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Abstract

In this paper, we consider a large class of subordinate Brownian motions X via subordinators
with Laplace exponents which are complete Bernstein functions satisfying some mild scaling
conditions at zero and at infinity. We first discuss how such conditions govern the behavior of
the subordinator and the corresponding subordinate Brownian motion for both large and small
time and space. Then we establish a global uniform boundary Harnack principle in (unbounded)
open sets for the subordinate Brownian motion. When the open set satisfies the interior and
exterior ball conditions with radius R > 0, we get a global uniform boundary Harnack principle
with explicit decay rate. Our boundary Harnack principle is global in the sense that it holds
for all R > 0 and the comparison constant does not depend on R, and it is uniform in the sense
that it holds for all balls with radii 7 < R and the comparison constant depends neither on D
nor on . As an application, we give sharp two-sided estimates for the transition densities and
Green functions of such subordinate Brownian motions in the half-space.
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1 Introduction

The study of potential theory of discontinuous Lévy processes in R? revolves around several funda-
mental questions such as sharp heat kernel and Green function estimates, exit time estimates and
Poisson kernel estimates, Harnack and boundary Harnack principles for non-negative harmonic
functions. One can roughly divide these studies in two categories: those on a bounded set and
those on an unbounded set. For the former, it is the local behavior of the process that matters,
while for the latter both local and global behaviors are important. The processes investigated in
these studies are usually described in two ways: either the process is given explicitly through its
characteristic exponent (such as the case of a symmetric stable process, a relativistically stable
process, sum of two independent stable processes, etc.), or some conditions on the characteristic

exponent are given. In the situation when one is interested in the potential theory on bounded sets,
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conditions imposed on the characteristic exponent govern the small time — small space (i.e., local)
behavior of the process. Let us be more precise and describe in some detail one such condition and
some of the results in the literature.

Let S = (St)¢>0 be a subordinator (that is, an increasing Lévy process satisfying Sy = 0) with
Laplace exponent ¢, and let W = (W};);>0 be a Brownian motion in R? d > 1, independent of S
with

E, [eig(Wt_Wo)] = e tleP ., feRYt>0.

The process X = (X¢)i>0 defined by X; := W (S;) is called a subordinate Brownian motion. It is a
rotationally invariant Lévy process in R? with characteristic exponent ¢(|¢|?). The function ¢ is a

Bernstein function. Let us introduce the following upper and lower scaling conditions:

(H1): There exist constants 0 < d; < d2 < 1 and a1, a2 > 0 such that

a (f)élgqﬁg@ <]:>62, 1<r<R (1.1)

It follows from the definitions in [2, pp. 65 and 68| and [2, Proposition 2.2.1] that (1.1) is equivalent
to saying that ¢ is in the class OR of O-regularly varying functions at co with Matuszewka indices
contained in (0,1). The advantage of the formulation above is that we can provide more direct
proofs for some of the results below. (1.1) is a condition on the asymptotic behavior of ¢ at infinity
and it governs the behavior of the subordinator S for small time and small space, which, in turn,
implies the small time — small space behavior of the corresponding subordinate Brownian motion
X. Very recently it has been shown in [20] (see also [16]) that if (H1) holds and ¢ is a complete
Bernstein function, then the uniform boundary Harnack principle is true and various exit time and
Poisson kernel estimates hold. Further, sharp two-sided Green function estimates for bounded C!
open sets are given in [16]. The statements of these results usually take the following form: For
some R > 0, there exists a constant ¢ = ¢(R) > 0 (also depending on the process X ) such that some
quantities involving r € (0, R) can be estimated by expressions involving the constant ¢. The point
is that although the constant ¢ is uniform for small r € (0, R), it does depend on R, meaning that
the result is local. It would be of interest to obtain a global and uniform version of such results,
namely with the constant depending neither on R nor on the open set itself. This would facilitate
the study of potential theory on unbounded sets. In order to accomplish this goal, it is clear that
the assumption (H1) (or some similar condition) will not suffice, and that one needs additional
assumptions that govern the behavior of the process for large time and large space.

