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1 Introduction

Let X = (X;, P,, x € R?) be a conservative strong Markov process on R%. A nonnegative
Borel function h on R? is said to be harmonic with respect to X in a domain (i.e., a connected
open set) D C R? if it is not identically infinite in D and if for any bounded open subset
BCBCD,

h(z) = E.[h(X (7)) lp<c0);, YV € B,

where 75 = inf{t > 0: X; ¢ B} is the first exit time of B.

We say that the Harnack inequality holds for X if for any domain D C R and any
compact subset K of D, there is a constant C' > 0 depending only on D and K such that
for any nonnegative function h harmonic with respect to X in D,

sup h(z) < C inf h(zx).

€K ek
The Harnack inequality is a very important tool in studying harmonic functions. For in-
stance, the Harnack inequality for diffusion processes is extremely important in the study
of partial differential equations. It is well known that, when X is a Brownian motion (or
a diffusion process satisfying certain conditions), the Harnack inequality holds. Until very
recently almost all results concerning the Harnack inequality were restricted to Markov pro-
cesses with continuous paths, i.e., to harmonic functions corresponding to local operators.
The only exception was the rotationally invariant a-stable process, o € (0,2), in which case
the Harnack inequality follows directly from the explicit form of the exit distribution from
a ball (i.e., the corresponding Poisson kernel).

The first result on the Harnack inequality for processes with jumps (other than rotation-
ally invariant stable processes) was obtained by Bass and Levin in [1]. They studied a jump
process whose jump kernel is symmetric and comparable to the jump kernel of the rotation-
ally invariant a-stable process and proved the Harnack inequality for bounded nonnegative
harmonic functions of this process. Vondracek [15] adapted the arguments of [1] and proved
that, when X is a (not necessarily rotationally invariant) strictly a-stable process, a € (0, 2),
the Harnack inequality holds. In a recent preprint [3], the Harnack inequality was proved
by using a different method for symmetric a-stable processes under the assumptions that
a € (0,1) and the Lévy measure is comparable to the Lévy measure of the rotationally
invariant a-stable process. In [7] Kolokoltsov proved detailed estimates on the transition
density of symmetric a-stable processes whose Lévy measures are comparable to the Lévy
measure of the rotationally invariant a-stable process. The estimates of [7] could be used to
prove the Harnack inequality for the symmetric stable processes studied in [7]. We would
like to emphasize that the processes in [1], [3], [7] and [15] satisfy a scaling property, a fact
often used in the arguments of these papers.



The goal of this paper is to extend Bass-Levin’s method and prove the Harnack inequality
for quite general classes of Markov processes. These classes include processes that need not
have any scaling property and are not necessarily symmetric. In Section 2, we extract the
essential ingredients of the Bass-Levin method by isolating three conditions that suffice to
prove a Harnack inequality. Then we prove that a Markov process satisfying those conditions
indeed satisfies the Harnack inequality. The rest of the paper is devoted to verifying that
various classes of processes satisfy those conditions. In Section 3 we study Lévy processes
and give sufficient conditions on the Lévy measure for a Harnack inequality to hold. In
particular, in Examples 3.6 — 3.10 we show that various mixtures of stable processes, as
well as relativistic stable processes, satisfy the Harnack inequality. In Section 4 we show
that the conditions are satisfied for a class of symmetric Markov processes with no diffusion
component. In Section 5 we deal with non-symmetric Markov processes with Lévy type
generators, again with no diffusion component.

For any subset A of R, we use 74 and T4 to denote the exit and hitting times of A
respectively.

In this paper, we use C?(R?) to denote the family of C? functions with compact support,
and CZ(R?) to denote the family of C? functions f such that f and its partials up to order
2 are bounded.

2 General Results

Suppose that X = (Q, M, M;, X;, P, z € R?) is a conservative Borel right process such that
its sample paths have left limits (in the Euclidean topology of R?) in (0,00). We assume
that X admits a Lévy system (N, H), where N(z,dy) is a kernel on R? and H, is a positive
continuous additive functional of X with bounded 1-potential such that for any nonnegative
Borel function f on R? x R? vanishing on the diagonal and any z € R,

E, (Z f(Xs_,Xs>> _E, ( / t ) f(Xs,y>N<Xs,dy>st) |

In this paper we assume that N(z,dy) has a density j(x,y) with respect to the Lebesgue
measure and that H; = t.
Now we state the conditions that are needed for the proof of the Harnack inequality:

(A1) There exists a constant C; > 0 such that for any r € (0,1) and z € R,

sup E.7pu,) <C1 inf E.7p@,) < 0.
z€B(z,r) z€B(x,r/2)



(A2) There exists a constant Cy > 0 such that for all 7 € (0,1), 2 € RY and A C B(x,7)
we have

A
]P)y(TA < TB(x,3r)) > CQ‘Blaj—’?“)" Vy S B(QT, 2’/‘)

(A3) There exist positive constants C3 and Cjy such that for all z € R? r € (0,1), z €
B(x,7/2) and every nonnegative bounded function H with support in B(x,2r)¢ we
have

EzH(X(TB(x,r))) < CS(EZTB(x,r)) / H(y)] (.CE, y)dy

and
EzH(X(TB(a:,r))) Z 04(EZTB(.Z’,T)) / H(y)J<I7 y)dy

Lemma 2.1 If a bounded nonnegative function h on R is harmonic with respect to X in a
domain D C R?, then for any x € D,

P, (h(X}) is right continuous in [0,7p)) = 1.

Proof. For any bounded open set B C B C D, let X? = (X2 P,,x € B) be the process
obtained by killing the process X upon exiting from B, then it follows from Corollary (12.24)
of [14] that X? is a right process. Using the fact that h is harmonic in D and the strong
Markov property, one can see that for every z € B,

MX(EATB)) = h(X(t)licry + (X (78))Lizrp
Ex@) (WX (T8))Lrp<co] Licry + (X (TB)) Lirp
2[(M(X(78)) 75 <o) 0 0(1) | Mi]Licry 4+ (X (75))Lizrp
(X(78)Licrp<oo | Mi] + Eu[R(X (75)) Lizry | M]
(X(78))1rp<co | M,

Thus (A(X(t A7g))) is a P,-martingale for every z € B. It follows that for any x € B and
any t > 0,

B

Ex[h(X<TB))1TB<OO’Mt] [h(X(TB))1t<TB<OO‘Mt]
[h(X(TB)) 1TB<OO ‘Mt] 1t<TB

= B(X(t)lter, = M(XPE),

v
& =
8

thus
h(z) > E.h(XP).

