a(xO’ Z) . (54)
Now we define a function MY on D x 9D by
KD (2,2)
Mp = - D,z € dD. 5.5
5 o, 2) KD (10.2)" r€e€D, z€ (5.5)

For each z € 9D, MY (-,2) € H; .. Moreover, MP  is jointly continuous on D x dD.

From the definition above and (5.3) we can easily see that

_ D
PR G (agy)  pel®2) weDzeD. (5.6)
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Theorem 5.3 Suppose that D is a bounded Lipschitz domain. The Martin boundary and
the minimal Martin boundary of Z¥ ., both coincide with the Euclidean boundary 0D, and

the Martin kernel based at xo is given by the function ML .

Proof. The fact that MP _ is the Martin kernel of ZP _ based at xy has been proven in
the paragraph above. It follows from Theorem 3.1 that when z; and zy are two distinct
points on 9D, the functions ML (-, z) and MP (-, 2) are not identical. Therefore the
Martin boundary of ZZ _ coincides with the Euclidean boundary dD. Since MP(-,z) € H*
is minimal, by the order preserving property of (G2)~! we know that MP (-,2) € Ho 4
is also minimal. Therefore the minimal Martin boundary of Z%_“ also coincides with the
Euclidean boundary 0D. O

Corollary 5.4 If D is a bounded C*' domain, then there exists a constant C' > 0 such that

C—l 5(1’) < MD(QT,Z) <C (5(3:)

|z — z|dt2a = T = O e r €D, ze€dD.

Proof. The conclusion of this corollary follows immediately from the theorem above and

the sharp estimates on the Green function G in [17] and we omit the details. O

It follows from Theorem 5.3 and the general theory of Martin boundary that for any

u € Hy_,, there exists a finite measure v on 9D such that

u(z) = /az) MP (z 2)v(dz), ze€D.

The measure v is sometimes called the Martin measure of u. The following result gives the

relation between the Martin measure of h € H* and the Martin measure of (G2)"*h € H; .

Proposition 5.5 Suppose that D is a bounded Lipschitz domain. If h € Ht can be written
as

h(z) = - MP(z, 2)u(dz), =€ D,

then
(D) h(z) /8D MP (2, 2)0(dz), z€D

with v(dz) = KP  (xg, 2)p(dz).

2—a
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Proof. By assumption we know that

h(z) = - MP(z,2)u(dz), x € D.

Using (2.1) and Fubini’s theorem we get
G2 M) = [ (G P ) @laz)
= [ ME (R (o )
oD
- / MP (x,2)v(dz),
oD
with v(dz) = K2 (z0, 2)p(dz). The proof is now complete. O

For z € 0D, n € N, let A,(z) = B(z,27")NID, and let w(z, A(z)) = P.(X,, € An(2)).

It is well known (see, for instance, [2]) that for a Lipschitz domain D,

We are going to prove two analogous results for the Martin kernel ML .

Proposition 5.6 Let D be a Lipschitz domain. For z € 0D, n € N, let A, (z) = B(z,27™)N
0D and B,(z) = B(z,27") N D. Then

—a/2
E.[l(x,,eane)n ]

Mz’ia(l‘,Z) = nhi& —a/2
Eqo[1(x,, ean=)To

]
. E@x[ZQD, (=) € By(2)]
n—oo B, [ZP (C—) € B,(2)]

Proof. According to Corollary 3.5, we have

(G o), M) @) = g Eellcpean )
Hence,
E:llon,ean™™]  (GR) M (w( An(2))(@)
Bay [1x,y can(n ™ ] (GYa)7H(W( An(2)) (w0)

— w ',An z
(Ga)™" (ﬁ) (%)
_ w(-,An(z
(G2a)! <w(($0—A(()))> (o)
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The first equality follows by (5.7), Theorem 5.2 and (5.5).
For the second equation we are going to use the following formula (see (2.11) in [4]):
For x € D and A C D,

BAZE () € 4) = [ GEwand o) dy 5:5)
where 2 is the killing function of Z2 . For given ¢ > 0 find ny € N such that for all
n > ny

MP (2,2)—e< % < MP (v,2)+e,
G2 a(xO’ y)

for all y € B,,(2). Then

an G? (T y) K3 o (y) dy
an 2 o :L'()?y)’{Q a( )dy

M£a($’z) - MZD—a(x>Z)+67

which proves the result. O

From Theorem 5.2 we know that (G2)™' : HT — H

topologies of locally uniform convergence. In the next result we show that G2 : Hf  — H*

_,, 1s continuous with respect to

is also continuous.

Proposition 5.7 Suppose that D is a bounded Lipschitz domain. Let (g,,n > 0) be

~ ., converging pointwise to the function g € Hy . Then
lim,, .o GPg,(x) = GPg(x) for every x € D.

a sequence of functions in Hy

Proof. Without loss of generality we may assume that g,(zo) = 1 for all n € N. Then there
exist probability measures v, n € N, and v on 0D such that g,(z) = [, MP (x,2)v,(dz),
n €N, and g(z) = [,, M3 ,(x,2)v(dz). It is easy to show that the convergence of the
harmonic functions h,, implies that v, — v weakly. Let G2 gn(z) = [,, MP(x, 2)pn(dz) and
Glg(x) = [,, MP(x,2)p(dz). Thenv,(dz) = K3, (xo, )un(dz) and v(dz) = KP _(z0, 2)p(dz).
Smce the density K2 _(xo,) is bounded away from zero and bounded from above, it follows

that p, — p weakly. From this the claim of proposition follows immediately. a

6 Boundary Harnack Principle

The boundary Harnack principle is a very important result in potential theory and harmonic

analysis. For example, it is usually used to prove that, when D is a bounded Lipschitz
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domain, both the Martin boundary and the minimal Martin boundary of X? coincide with
the Euclidean boundary 0D. We have already proved in Theorem 5.3 that for Z2| both the
Martin boundary and the minimal Martin boundary coincide with the Euclidean boundary
dD. By using this we are going to prove a boundary Harnack principle for functions in H}.