In some recent papers (see [9, 10, 13]) potential-theoretic properties of stable and relativistically
stable processes are studied in unbounded sets such as the half-space, half-space-like C'! open sets
and exterior C'! open sets. Note that these processes are given explicitly by its characteristic
exponent. In the current paper we would like to impose a condition similar to (H1) that governs
the large time — large space behavior of the process and obtain global uniform potential-theoretic

results. Thus, in addition to (H1), we will also assume



(H2): There exist constants 0 < d3 < d4 < 1 and a3, aq > 0 such that

as (f)égg‘i((]gg% <f>64, r<R<I1. (1.2)

Similarly, (1.2) is equivalent to saying that ¢ is in the class of O-regularly varying functions at 0
with Matuszewka indices contained in (0,1). (1.2) is a condition about the asymptotic behavior
of ¢ at zero and it governs the behavior of the subordinator .S and the corresponding subordinate
Brownian motion X for large time and large space. Also note that under (H2), X is transient if
d>2.

Throughout the paper we will assume that ¢ is a complete Bernstein function satisfying (H1)
and/or (H2), and X; = W(S;) will be the corresponding subordinate Brownian motion. First
we study consequences of scaling conditions on the subordinator S, its Lévy density and potential
density. This is done in Section 2 of the paper. In Section 3 we proceed to properties of the
subordinate Brownian motion X. The first main result is about estimates of the Lévy density
and the Green function of X for the whole space given in Theorem 3.4. These estimates allow us
to repeat arguments from [17, 20] and obtain global uniform estimates of the exit times and the
Poisson kernel, as well as global uniform Harnack and boundary Harnack principles. The latter
will play a crucial role in this paper.

In Section 4 we prove the main result of the paper — the global uniform boundary Harnack
principle with explicit decay rate in open sets satisfying both interior and exterior ball conditions
(see Theorem 4.7(b)). The key technical contribution is Proposition 4.6 which has appeared in
similar forms in several recent papers. The main novelty of the current version is that the estimate
gets better as the radius grows larger. The quite technical part of the proof of this proposition is
given in two auxiliary lemmas.

Theorem 4.7 is used in Section 5 to obtain sharp two-sided heat kernel and Green function
estimates for the process X killed upon exiting the half-space H = {z = (z1,...,24_1,74) € R? :
xq > 0}. To the best of our knowledge, this is the first time the heat kernel estimates are obtained
in an unbounded set for a process which is not given by an explicit characteristic exponent.

The results of this paper, especially those of Sections 3 and 4, are used in the subsequent paper
[22] to prove the boundary Harnack principle at infinity. This was the main motivation for the
investigations in the current paper.

Using the tables at the end of [26], one can construct a lot of explicit examples of complete
Bernstein functions satisfying both (H1) and (H2). Here are a few of them:

(1) N =X+ N 0<a<B<;
(2) o(N) = (A + 217, @, B € (0,1);
(3) o(N) = A*(log(1 + \)?, a € (0,1), B € (0,1 — a);

(4) (X)) = A*(log(1 + X)), € (0,1), B € (0,);



(5) &(A) = (log(cosh(VX)))?, a € (0,1);
(6) ¢(A) = (log(sinh(VA)) — log VA%, a € (0,1).

We remark here that relativistic stable processes do not satisfy (H2), so the present paper does
not cover this interesting case. We plan to address this important case in the near future.
Throughout this paper, d > 1 and the constants C, a; and d;, ¢ = 1,...,4, will be fixed. We use
c1,Co,... to denote generic constants, whose exact values are not important and can change from
one appearance to another. The labeling of the constants ¢y, co, ... starts anew in the statement of
each result. The dependence of the constant ¢ on the dimension d will not be mentioned explicitly.