Taking expectation we get

Eo[(X{)] = Ea[l(X (78)) Li<rp<cc].
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Since for any x € B, we have limy o P,(t < 75) = 1, it follows that

lim B, [A(X7)] = Eo[ (X (78)) Lry <oc] = (),

which implies that & is excessive with respect to X ?. Therefore for any z € B,

P, (h(X;) is right continuous in [0,75)) = 1.

Theorem 2.2 Suppose that the conditions (A1)-(A83) are satisfied. Then there exists Cs > 0
such that, for any r € (0,1/4), xo € R, and any function h which is nonnegative, bounded
on R, and harmonic with respect to X in B(wo, 161), we have

h(z) < Csh(y), Va,y € B(xo,r).

Proof. This proof is basically the proof given in [1]. Without loss of generality we may
assume that h is strictly positive in B(xq, 16r). Using the harmonicity of h and the condition
(A2), one can show that A is bounded from below on B(xg, ) by a positive number. To see
this, let € > 0 be such that F' = {x € B(x¢,3r)\ B(xo,2r) : h(xz) > €} has positive Lebesgue
measure. Take a compact subset K of F' so that it has positive Lebesgue measure. Then by
condition (A2), for x € B(zy,r), we have

K]

h(lL‘) = Eaz [h(X(TK N TB(xO73T)))1{TK/\TB(10,3T)<OO} > € 02—|B<:L‘0’ 3T)| .

By taking a constant multiple of i we may assume that infp(,,) h = 1/2. Choose zy €
B(zp,7) such that h(z) < 1. We want to show that h is bounded above in B(zg,r) by a
constant C' > 0 independent of h and r € (0,1/4). We will establish this by contradiction:
If there exists a point © € B(xg,r) with h(x) = K where K is too large, we can obtain a
sequence of points in B(xg, 2r) along which A is unbounded.
Using conditions (A1) and (A3), one can see that there exists ¢; > 0 such that if z € R,
s € (0,1) and H is nonnegative bounded function with support in B(z,2s)¢, then for any
y,z € B(x,s/2),
]EZH(X(TB(CE,S))) < ClEyH(X(TB(z,S)))' (2'1)

By (A2), there exists ¢ > 0 such that if A C B(xg,4r) then

A
Py(Ta < TB(zo,16r)) = Cz! 4] Yy € B(xo,87). (2.2)

B(xo, 4?")‘ ’



Again by (A2), there exists c; > 0 such that if x € RY, s € (0,1) and F C B(z,s/3) with
[FI/|B(z,5/3)| > 13, then

Px(TF < TB(m,s)) > c3. (23)
Let
C3 1 1
== = (= A ). 2.4
1=2 (=GAadw (2.4)
Now suppose there exists © € B(xg,r) with h(x) = K for K > 2|B(C”;()C’4r)| v 2(52?' Let s be

chosen so that

2|B 4
|B(z, g)y = % <1 (2.5)

Note that this implies

s = 12(1)1/%[(’1/6[ <. (2.6)
518

Let us write B, for B(z, s), 7, for Tg(s,s), and similarly for By, and 75,. Let A be a compact
subset of .
A" ={u € B(x, §) : h(u) > (K}

It follows from Lemma 2.1 that h(X,) is right continuous in [0, 7p(z,,16r))- Since zy € B(xo,7)
and A" C B(x, 3) C B(xo,2r), we can apply (2.2) to get

1 h(z0) = B [R(X (T4 A TB(wo,16r))) LTa<rp g 160 H]

CK]P)Z() [TA < TB(xo,lfir)]
A
| B(wo,4r)|

(A\VARAVS

v

ngK

Hence
Al _ |Blaodr) 1

B(z,5)] — eoCK[B(z,5)] 2

This implies that |A’|/|B(x,s/3)| < 1/2. Let F be a compact subset of B(z,s/3)\ A’ such
that

|F|

_ >
|B(z,3)| ~

1
- 2.7
: (2.7
Let H=~h- lps . We claim that

E.[h(X(75)); X(75) ¢ Bas] < nk.
If not, E, H(X(75)) > nK, and by (2.1), for all y € B(z,s/3), we have

h(y) = En(X(7)) 2 Ey[h(X(7)); X(7) & Bas]
> o 'EH(X(7y)) 2 e 'K > (K,



contradicting (2.7) and the definition of A’.
Let M = supg, h. We then have

K = h(SC) = E:}ch(X<Ts))
= E, [h(X(TF))'TF < 7] + Eu[R(X (75)); 7s < Tp; X(75) € Bag]

E.[h(X(75)); 7 < Tr; X(75) & Bas]
< CKIP’ (Trp < 75) + MP.(1s < Tp) + nK
CKP,(Tp <75)+ M(1 —P.(Tr < 7)) + 1K,

or equivalently

M - 1—n—(CP.(Tp < 7s)

K — I—Pm(TF<TS) .
Using (2.3) and (2.4) we see that there exists 3 > 0 such that M > K(1 + 23). Therefore
there exists 2’ € B(x,2s) with h(z') > K(1+ ().

Now suppose there exists 1 € B(xg,r) with h(z;) = K;. Define s; in terms of K
analogously to (2.5). Using the above argument (with x; replacing x and z replacing z’),
there exists xo € B(x1,2s1) with h(xe) = Ky > (14 §)K;. We continue and obtain s, and
then z3, K3, s3, etc. Note that z;,1 € B(x;,2s;) and K; > (1 + )" ' K;. In view of (2.6),
Yoilris — x| < c4rKf1/d. So if K; > ¢4, then we have a sequence xy, Ty, ... contained in
B(xg, 2r) with h(z;) > (1+ 3)"'K; — oo, a contradiction to h being bounded. Therefore
we can not take K larger than cf, and thus sup,cp(,,  h(y) < ¢, which is what we set out
to prove. O

By using standard chain argument, we can easily get the following consequence of the
theorem above.

Corollary 2.3 Suppose that (A1)-(A3) are satisfied. For any domain D of R? and any
compact subset K of D, there exists a constant C4 = Cg(D,K) > 0 such that for any
function h which is nonnegative bounded in R* and harmonic with respect to X in D, we
have

h(z) < Csh(y), =,y € K.