In this section we will always assume that D is a bounded Lipschitz domain and xy € D

is fixed. Recall that ¢q is the eigenfunction corresponding to the smallest eigenvalue \g of
—Alp.

Proposition 6.1 Suppose that D is a bounded Lipschitz domain. There exist C > 0 and
m > d such that

Go(2)Po(y)

o =yl

GP(,y) < C———222 wyeD.

Proof. It follows from Theorem 4.6.9 of [6] that the density p” of the killed Brownian

motion on D satisfies the following estimate

—y|?

pD(t7xay> < Clt_m/2¢0< )gbo( ) 6t ) > 07 T,y € D7

for some m > d and ¢ > 0. Now we have

1 o0
D _ «a/2—1,D
Gq (z,y) T(a/2) /O LY=o (t 2, y)dt

< F(al/Q)/ /2712 o () oy ) e

< o, Pol@)n(y)

=Py

2
=S

The proof is now finished. g

Lemma 6.2 Suppose that D is a bounded Lipschitz domain and V is an open subset of RY

such that V- N OD is non-empty. If h € Hy_, satisfies
lim AE) _ 0, V2€VNaD,
D)

then
lim GPh(r) =0, VzeVnNoD

r—z
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Proof. Fix z € VN AD. For any € > 0, there exists § > 0 such that
h(z) <exP(z), =€ B(z,8)ND.

Thus we have
GPh(z) < GE(h - 1p\pis) () + eGERD(x) = GE(h - 1p\piog)(x) + ¢, x € D.

By Proposition 6.1 we get that there exists ¢ > 0 such that for any = € B(z,6/2) N D,

GPh(z) < cdolz) /D So(y)h(y)dy + .

From the proof of Theorem 3.1 we know that [, ¢o(y)h(y)dy < oo. Now the conclusion of

the lemma follows easily from the fact that lim, ., ¢o(x) = 0. O
Now we can prove the main result of this section: the boundary Harnack principle.

Theorem 6.3 Suppose that D is a bounded Lipschitz domain, V is an open subset of RY
such that VNOD is non-empty, and that K is a compact subset of V. There exists a constant
¢ > 0 such that for any two functions hy and ho in Hy_, satisfying

i ) o Levnapi=1.2
D (@)
we have () ()
1T 1Y
<c , x,ye KND.
ha(e) = “halyy Y

Proof. It follows from Corollary 4.7 of [19] and Proposition 6.1 that there exist positive
constants ¢; and ¢, such that

Go(z)do(y)

where m > d is given in Proposition 6.1. Therefore by (5.6) we get that there exist positive

constants ¢z and ¢4 such that
csgo(x) < MP (2,2) < cyo(x), v€ KND,z€dD\V. (6.1)

Suppose that h; and hy are two functions in Hy , such that

lim hi(x)

=0, eVnobD,i=1,2,
o=z KD (2) ’ ’
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then by Lemma 6.2 we know that
lim GPhy(x) =0, 2€VNaoD,i=1,2.

r—z

Now by Corollary 8.1.6 of [15] we know that the Martin measures p; and jy of GPh; and
GPh, are supported by 9D \ V and so we have

GPhi(z) = MP(z, 2)ui(dz), x€ D,i=1,2.
dD\V

Using Proposition 5.5 we get that
hi(z) = / MP (z,2)v(dz), x€ D,i=1,2,
OD\V
where v;(dz) = K2 (z0, 2)1i(dz),i = 1,2. Now using (6.1) we get that
c30o(2)vi (0D \ V) < hi(x) < cypo(x)v;(OD\V), ze€ KND,i=12.
The conclusion of the theorem follows immediately. a
From the proof of Theorem 6.3 we can see that the following result is true.

Proposition 6.4 Suppose that D is a bounded Lipschitz domain and V an open subset of
R? such that V N OD is non-empty. If h € HJ _, satisfies

lim iz)

=0 eVnobD
kD) |

then
limh(z) =0, ze€VNaD.

r—z

Proof. From the proof of Theorem 6.3 we know that the Martin measure v of h is supported
by 0D \ V and so we have

h(z) = /a/r)\v My (z,2)v(dz), x€ D.

For any zy € V N 9D, take 6 > 0 small enough so that B(z,0) C B(zy,d) C V. Then by
(6.1) we get that

c1go(z) < MP (x,2) < capo(w), € B(2,8)ND,z€dD\V
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for some positive constants ¢; and ¢o. Thus
h(l’) S CZ¢0(x)V<8D \ V)? S B(Z(b(S) N Da

from which the assertion of the proposition follows immediately. O

Remark All the results in this paper remain valid when we replace the Brownian motion

X; by an elliptic diffusion whose generator is given by

d

L= Z 8i(aij8j)

i,5=1
where (a;;) satisfies

d
ATHIENR <) ai&gy < MNP, z,¢ e R

ij=1

for some constant A > 0.
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