“

We will use “:=” to denote a definition, which is read as “is defined to be”. We will use dx to
denote the Lebesgue measure in R?. For a Borel set A C RY, we also use | A| to denote its Lebesgue
measure. We denote the Euclidean distance between z and y in R by |z — y| and denote by
B(z,r) the open ball centered at z € R? with radius > 0. For a,b € R, a A b := min{a, b} and
a Vb := max{a,b}. For any two positive functions f and g, we use the notation f(r) < g(r), r — a
to denote that % stays between two positive constants as r — a. f < g simply means that there
is a positive constant ¢ > 1 so that ¢! g < f < ¢ ¢ on their common domain of definition. For any

open D C R? and = € D, 6p(x) stands for the Euclidean distance between 2 and D¢,

2 Scaling conditions and consequences

Recall that a function ¢ : (0,00) — (0,00) is a Bernstein function if it has the representation

o =a it [ e ),
(0,00)
where a,b > 0 and p is a measure on (0,00) satisfying f(o OO)(1 A t)u(dt) < oco. A function
¢ : (0,00) = (0,00) is a Bernstein function if and only if it is the Laplace exponent of a (killed)
subordinator S = (S¢)i>0: Elexp{—AS:}| = exp{—to(\)} for all t > 0 and A > 0.

It is well-known that, if ¢ is a Bernstein function, then

d(At) < Aop(t) foral A\>1,t>0, (2.1)
implying
o) 00 <o (2.2)
v u
Note that (2.2) implies
AP (N) < p(N) for all A > 0. (2.3)

We remark that, since ¢ is increasing, (2.1) is equivalent to that ¢ is an O-regularly varying
function, see [2, Section 2.0.2].

Clearly (2.1) implies the following observation.



Lemma 2.1 If ¢ is a Bernstein function, then for all \,t >0, 1AX < ¢(At)/p(t) <1V A.

Note that with this lemma, we can replace expressions of the type ¢(At), when ¢ is a Bernstein
function, with A > 0 fixed and ¢ > 0 arbitrary, by ¢(¢) up to a multiplicative constant depending
on A\. We will often do this without explicitly mentioning it.

In the remainder of this paper, we will always assume that ¢ is a complete Bernstein function,
that is, the Lévy measure p of ¢ has a completely monotone density. We will denote this density
by wu(t). For properties of complete Bernstein function, we refer our reader to [26].

We will assume that ¢ satisfies either (H1), or (H2), or both. Note that it follows from the
right-hand side inequality in (1.1) that ¢ has no drift, i.e., b = 0. It also follows from the left-hand
side inequality in (1.2) that ¢ has no killing term, i.e., a = 0. Since for most of this paper we
assume both (H1) and (H2), it is harmless to immediately assume that a = b = 0 (regardless
whether the scaling conditions hold). So, from now on, a = b = 0.

Throughout this paper, we use S = (S¢)¢>0 to denote a subordinator with Laplace exponent ¢.
Since ¢ is a complete Bernstein function, the potential measure U of S has a complete monotone
density u(t) (see [26, Theorem 10.3] or [17, Corollary 13.2.3]), called the potential density of S.

Without loss of generality we further assume that ¢(1) = 1. Then by taking r =1 and R = A
in (H1), and R =1 and r = X in (H2), we get that

Xt < p(N) < a2, A>1, (2.4)

and
—1\04 —1103
a; A <p(N) <azg A%, A1, (2.5)

If 0 <r <1< R, using (2.4) and (2.5), we have that under (H1)-(H2),

R R AN R R R\
HE) < 2045+ < agay <T> and HE) > amag-s > ajas3 <T> .

¢(r) ¢(r)
Combining these with (H1) and (H2) we get
R 013 R R 02Vda
as <7“) < i((T)) < ag <7“> , 0<r<R<oo. (2.6)

For a > 0, we define ¢%(\) = ¢(Aa~2)/¢(a=2). Then ¢ is again a complete Bernstein function
satisfying ¢%(1) = 1. We will use pu*(dt) and pu®(t) to denote the Lévy measure and Lévy density
of ¢* respectively, S* = (S);>0 to denote a subordinator with Laplace exponent ¢, and u®(t) to

denote the potential density of S%. Since

oo [ee] 1
P (\) = / (1 — e ™) p®(t)dt, / e Mut(t)dt = ——,  A>0,
0 0 P*(A)
it is straightforward to see that
a(t) = @ (@), t>0 (2.7)
/’L ¢(a72)/‘1’ Y ) *



and
u’(t) = a’p(a?)u(a?t), t>0. (2.8)

Now applying this to ¢%, we get that under (H1)-(H2),

81 N\03 a 02Vd4
as E §¢(R)§a6 E , >0, 0<r<R<oo. (2.9)
r ¢(r) r

The results in the next lemma will be used many times later in the paper.