In the next result, we remove the boundedness assumption on the harmonic functions in
Corollary 2.3.

Theorem 2.4 Suppose that (A1)-(A3) are satisfied. For any domain D of R and any
compact subset K of D, there exists a constant C; = C7(D,K) > 0 such that for any
function h which is nonnegative in R? and harmonic with respect to X in D, we have

h(z) < C7h(y), =,y € K.



Proof. Choose a bounded domain U such that K ¢ U c U C D. If h is harmonic with
respect to X in D, then

h@) = B [A(X (1)) Lycony)s @ € UL
For any n > 1, define
ha(2) = Bul(h An)(X (7)) Lmpaot]. @ € R
Then h,, is a bounded nonnegative function on R¢, harmonic with respect to X in U, and
}LITIOI}) ho(z) = h(z), z€R%
It follows from Corollary 2.3 that there exists a constant ¢ = ¢(U, K) > 0 such that
hn(x) < ch,(y), z,y€ K,n>1.

Letting n T oo, we get that
W) < chl(y), @y € K.

3 Lévy Processes

In this section we consider Lévy processes in R? with no Gaussian component. Any Lévy
process is a conservative Feller process, so it is a Borel right process with left limits. Our goal
is to find conditions on the Lévy measure of the process that are sufficient for the Harnack
inequality.

Let X = (X;,P,) be a Lévy process in R? such that the characteristic function i of X;
is given by

f(z) = exp {/ (e — 1 —i(z,2)1(py<ny) v(dx)| , 2 €R?,
Rd

Here v is the Lévy measure of X, i. e., a measure on R? satisfying v({0}) = 0 and [o,(Jz|*> A
1) v(dz) < oco. Moreover, throughout this section we assume that v(R?) = oo, thus excluding
the compound Poisson case. It is well known that (v(z — dy), t) is a Lévy system for X. The
infinitesimal generator L of the corresponding semigroup is given by

LI = [ (Fe+9) = @) =y VE@en) vldy (3.1)
for f € CZ(RY). Moreover, for every f € CZ(R?)
%) = 1% - [ LA o

is a P,-martingale for every z € R



3.1 Radially symmetric case

Assume that the Lévy measure v has a radially symmetric non-increasing density 7, i. e. ,
v(dy) = j7(ly|) dy. An important consequence of this assumption is the fact that for every

r e (0,1),
/ yv(dy) =0,
(r<]yl<1)

implying that
Li@) = [ (e +9) = 1) =y VH@ien) vldy), (3.2

for every r € (0,1), f € CZ(RY).
We will assume that j satisfies the following hypotheses: There exists ¢ > 0 such that

Jj(u) <c¢j(2u), forall u e (0,2), (3.3)

jw) <cjlu+1), forallu>1. (3.4)

Note that these hypotheses imply that j(u) > 0 for all u > 0.
Let

o1(r) = 7“‘2/ u™ j(u)du, @y(r) = / u™j(u)du, (3.5)
0 r
and let ¢(r) = ¢1(r) + ¢a(r).
Lemma 3.1 There exists a constant Cy > 0 such that for every r € (0,1) and every t > 0,

P, (sup | Xs — Xo| > 1) < Cio(r)t.

s<t

Proof. Tt suffices to prove the lemma for x = 0. Let f € CZ(R%), 0 < f <1, f(0) =0, and
f(y) =1 forall |y| > 1. Let ¢, = sup,, Zj,k 1(0%/0y;0ux) f(y)|- Then |f(z+y)— f(z) —y-

V)] < (1/2) 325 (07 /0y;0u) f (W)l |yl* < ealyl*. For r € (0,1), let f.(y) = f(y/r). Then
the following estimate is valid:

a ly®

|fr(z+y) = [r(2) =y - V() gy < 5 2 L= T Li=n

. ly|? .
c2(L(yi<n ™5 + Laglzn)

IN

By using (3.2), we get the following estimate:

LA < [ e+ = 5 =y VA e | v(d)

IN

co /Rd(luygm% + L(y1>n) v(dy)
< e3(@a(r) + d2(r)) = c39(r)

9



where the constant c3 depends on f and dimension d, but not on r. Further, by the martingale
property,

TB(0,r) At
Eof, (X (rp00) A1) — £,(0) = E / Lf,(X,) ds

implying the estimate
EOfT(X(TB(O,r) A\ t)) S ngb(’l“)t .

If X exits B(0,r) before time ¢, then f,(X(7p@ At)) = 1, so the left hand side is larger
than ]PD()(TB(QJ) S t) ([l

Lemma 3.2 For every r € (0,1), and every x € RY,

1
inf E (z,r) T 1 ToN
zEBl(Ial:7r/2 275 - 401¢(7'/2)

Proof. Let z € B(z,7/2). Then
P78 <t) S P72 < 1) < Cid(r/2)t.

Therefore,
EzTB(x,r) > th(TB(:p,r) > t) > t(l - Cl¢(r/2)t) :
Choose t = 1/(2C1¢(r/2)) so that 1 — C1¢(r/2)t = 1/2. Then
B S 1 1 1
2TB(z,r) = 5 .
P = 2Cie(r/2)2 T 4Ci6(r/2)

Lemma 3.3 There exists a constant Cy > 0 such that for every r € (0,1) and every x € R?,

Co
sup E =TB(z.r)
z€B(z,r) ng( )

Proof. Let r € (0,1), and let # € R% By a well-known formula connecting the Lévy
measure and the harmonic measure (e. g. [6]), we have

1 > P.(X(T@y) — x| >7)

= /( )V(B(Qf,?")c—y)GB(x,r)(z7y)dy
B(xz,r

:/ G (2:9) / §(lu—yl) dudy,
B(z,r) B(z,r)c

10



where Gp(;,) denotes the Green function of the process X killed upon exiting B(z,r).
Now we estimate the inner integral. Let y € B(xz,r), v € B(z,r)°. If u € B(x,2), then
lu —y| < 2|u — x|, while for u ¢ B(z,2) we use |u — y| < |u— x|+ 1. Then

[ iGu-sha = [ = vdut [ =yl du

B(z,r)° B(z,r)°NB(x,2) B(z,r)°NB(z,2)°¢

/ j(2]u—x|)du+/ Jj(lu— x| +1)du
B(z,r)°NB(z,2) B(z,r)°NB(z,2)°¢

/ c_lj(|u—m|)du—|—/ cHi(lu — 2]) du
B(z,r)°NB(z,2) B(z,r)°NB(z,2)¢

= [ lu-ahdu,
B(z,r)°

where in the next to last line we used hypotheses (3.3) and (3.4). It follows that

Vv

v

> / Gmmxawdg/ (Ju— 2] du
B(z,r)

B(z,r)c
- EZTB(x,T)c_lcl/ vd_lj(v)dv
= C2EZTB(1,T)¢2(T)

which implies the lemma. O

Lemma 3.4 There exists a constant C3 > 0 such that for every r € (0,1), every z € R?,
and any A C B(z,r)

(4
Py(Ta < Tp(z3r)) = Cg|A\j(—r> for ally € B(x,2r).

o(r) -

Proof. Note first that since
4r
o(r) > / u Vg (u)du > crj(4r)

and |A| < cord for some constants ¢; and ¢y, we get that

o(r) T a
Therefore, by choosing C'3 < ¢;/(4¢2), we may assume without loss of generality that P, (T4 <
TBar) < 1/4. Set T = Tp(z3n. By Lemma 3.1, Py (7 < t) < Py(rpyy) < t) < Cio(r)t.

11



Choose typ = 1/(4C1¢(r)), so that P, (7 < ty) < 1/4. Further, if z € B(z,3r) and u € A C
B(z,r), then |u — z| < 4r. Since j is decreasing, j(|u — z|) > j(4r). Thus,

P,(Ta<T1) > E, Z T, #x.,x.e4)

s<TANTAtg

TANTNtg

= Ey/ /j(|u—XS|)duds
TANTNtg

> / / (4r) duds

= JAr)|AE,(TaNT Nto),
where in the second line we used properties of the Lévy system. Next,

Ey(TA AT /\to) > Ey(to; TA Z T 2 to)
= to]P)y(TA Z T Z to)

> to[l =P, (Ta < 7) =Py (1 < to)]
to 1
5 - SClgb(T) ’

The last two displays give that

1 B 1 | |j(47")
8Cig(r)  8C, o(r)

P, (T4 <) > j(4r)|A|

Cl l:‘

Hence the claim follows by choosing C3 = 801 N o

Lemma 3.5 There exist positive constant Cy and Cs, such that if r € (0,1), » € R?,
z € B(x,r), and H is a bounded nonnegative function with support in B(x,2r)¢, then

E.H(X(TBz))) < Ca(E. 7Bz /H Jj(ly — z|) dy,

and
E.H(X(TBzr))) = Cs(E.Tp(z /H Jj(ly — z|) dy

Proof. Let y € B(z,r) and u € B(x,2r)°. If u € B(z,2) we use the estimates
27 u— 2| < Ju—y| <2u— x|, (3.6)
while if u ¢ B(x,2) we use
lu—z]—1<|u—y|<|u—z|+1. (3.7)

12



Let B C B(x,2r)¢. Then using the Lévy system we get

TB(x,r)
B 15(X (rpes)) = E. / / i(lu— X.|) duds.
0 B

By use of (3.3), (3.4), (3.6), and (3.7), the inner integral is estimated as follows:

/j<|u—Xs|>du =/ j<|u—Xs|>du+/ il — X.|) du
B BNB(z,2) BNB(z,2)¢

< / j(21\u—m])du+/ (=] — 1) du
BNB(z,2) BNB(z,2)°
< / cj(]u—x\)du+/ cj(ju —z|) du
BNB(z,2) BNB(z,2)¢
— ¢ [ i(u-al)du
B
Therefore
TB(x,r) )
Bln(X(rae)) < B [ [ j(lual)du
0 B

= CEZ(TB(x,T))/lB(u)jﬂu—a:|)du.

Using linearity we get the above inequality when 1 is replaced by a simple function. Ap-
proximating H by simple functions and taking limits we have the first inequality in the
statement of the lemma.

The second inequality is proved in the same way. O

The last lemma shows that hypothesis (A3) is satisfied in the current setting. Therefore, it
remains to analyze hypotheses (A1) and (A2). By Lemmas 3.2 and 3.3, a sufficient condition
for (A1) to hold is that there exists a constant Cs > 0 such that for all » € (0, 1),

o(r/2) < Copal(r). (3.8)

Since ¢ = ¢1 + ¢o, this is equivalent to the condition that there exists a constant C7; > 0
such that for all r € (0,1), ¢1(r/2) < Cra(r).

From Lemma 3.4 it follows that a sufficient condition for (A2) to hold is that there exists
a constant Cs > 0 such that for all r € (0,1)

J(4r)
(r)

We discuss now several examples satisfying all four hypotheses (A1)-(A3). Those exam-

> Cgr™? (3.9)

ples are not covered by the paper [1].
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Example 3.6 Assume that, in addition to (3.3) and (3.4), there exist a > 0 and two positive
constants Cy and (' such that

Cor™ 87> < j(r) < Cyor~ @, for all r > 0 sufficiently small. (3.10)

We write j(r) ~ r=97® as r — 0. The fact that v is a Lévy measure implies that o < 2.
Therefore, in a neighborhood of zero in R¢, the Lévy measure looks like |x|~¢~* which
corresponds to the rotationally invariant strictly stable process. It is easy to check that the
following is valid: ¢;(r) ~ 7%, ¢o(r) ~ r=® and j(r) ~ r=4% as r — 0. Therefore, both
(3.8) and (3.9) hold true.

(a) Mixture of symmetric strictly stable processes. Let m € Ny let 0 < a3 < ag < -+ <
am < 2, and let ay, a9, ..., a, be positive real numbers. Define j(r) = >, a;r =4 Then
J satisfies assumptions (3.3), (3.4) and (3.10) (with o« = a,,). This case corresponds to the
Lévy measure of the form v(dz) = Y 7" | a;|z|~4 % du.

(b) Relativistic stable processes. Let m be a positive real number. A relativistic a-stable
process is a Lévy processes whose infinitesimal generator can be written as m — (—A +
m?®)*/2 0 < a < 2. We refer to [4] or [12] for details. The Lévy measure of this process
has the form v(dz) = j(|z|) dx where j is given by

j(r) = ela, dyr= =y (m'or),

and

Clearly, j is decreasing. Moreover, since

d+a—1

() e (I +r =), =00,

and "0
P(r)=1+ o) 2( )7"2 +o(r*), mnearr =0,
(see [4]), j satisfies (3.3), (3.4) and (3.10).
(c) Let j(r) = r=47%(1 — e™") with 1 < @ < 3. This function also satisfies all the required

conditions.