Lemma 2.2 Assume (H1) and (H2). There exists ¢ = c¢(ay, az, as, a4, 01,02, 03,04) > 0 such that

-1
d(r )Y dr < eX"p(A2)V2, for all A >0, (2.10)
0
A1 00
A2 / ro(r~2)dr + / r(r %) dr < cp(N),  forallA>0, (2.11)
0 ATt
)\71
oo tar st frainzo.(212)
0

Proof. This result is essentially Karamata’s theorem for O-regularly varying functions with con-
stants controlled and its proof is hidden in the proofs in [2, Section 2.6]. Taking into account (2.6),
direct proofs of (2.10)—(2.12) are the same as those of [20, Lemma 4.1]. We omit the proof here. O

The following result plays a crucial role in this paper.

Proposition 2.3 Suppose that w is a completely monotone function given by

o
w(t) = [ e fs)ds,
0
where f is a nonnegative decreasing function.

(a) It holds that
fls) < (1— e_l)_1 slw(s™h, s>0. (2.13)

(b) If there exist 6 € (0,1) and a,sp > 0 such that
w(At) < aX"Ow(t), A>1,t>1/sp, (2.14)
then there exists c1 = c¢1(w, a, so,9) > 0 such that

f(8) > cistw(s™), s < so.



(¢) If there exist 6 € (0,1) and a, sy > 0 such that
w(At) > aXOw(t), for all X <1 andt <1/sg, (2.15)
then there exists co = ca(w, a, so,9) > 0 such that

f(s) > costw(s™1), s> s0.

Proof. This result follows from Karamata’s Tauberian theorem and monotone density theorem
(together with their counterparts at 0) for O-regularly varying functions, see [2, Theorem 2.10.2
and Proposition 2.10.3]. Here we give a direct proof.

Direct proofs of (a) and (b) are given in [28] (see also [17, Proposition 13.2.5]).

(c) Let p:= ([, e *f(s)ds) (f;o e 5 f(s) ds>_1. Note that p = p(f,s0) = p(w, sp). For any ¢t < 1,
we have

S0 S0 %0
/ e f(s)ds = / e =3¢ f(s)ds < 6(1_t)80/ e* f(s)ds
0 0 0
_ pe(lt)so/ e f(s)ds < P/ e ts f(s)ds.
50

S0

Thus for any ¢t < 1

w(t) < (p+1) /OO e St f(s)ds = ptl Ooefsf (;) ds.

) t sot

Let ¢t <1 be arbitrary. For any r € (0, 1], we have

tw(t) < (p+ 1)/{: Lisresie °f (;) ds+(p+ 1)/TOO e "1isoresyf (;) ds
< 1) [ tcaef (5) ds+ s () e
< (p+1)(1- e—l)‘lt/or 1{80t<s}6_5§w (i) ds+ (p+1)f (%) e, (2.16)

where in the last line we used (2.13).
Now we assume (2.15) and apply it to w(%) in (2.16). Note that s < r < 1, and since sot < s

s
we also have that ¢ < s/sg. Thus w(%) < a='s®w(t), implying that

S

twt) < (p+1)a ' (1 - 6_1)71 tw(t) /T 1{30t<8}6_ss6_1 ds+ (p+1)f (%) e .
0

Choose r = r(a, sp,6) € (0,1] small enough so that

T

_ 1

(p+1)at (1- 6_1) 1/ e % lds < 7
0

For this choice of 7, we have f(7) > citw(t), t <1, for some ¢1 = c1(a, w,a,sg) > 0. Thus

r o/r
f(s) > clgw (;) > 023_1w(8_1), s>,

where co = cy7. In order to extend the inequality to s > sq it suffices to use the continuity of w. O



Corollary 2.4 (a) The potential density u of S satisfies

ut) < (1—e H o H™t, t>o0. (2.17)

(b) If (H1) holds, then there exists ¢y = c1(¢) > 0 such that

u(t) > et to(tH™, 0<t<1. (2.18)

(c) If (H2) holds, then there exists co = co(¢p) > 0 such that
u(t) > et Lot 1<t < o0 (2.19)

Proof. (a) The claim follows from Proposition 2.3(a) with w(t) := [~ e *u(s) ds = ( 3 -
(b) By the left-hand side of (1.1), w(t) = ¢(t)~" satisfies (2.14) with § = &1, a = a;* and s¢ = 1.
The claim follows from Proposition 2.3(b) with ¢; = ¢1(¢, a1, 61).

(c) By the left-hand side of (1.2), w(t) = ¢(t)~" satisfies (2.15) with § = 83, a = a3 " and sy = 1.

The claim follows from Proposition 2.3(c) with ca = ca(¢, as, d3). O

Since ¢ is a complete Bernstein function, its conjugate function ¢*(\) := ﬁ is also complete

Bernstein. It is immediate to see that, under (H2) for ¢, the function ¢* satisfies

1—64 1—63
W (7)) =S (F) o rers

Since the potential density u* of ¢* is equal to the tail u(t,00) of the Lévy measure p (see [4,

Corollary 5.5]), we conclude from Corollary 2.4 that

p(t,o00) < (1 —e H i ler ™™, t>0, (2.20)
p(t,00) > et tp*(t™H ™, 1<t<oo, if (H2) holds. (2.21)

Proposition 2.5 (a) The Lévy density u of S satisfies
p(t) < (1 —2"H) "o, t>0. (2.22)
(b) If (H1) holds, then there exists ¢y = c1(¢) > 0 such that
p(t) > et to(t™), 0<t<1. (2.23)

(c) If (H2) holds, then there exists co = co(¢p) > 0 such that

w(t) > et o), 1<t<oo. (2.24)



Proof. (a) This is proved in [15, Lemma A.1, Proposition 3.3].

(b) This is proved in [17, Theorem 13.2.10].

(c) The proof is similar to the proof of (b). It follows from (2.20) and (2.21) that there exists a
constant ¢; > 0 such that ¢; '¢(s™1) < u*(s) < e1(s™!) for 1 < s < o0. Fix A := (2cfaz!)V/%v1 >
1. Then by the left-hand side of (H2), we have that for s > A,

u*(s) < c1p(s™h) = crp(A A TLs) T < craz AR (A Ls) 7Y < az A3 ur (A Ls) < Sutf(Als)
by our choice of A. Further,

(1= A Ysp(A1s) > /:_lsu(t) dt = w (A 1s) — w'(s) > ut(ALs) — %u*(xls) - %u*(xls) .
This implies that for all ¢ > 1

u(t) > Mt—lu*(t) = et (1) = eat ()

for some constants co, c3 > 0. O

We conclude this section with some conditions on ¢ which imply (H1) and (H2).
(Hp): There exist 5 € (0,2) and a function ¢ : (0,00) — (0, 00) which is measurable, bounded on

compact subsets of (0,00) and slowly varying at 0 such that
d(N) =< MN20(\), AN—=0+. (2.25)

(Hso): There exist a € (0,2) and a function £ : (0,00) — (0, 00) which is measurable, bounded on

compact subsets of (0, 00) and slowly varying at infinity such that
(N =< A2(N), A > 0. (2.26)

Using Potter’s theorem (cf. [2, Theorem 1.5.6]), it is proved in [17] that (Hs) implies the right-
hand side inequality of (H1). One can similarly prove that (Hs) also implies the left-hand side
inequality of (H1) and that (Hp) implies (H2).

3 Applications to subordinate Brownian motions

Recall that S = (S¢):>0 is a subordinator with Laplace exponent ¢. Let W = (W;,[Py);>0 be a
d-dimensional Brownian motion independent of S and with transition density

z—y|?

q(t,z,y) = (47Tt)7d/267| w ., zyeRy t>0.