Example 3.7 This example generalizes the mixture of symmetric stable processes and need
not satisfy (3.10).
Let k be a finite measure on (0,2) with supp(x) C [a,b], 0 < a < b < 2. Define

j(r) = /(072) P4 g (da) = ¢ / = k(da) .

(0,2)
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Note that j(r) < 24¥25(2r) for all r > 0 which implies (3.3) and (3.4). A simple computation
shows that

o) = [ ggnda),

bo(r) = /(0 " wda).

72) a

Since the support of k is contained in [a,b], both ¢;(r) and ¢5(r) are comparable with
f(o 7" k(da). Therefore, we have both (3.8) and (3.9).
In case when « is the Lebesgue measure on [a, b], we have

—r @ 4 b

rdlogr

jr) =
which does not satisfy (3.10).

3.2 Non-symmetric case

In this section we consider Lévy measures of the form v(dy) = k(y)j(|y|) dy where j is a
non-increasing function satisfying (3.3) and (3.4), and &k : R\ {0} — (0, 00) is a function
satisfying ¢ < k(y) < ¢, for all y # 0, for a positive constant ¢.

We will distinguish between two cases. In the first case we assume that for every r € (0,1)

/ yu(dy) = / yk(y)j(ly]) dy = 0. (3.11)
(r<]y|<1) (r<]y|<1)

This assumption will hold true if k(—y) = k(y) for each y € B(0,1). A consequence of this
assumption is that the infinitesimal generator L has the form (3.2) for every r € (0,1). A
careful reading of proofs of Lemmas 3.1-3.5 reveals that the proofs carry over to the current
setting. The only difference is that constants will change and will depend on ¢ as well. For
example, wherever we estimated the function j(|y|), we now estimate k(y)j(|y|) instead.

Example 3.8 Let j satisfy (3.10), and let & be bounded and bounded away from zero, such
that (3.11) is valid. Then (A1)-(A3) are satisfied for v(dz) = k(x)j(|x|). In particular, if
jr) =i

symmetric), then (3.11) holds true (see, for example, [13]).

and k is such that the corresponding process is strictly a-stable (not necessarily
Similarly, let x be a bounded measure on (0,2) supported in [a,b], 0 < a < b < 2, let

jlr) = f(o 2) r~9=%k(da), and let k be bounded and bounded away from zero, such that
(3.11) is valid. Then again, (A1)-(A3) are satisfied for v(dx) = k(x)j(|x]).
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The second case we consider is genuinely non-symmetric case when (3.11) does not hold.
Then the infinitesimal generator L has the following form for each r € (0, 1):

LI = [ (Fe+9) = @) =y VI@ o) ld) = [y Vi@)u(dy). (312)

(r<lyl<1)
Both the statement and the proof of Lemma 3.1 should be modified so that the additional
term of the generator is taken into account. Let

outr) = [ ity du,

and let ¢(r) = ¢1(r) + ¢2(r) + ¢3(r). Let f and f,. be the functions from the proof of Lemma
3.1. Let ¢; = sup, >_.[(9/9y;)f(y)|. Then |y -V f.(y)| < crr 'yl Hence, the estimate for
Lf.(z) will read

LA £ [ G+ = £ =y VA e v(d)

+ ly - V[ (2)Lr<yi<n)l
Rd

IN

2
cl/gi(1““§”L%;‘+]UMET)+‘1w§yhg)%4) v(dy)
< ea(pi(r) + do(r) + ¢3(r)) = ca0(r)

The rest of the proof remains the same, with the new function ¢. Similarly, statements of
Lemmas 3.2 and 3.4 now involve the modified function ¢. The proofs of all lemmas carry
over with new constants depending on ¢. In order that (A1) and (A2) hold true, it suffices
to have conditions (3.8) and (3.9), but now with modified ¢.

Example 3.9 This is analogous to Example 3.6. Assume, in addition to (3.3) and (3.4),

that j satisfies (3.10). Let k& be bounded between two positive numbers. Then
1

R

Ga(r) ~ a—1
If « € (1,2) then (r=® —r~1)/(a — 1) is of the order r~, same as the order of ¢,(r), @»(r)
and j(r)r?. Therefore, hypotheses (A1)-(A3) are valid in case 1 < a < 2. For a € (0, 1] this
argument is no longer valid, and we cannot establish (A1) and (A2).

Example 3.10 This example generalizes Example 3.7. Let x be a finite measure on (0, 2)
with support supp(k) C [a,b], 1 < a < b < 2, and let j be defined as in Example 3.7. We
compute

o 7"_1 ra 7,—1
qbr:/ —Hd()é:/ /fda—/ k(da) .
3(7) 0n a—1 (da) P (da) P (da)
Since supp(k) C [a,b] C (1,2), it easily follows that ¢3(r) ~ f(o T " k(da). Therefore, the
analogue of (3.8) and (3.9) are true, hence (A1)-(A3) are also valid.
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4 Symmetric Markov Processes with no diffusion com-
ponent

In this section we are going to assume that 0 < a; < ay < 2 and that ki(x,y) and kq(x,y)
are symmetric functions on R% x R? such that

Rzgkz(m7y) S"{iv i:1727 xvyERdv

for some positive constants &; < k;, i = 1,2. The symmetric form (€, C?(R?)) on L*(R?)

defined by

et = [ [ ()= 1ot ) (S 4 PO oy

o — gl o — gt

is closable, so its minimal extension (£,F) is a regular Dirichlet form. Therefore by the
general theory of Dirichlet forms there is a symmetric Hunt process X on R¢, associated
with (€, F), starting from every point in E := R?\ N, where N is a set of zero capacity. Put

kl(x7y) l{?g(l‘,y>
T L

j(w,y) = |

then it is well known (see, for instance, [5]) that (j(z,y)dy,dt) is a Lévy system for X.
Throughout this section we assume that, for : = 1,2, when «; > 1, the first partials of k;
are bounded on R% x R¢. We are going to use M; to denote the bounds on the first partials
of k;.
For any o € (0,2), any bounded function k(z,y) on R? x R? and any f € C%(R%), we
define

Loafta) = [ (f ) - 1) M, 0e0.1)

Loaf(@) = [ (ot 9) = @) = (V£ yen) ] i

1
+ [ () = F) oo+ 9) ~ K)oz, o€ [1,2)

To make sure the last integral converges, we need to assume that, when « € [1,2), the
first partials of k£ are bounded on R? x R?. Using symmetry, one can easily see that, when
a€[1,2),

Loaf(@) = [ (o +0) = ) = (0.9 ) lyer) T i
+ [+ 9) = F@)EGa+ ) = ko)
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for any r € (0,1).
If L stands for the generator of X in the L? sense, then the following result is elementary.
See, for instance, [9].