The process X = (X¢)i>0 defined by X; := W(S;) is called a subordinate Brownian motion. It is
a rotationally invariant Lévy process with characteristic exponent ¢(|¢]?), ¢ € RY, and transition

density given by
p(t,z,y) =/ q(s,z,y)P(St € ds).
0

9



By spatial homogeneity, the Lévy measure of X has a density J(x) = j(|z|), where j : (0,00) —
(0,00) is given by

§(r) = /O Oo(47rt)_d/2€_r2/(4t),u(t) dt. (3.1)

Note that j is continuous and decreasing. We define J(z,y) := J(y — z).
By the Chung-Fuchs criterion the process X is transient if and only if
1 )\d/2—1

o o)

Note that if d > 3, then X is always transient. If (H2) holds and d > 244, then X is transient. In
particular, if (H2) holds and d > 2, then X is transient. When X is transient, the mean occupation

d\ < 0. (3.2)

time measure of X admits a density G(z,y) = g(|z — y|) which is called the Green function of X,

and is given by the formula

g(r) = /O oo(m)—d/?e—”/ W (t) dt . (3.3)

Here w is the potential density of the subordinator S. Note that by the transience assumption, the
integral converges. Moreover, g is continuous and decreasing.
We first record the upper bounds of j(r) and g(r).

Lemma 3.1

(a) It holds that j(r) < c1r=%p(r=2) for all r > 0.
(b) If d >3 then g(r) < cor~4¢(r=2)=1 for all v > 0.

Proof. (a) We write

2 o0

i(r) = / (4mt)= 26160 (1) @t + / (4rt) =210 (1) dt o= gy +
0 T

2

To estimate Jy from above we first use (2.22) and then the monotonicity of ¢ to obtain

Jy < o / (4mt) =2~ /U041 511y gt

2

< cl¢(r_2)/ /21 =r?/(4) gy — cap(r~ ).
0
By (2.2) we have ¢(t 1) /t7! < ¢p(r=2)/r=2 for t < r? (i.e., =2 < t71), thus by (2.22)

2 2

J1 < 63/ =2 01 dt < cgr2¢(r_2)/ t=4/2=2=r2/(40) gy
0 0

< 037“2(;5(1”2)/ =422/ (40) gy — C4T‘7dd)(7‘72).
0

10



(b) We write

7‘2 (e 9]

g(r) = / (4rt) =42~ U0y (4) dt + / (4mt)~¥2e /U0y (4) dt == Ly + Ly . (3.4)
0 r

2

By using (2.17) in the first inequality and the monotonicity of ¢ in the second inequality, we get

2 7.2

L, < 05/ (47Tt)fd/2€fr2/(4t)t71¢(t71)71 dt§06¢(r2)1/ 4—4/2=1 =%/ (4t) 1
0 0

IN

cep(r—2)71 / g d/2=1g=r/(40) gy — crp(r=2)~trmd, (3.5)
0
Since d > 3, using that u is decreasing in the second inequality and (2.17) in the third, we get

o0 )
Ly < 08/ t=Pu(t)dt < CSU(TQ)/ =42 dt < cop(r=2) "1,
2

r2

|

Our next goal is to establish the asymptotic behaviors of j(r) and g(r) for small and/or large
r under (H1) or (H2), or both.

Lemma 3.2 Assume (H1).

(a) It holds that
jr)y = rde(r2), r— 0. (3.6)

(b) If d > 209 and X is transient, then

g(r) < r_d¢(r_2)_1 , r — 0. (3.7)

Proof. (a) is proved in [17, Theorem 13.3.2], so we only prove (b). First note that the assumption
d > 209 is always satisfied when d > 2.

By Lemma 3.1 we only need to prove the upper bound in (3.7) for d < 2. To do that we
write g(r) = L1 + Lo as in (3.4). First note that, by the same argument as for (3.5), we have
L1 < C1(Z5(T_2)_17”_d.