Lemma 4.1 For any f € C?(RY), we have

Lf(ZE) = La1,k1f(x) + LOCQ,k‘Qf('r)’

for almost every x € RY.

This lemma tells us that L, &, f + Layk, is a representative of Lf for any f € C2(R?).
From now on we will always take this representative when dealing with Lf. It follows from
the proof of Theorem 5.2.2 of [5] that for any f € C?(R?),

F(X0) — F(Xo) — / Lf(X.)ds

is a P,-martingale for any x € F.

Lemma 4.2 For any x € E and any v € (0,1) we have

P, (sup | Xs — Xo| > r) < Cr=%t

s<t
where C'is a positive constant depending on o, Qa, k1, ke, M1, My and d.
Proof. Suppose that # € E is fixed. Let f be a C? function on R? taking values in [0, 1]

such that f(y) = 0 for |y| < 1/2 and f(y) = 1 for |y| > 1. Let f, be a sequence of C?
functions such that 0 < f,, <1,

_J 5@, lylsn+1
Iny) _{ 0, ly| >n+2,

and that | Y7, (0?/0x;0xy) f,| is uniformly bounded. Then there exist positive constants ¢;
and ¢y such that
|an(y)| S C1, Yy e ]Rdu

and
foly+2) = faly) = (- VW) < el 2, y,z € RY

Put f.(y) = f((y —x)/r) and for(y) = fully —x)/7).
We claim that for any r € (0,1), any y € R? and any n > 1,

|Lfn,r(y> | < Cirm*
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positive constant C; depending on «y,as, k1, ko, My, My and d. We prove this claim by
dealing with L,, i, ¢ = 1,2 separately.The proof of the two cases are identical, so we will
give a proof of the case i = 2 only, and we will do this by dealing separately with the cases
as € (0,1) and ay € [1,2).

(i) az € (0,1). In this case we have for any 7 > 0 and any y € RY,

ka(y,y + 2)

|La2,k2fn,r(y>| = |Z _ y|d+0‘2

| Rd(fn,r(y+z) _fn,r(y>> dZ|

cmﬂ_l/ ||~y 4 2%2/ |z|~(d+e2) g,
|z|<r

|z|>r

T o0
03/127*1/ s ds + c4/-€2/ sl
0 T

C3Rg CqRo _
— = T2 SpTe2
1— (67) (6]

IA

IA

(i) ap € [1,2). In this case we have for any r € (0,1) and any y € R,

ko(y,
Lensafor ] < | [ Garly ) = Fur0) = (T ) i) e

1 [ 2 = For) ol + 2) = b)) s

< 021127’2/ ||~ He2=2) g, 4 2@/ |z|~(dFe2) gy,
|z|<r |z|>r
+01M2/<:27’_1/ |z|~(dte2=2) g, 4 /4;2/ | 2|~ (dFe2) g,
|z[<r |z[=r
Cska ceMako —ap+1 , CTR2 _,
< —— 1 T ™
2 — (6D) 2 — [6%) (65)
c c
< (—— 4 —9)/4327"_“2.

2—@2 (0%)]

Thus we finished the proof of the claim.
Therefore we have for any r € (0,1) and any n > 1,

TB(z,'r)/\t
Exfn7r(X(TB(mv7’) N t)) = Ex/ Lfn,r(Xs)dS < Cl?’iazt.
0

Letting n T oo, we get
ExfT(X(TB(w,T) N t)) < Cir %,

If X exits B(xz,r) before time ¢, then f,(X(7pr) At)) = 1, so the left hand side is greater
than ]P)x(TB(m,r) < t). O
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For any A > 0, we define
Grf(x) = Ex/ e Mf(X,)dt, r€E.
0

We use Cy(R?) to denote the collection of continuous functions f such that lim,_.« f(z) = 0.
From the lemma above we immediately get the following result:

Corollary 4.3 If f € Cy(RY), then E,f(X;) tends to f(x) uniformly in x € E ast | 0 and
MG f(x) tends to f(x) uniformly in x € E as A T oo.

Proof. Omitted. O

Remark 4.4 Note that, fori = 1,2, when «; € [1,2) we have for any r > 1,

Lo, ki for(y)] < |/ (far(y +2) = far(y) — (2, an,r<y))1|2<r>lr <|d+az)d |

1 [ U2 = For )b+ 2) = b ) e

< 02’%‘7"2/ |Z’(d+°‘i2)d2’+2m/ Bl
|z|<r |z|>7
+01Milii7’_1/ |Z’_(d+ai_2)d2+201/ii7“_l/ |Z|—(d+ai_1)dz
z]<1 1<|z|<r
+K/i/ || =@+,
|z|=r
S C3T_17

where ¢y and co are the constants in the proof above, and c3 is a positive constant depending
on «y, ki, M; and d. Combining this with (i) in the proof above we get for any r > 1, any
y € R and any n > 1,

L fur(y)] < Crrm(@nV)

for some positive constant C depending on o, s, K1, ke, My, My and d. Repeating the ar-
gument in the last paragraph in the proof above we can show that for any x € E, any r > 1

and any t > 0 we have
P, (sup | X, — Xo| > r) < Cor~ (Mg,

s<t
for some positive constant Cy depending on aq, i, K1, Ko, My, My and d. From this one can
easily see that for bounded function [ with compact support, the function x — E,[f(X})]
tends to zero as |x| — oo.
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Lemma 4.5 Suppose ¢ € (0,1) is a constant. Then for every x € R? and r € (0,1) we have

a2

inf E, P > =12,
z€B(z,(1—e)r)NE B = 4C

where C' is the constant in Lemma 4.2.

Proof. The proof is the same as that of Lemma 3.2. a

Lemma 4.6 For any v € R? and any r > 0 we have

a2

0522d+a2
sup EZTB(x,r) < =
2€B(z,r)NE K2

Proof. It is elementary to show that, for any y € B(x,r),

_du > 2 (*te2) / = ——po
/B(:E,r)c Yy — U’d+a2 U= B(zr)e T — u|d+a2 u a22d+ar

Thus for any z € B(z,r) N E,

1 Z Pz(|X<TB(x,T)>_$|>T)

= / GB(:B,T‘) (’Zu y) / j(yv U)dUdy
B(z,r) B(z,r)c

1

> /%2/ GB(ayr (Z7y)/ —————du
B(z,r) () B(z,r)c y_u’d+a2
Ry

> BTN a2 G x,Tr Y d

Z oadrar” /B oy P (2, y)dy
Ko a

- a22d+azr *E-TB@n),

where G (s, is the Green function of the process X killed upon exiting B(x,r). Therefore

0422d+a2

— o2,
K9

EZTB (z,r) <

O

Lemmas 4.5 and 4.6 imply that X satisfies the analogue of condition (Al) on E. The
following Lemma implies that X satisfies the analogue of (A2) on E.

Lemma 4.7 For all r € (0,1) and A C B(x,r) we have

Ro|B(0,1)]  |A]
4dt+a28C" | B(x,r)|’

Py(Ta < TB(z,3r)) = Yy € B(z,2r)NE,
where C' is the constant in Lemma 4.2.
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Proof. The proof is similar to that of Lemma 3.4 and we omit the details. a
The following lemma says that X satisfies the analogue of (A3) on F.

Lemma 4.8 There exist positive constants C; and Cy such that if v+ € RY, r > 0, z €
B(xz,r) N E and H is a bounded nonnegative function with support in B(z,2r)¢, then

EzH(X(TB(a:,T))) < O7<EZTB(Z‘,T)> / H(y).] (ZL’, y)dy

and
E.H(X (7500)) 2 Cs(Extaion) / H(y)j(z, y)dy.

Proof. The proof is similar to that of Lemma 3.5. O

Lemma 4.6 implies in particular that for any bounded open set B in RY, 75 is finite
almost surely. Let D be a domain in R%. A function h defined on F is said to be harmonic in
DN E if it is not identically infinite in DN E and if for any bounded open subset B C B C D,

h(z) =E.[h(X(75))] Ve BNE.

It is clear that constant functions are harmonic on D N E. Since X satisfies the analogue
of (A1)—(A3) on E, we can repeat the argument of Section 2 to show that X satisfies the
Harnack inequality on E. But our goal is to establish that X satisfies the Harnack inequality
on R?. To do that we need to guarantee that we can start our process from every point in
R4,

The result below is the analogue of Theorem 4.1 in [1].

Theorem 4.9 Let r € (0,1). If h is bounded in E and harmonic in B(xg,r) N E for some
xo € R?, then there exist positive constants C and 3 independent of xy and r such that

[h(z) = h(y)| < Clibllclz = yl”,  Va,y € Blzo,r/2) N E.

Proof. By Lemma 4.7 there exists ¢; > O such that if z € F, s € (0,1/2), and A C B(z,s/3)
with |A|/|B(x,s/3)| > 1/3, then

PIE<TA < 7—B(z,s)) > Cq.

By Lemma 4.6 and Lemma 4.8 with H = 1g(; ) with s' € (2s,1) we get that

§*2

Po(X(TB(z,s)) & B(z,5")) < ¢ o
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Let

C1 1 T\1/a a1y’ /e
=1——, p=-A(2)V2 A ()

Adding a constant to h if necessary we may assume 0 < h < M. Now we can repeat the
argument in the proof of Theorem 4.1 in [1] to get that

sup h— inf h < MAF
B(z,pkr)NE B(z,pkr)NE

for all k > 0. If 2,y € B(wg,r/2) N E, let k be the smallest integer such that |z — y| < p*.
Then log |z — y| > (k+ 1)log p,y € B(x, p*), and

\h(y) — h(z)] < MAF = MeF1o87 < ¢y Meloslv—vl(og/logp)

— 03M|x _ y|logw/logp.

Recall that for any A > 0,
Grf(x) = Ex/ e Mf(X,)dt, z€E.
0

It is obvious that A[|Gyfllcc < ||f|lcc- Since the process X may be recurrent, Gy f is not
defined in general. For any integer n > 2 and A > 0, we define

(n) mom-
G f(z) = E, /0 M E(X)dt, e .

Lemma 4.10 There exist positive constants C' and 3 > 0 such that for any n > 2, any
bounded function f on R?, and any z,y € B(0,n — 1) N E with |z —y| < 1/4,

GV f(2) = G F () < CUIGE Fllo + 1 flloo) 2 — P

Proof. For any r € (0,1), we have

TB(x,r)

G f(z) = E, / FOC)dE+ EaGS F(X (me)),
0
TB(z,r)

G f) = E, / (Xt + By G (X (o).

Using the theorem above and the fact that EZGE)”) f(X(TB(z,)) is harmonic in B(x,r) we
get
G f () = G F ) <2 fllee s Earpe) + et G5 flloole = 1™,

z€B(z,r)NE

where 3 is the constant 3 in the theorem above. Taking r = |z — y|'/? and using Lemma
4.6 we get our result. O
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Theorem 4.11 For any \ > 0, there exist positive constants C' and 3 > 0 such that for any
bounded function f on R? and any x,y € E with |x — y| < 1/4,

1Gof(x) — Gaf(y)| < C|lfllolz — yl°.

Proof. Without loss of generality we may assume that f > 0. Assume that z,y € B(0,n—1)
for some n. Let h, = f — /\Gg\n)f. Note that ||A,]lc < 2|/ f]leo- By the resolvent equation
we have G f = Gk, thus |G R ||oe < A7 |lee. Consequently, |GV R lloo + [ 7inloe <
24+ A Y |If]lco- Now we can use the lemma above to conclude that

GV f(z) — GSVF(y)] < C2+ A flloolz — 9,

where C' and 3 are the constants from the lemma above. Letting n T oo we get our result.
O

From the theorem above we know that for any bounded f, G, f is Holder continuous
in £. Thus we extend the resolvent G f(z) continuously to R%. From Corollary 4.3 and
Remark 4.4 we can see that the extended resolvent on R? is a Feller resolvent, that is, G
maps Cp(R?) into Cy(R?) and for any f € Cy(RY), A\G,f converges to f in the L> norm on
R?. Now we can use Hille-Yosida theorem to extend the semigroup of X continuously to R
This semigroup is Feller and so we can start our process X from every point in R%. Now we
can repeat the arguments in Lemmas 4.2-4.8 to check that X satisfies conditions (A1)—(A3)
on RY,

Remark 4.12 So far in this section we have proved that the Harnack inequality holds when
the jumping measure is of the form

(Aﬂaw . b@W>)¢My

o= ylter T Jo— gl

We can easily generalize this to the case when the jumping measure is of the form

dxd
<Z |x_y|d+az> Lay,

where n > 1 is an integer, 0 < ay < -+ <, < 2, and ky, . .., k, satisfy the conditions posed
on ki and ko at the beginning of this section.