Let d <2 and r < 1. We split Lo into two parts:

1 00

Ly < 02/ t_d/Qu(t) dt + 02/ t_d/Ze_TQ/(“)u(t) dt =: Loy + Loa .
r2 1

For Lg; we use (2.17) and the change of variables ¢ = 72s to get

r—2

Loy = 03rd/ 572 (257 ds
1

11



Since 0 < r < 1 and 72 < s71 < 1, it follows from (1.1) that ¢(r—2s71)~! < ags%2¢(r—2)~1. Hence

oo
Loy < C4’I“_d¢)(’r‘_2)_1/ S—d/2—1+52 ds = C5’r‘_d¢(7"_2)_1,
1

since the integral converges under the assumption d > 2d2. Note that using (H1) and the assump-
tion that 20y < d, we have r~4¢(r=2)~1 > cgr292=4 > ¢ > 0. Since L9y is bounded for r < 1 by
[15, Lemma 4.4], we have proved the upper bound.

To prove the converse inequality for all d > 1, we use (2.18) in the second inequality and (2.2)
in the third to get that for r <1,

1/r2
g(r) > (47r)d/2/ (tr2)*d/26#2/(4tr2)u(r2t)r2 dt
0

1
0

a
Lemma 3.3 Assume (H2).
(a) It holds that
i) = rdo(r 2, T — 00. (3.8)
(b) If d > 204, then X is transient and
g(r) = r~dp(r=71, T — 0. (3.9)

Proof. (a) By Lemma 3.1 we only need to prove the lower bound in (3.8). For the lower bound

we have
1
jr)y > (47T)d/2/ (r2t)*d/Qefl/(A‘t)u(er)ﬁdt
0

1
> 617’_d+2ﬂ(7“2>/ =271V gt > cpr~dp(r=2),
0

where in the last inequality we used (2.24).

(b) By (2.5), a; 'A% < ¢()\) for all A < 1, so using the assumption d > 284, X is transient by (3.2).
Let 7 > 1. By the change of variables s = r2/t we get that

g(r) = C3r_d+2/ s427 2075/ (257 1) ds.
0
By (2.17), we have u(r?s™1) < cyr72s¢(r~2s)~!. Hence

1 00
g(r) < CST_d/ Sd/2_1¢(7”_23)_1 ds + Csr_d/ sd/2_1e_5/4¢(r_2s)_1 ds =: Ly + L.
0 1

12



To estimate L; from above, we note that, by (H2), we have ¢(r—2s) > ale54¢(r*2), 0<s<l1.
Hence

1
Ly < CﬁT_d¢(T_2)_1/ Sd/2—1—§4e—s/4 ds = C7’r'_d¢(1"_2)_1
0

since the integral converges under the assumption d/2 > d4. In order to estimate Lo, we use that
r=2 <7725 for s > 1, hence by the monotonicity of ¢, ¢(r~2s) > ¢(r—2). Therefore,

Ly < 08rd¢>(r2)1/ §¥/21e=s/4 gg = 09T7d¢(r*2)*1 )
1

For the lower bound we have
1
o) = (am) 2 [ e
0

1
> CloT’_d+2u(T2)/ t—d/2€—1/(4t) dt > 0117“_d¢(7“_2)_1,
0

where in the last inequality we used the left inequality in (2.19). O

We now have the asymptotic behaviors of the Green function and Lévy density of X as an

immediate consequence of Lemmas 3.2-3.3.

Theorem 3.4 Assume both (H1) and (H2).

(a) It holds that
J(z) = |z|"%(|z|72), forallz#0. (3.10)

(b) If d > 2(02 \V d4) then the process X is transient and it holds

G(x) = |z|~%(|z|72) 7Y, forallz #0. (3.11)

We record a simple consequence of Theorem 3.4.

Corollary 3.5 Assume (H1) and (H2). There exists ¢ > 0 such that J(x) < c¢J(2z) for all
x #0 and, if d > 2(d2 V 04) then G(x) < c¢G(2z) for all x # 0.