Remark 4.13 We can easily generalize the argument of this section to show that the Har-
nack inequality holds when the jumping measure is of the form

(F1 (2, 9)Jon ([y = [) + Ka(2, y) s (ly — ) ddy,

where jo, (|z|)dx and ja,(|z|)dx are the Lévy measures of the relativistic oy and cq-stable
processes respectively.

24



Remark 4.14 Assume that j : (0,00) — (0,00) is a non-increasing function such that
j(|z|)dx is the Lévy measure of a Lévy process and that conditions (3.3), (3.4), (3.8) and
(3.9) are satisfied. If k(x,y) is a symmetric function on R x RY such that it is bounded by
two positive numbers and that its partials are bounded, the symmetric form (€,C*(RY)) on

L*(RY) defined by

&9 = [ [ @) = F)lote) - skt iy — alidsdy

is closable, so its minimal extension (€, F) is a reqular Dirichlet form. We can easily modify
the argument of this section to show that the Harnack inequality holds for the symmetric
Markov process associated with (€,F).

5 Non-symmetric Markov Processes with no diffusion
component

In this section we are going to show that for a wide class of non-symmetric Markov processes,
conditions (A1)—(A3) are satisfied and therefore the Harnack inequality holds.

Before we describe the process we are going to deal with, let us first recall some basic
facts about strictly stable processes. For any a € (0,2), the characteristic functions of a
strictly stable process on R? is given by exp(—tW¥(z)) with the function ¥ specified below

U(z) = —/)\(df) /W(ei(”@ — 1)7‘_(1+O“)dr, a € (0,1),
s 0

U(z) = _/)‘(df) /oo(ei(z"f) — 1 —i(z,7E) L))r2dr —i(2,7), a=1,
s 0

U(z) = — / A(d€) /Oo(ei(”g) —1- i(z,r{“)l(ol))r_(l“‘)dr, a € (1,2),
s 0

for some finite measure A on the unit sphere S = {z € R?: |z| = 1}.
The Lévy measure v of a strictly a-stable process is given by

V(B) = /S A(dE) /0 ()0 gy

for every Borel set B in R

Suppose 0 < ay < ay < 2. In this section we assume that k;(z,y), i = 1,2, are functions
on R? x R? bounded between two positive numbers and that b;(x), i = 1,2, are bounded
R?-valued functions on R?. We are going to consider solutions to the martingale problem
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for the operator L = L,, + L,,, where

Lofta) = [ (o) = f) 5D o € (0,1),
Lof(a) = [ (fle-+) = F@) = 0 VSN ) [ 5Dy + (u(a), T1@), o [1,2),
Luf@) = [ (et - 1) gl o € (0.1),

Lo, f(z) = /Rd(f(%Ly)—f(fU)—(y,Vf(iU))1|y<1)Mdy+(bz(x),Vf(fc)), ay =1,

|y| e

Luf(@) = [ (fe ) = 10 = 0TI 7D o2 € (1,2).

Our assumptions on ky and b are as follows:

(i) for cach = € RY, 2229 g the density (with respect to the Lebesgue measure) of the
) ly|+e
Lévy measure of a strictly as-stable process ;

(ii) the partial derivatives of ko(z, y) with respect to y up to order d are bounded continuous
on R? x S:

(iii) the function by(x) is bounded on R,

It follows from [8] and [10] that, under the assumptions above, the martingale problem for
L is well-posed. That is, there is a conservative strong Markov process X = (X;,P,,» € R9)
on (D([0,00),RY), B(D([0,00),R))) such that for any f € C5°(RY),

F(X0) — F(X0) - / Lf(X.)ds

is a P,-martingale for each z € R? Here D([0,00),R?) is the space of R-valued cadlag
functions on [0, c0), and B(D([0, c0),R%)) is the Borel o-field on D([0, 00), R?).

Theorem 5.1 Under the assumptions above, the Harnack inequality holds for X.

Proof. It is routine to check that (ki(z,y)|ly — z|~@)dy + ky(x,y)|ly — 2|~ @+2)dy, dt)
is a Lévy system for X, see, for instance, the proof of Proposition 2.3 of [1]. Using the
same argument as in the last section, we can check that X is Feller process satisfying the
conditions (A1)-(A3) of Section 2, thus the Harnack inequality holds for X. We omit the
details. O
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Remark 5.2 With the same argument, one can show that, for 0 < a; < as < 2, if Y and Z
are independent and if they are respectively strictly oy and as-stable processes such that the
densities of their Lévy measures with respect to the Lebesque measure are bounded between
two positive numbers, then the Harnack inequality holds for the process X =Y + Z. Here we
do need to assume that the density of the Lévy measure of Z to be smooth. The smoothness
assumptions on ko made before Theorem 5.1 are to guarantee that the martingale problem
for L is well-posed.

Remark 5.3 Assume that j : (0,00) — (0,00) is a non-increasing function such that
Jj(|z|)dx is the Lévy measure of a Lévy process and that conditions (3.3), (3.4), (3.8) and
(3.9) are satisfied. Suppose that condition (3.10) is satisfied for some o € (0,2). Let k(z,y)
and b be functions on R? x R? and R? respectively satisfying the following conditions:

(i) The function k is bounded between two positive numbers;

(11) The partial derivatives with respect to x of k up to order 2 are bounded and continuous
on R? x R%;

(iii) b and its partial derivatives up to order 2 are bounded on R.

For any f € CE(R?), define

Li@) = [ (fa )= F@)k(e. i)y ae0.1)
Li@) = [ (et ) = ) = - VI k(e )iuhdy + (0le). VI @), ael1.2)

It follows from [11] that the martingale problem for L is well posed. Let X be the conservative
Markov process associated with L. Then by using the argument of this section we can show
that the Harnack inequality is valid for X.
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