Proof. By Theorem 3.4 there exists ¢; > 0 such that

Ia) el 0(e] )
T(2w) = ol o((2e] )

ollal ) _
S Tal ) =

= 2d61

x#0,

where the last inequality follows from Lemma 2.1. The statement about G is proved in the same

way. g
We also record the following property of j: There exists ¢ > 0 such that

jr) <ecj(r+1), forallr>1. (3.12)

13



This is a consequence of the similar property of p(t) and is proved in [17, Proposition 13.3.5]. By
Corollary 3.5 we also have
jr) <ej2r), r>0. (3.13)

Let a > 0. Recall that ¢* was defined by ¢%(\) = ¢(Aa"2)/p(a?). Let S* = (S%)i>0 be a
subordinator with Laplace exponent ¢* independent of the Brownian motion W. Let X¢ = (X{):>0
be defined by X' := Wge. Then X is a rotationally invariant Lévy process with characteristic

exponent

¢(a?|¢)
¢p(a?)

This shows that X is identical in law to the process {a_lXt/¢(a_z)}t20.

o"(I¢%) = ¢eR?.

The Lévy measure of X has a density J%(x) = j*(|x|), where 5% is given by

j(r) = / (4aet) =210 (1) dit = / (d4mt) =20 s pu(at) dt
0 0 p(a=?)

= ad¢(a_2)_1 /OO(47rs)_d/26_“27"2/(45)u(s) ds = ad¢(a_2)_1j(ar) ) (3.14)
0

In the second line we used (2.7) and in the third the change of variables s = a?t. Together with
Theorem 3.4(a), (3.14) gives the following corollary.

Corollary 3.6 Assume (H1) and (H2). There exists ¢ > 1 such that for all a > 0 and all z # 0,

cHa| Tt (j2| ) < (@) < cla| 7% (2] 7). (3.15)
Define .
d(r):=——-5, r>0.
"= o)
Then @ is a strictly increasing function satisfying ®(1) = 1. In terms of ®, we can rewrite (3.15) as
1 1
-1
¢ <J(@) <c—r. (3.16)
2|90 () 2|0 (x)
Further, (2.9) reads as
2((51/\53) q) 2(62V(54)
as R < <R)§a6 R , 0<r<R<oo. (3.17)
r O (r) r

This implies that

/T ° gs < a6 r for all 7 > 0 (3.18)
o ®(s) T 2(1—082V ) B(r)’ ' '

The last three displays show that the process X satisfies conditions (1.4), (1.13) and (1.14) from
[12]. Therefore, by [12, Theorem 4.12], X satisfies the parabolic Harnack inequality, hence also the

Harnack inequality. Thus the following global Harnack inequality is true. We recall that a function

14



u: R? — [0,00) is harmonic with respect to the process X in an open set D if for every relatively
compact open set B C D it holds that

u(z) = Ex[u(Xp)] forall x € B,
where 7p = inf{t > 0: X; ¢ B} is the exit time of X from B.

Theorem 3.7 Assume (H1) and (H2). There exists ¢ = c(¢) > 0 such that, for any r >

zo € R, and any function u which is nonnegative on R? and harmonic with respect to X in

=

B(xzg,r), we have
u(z) < cu(y), for all z,y € B(xg,7/2).

This theorem can be also deduced by using the approach in [17].

We now give some other consequences of (2.9) and Corollary 3.6.

Let B = (Bt,P;)t>0 be a one-dimensional Brownian motion independent of S* and let Z% =
(Z{)e>0 be the one-dimensional subordinate Brownian motion defined by Z; := B(S{). Let x® be
the Laplace exponent of the ladder height process of Z¢, v* be the potential density of the ladder
height process of Z¢, and V%(t) = fg v?(s)ds the corresponding renewal function. It follows from
[14, Corollary 9.7] that

aryy — 1 [ log(¢(A?6%))
x()\)—exp<7T/O 0 dg), foralla,A>0.

Using this and the fact that ¢%(\) = ¢(Aa=2)/p(a~2) we see that x*(\) = ¢(a=2)"/2x(\/a). This
and the identity [} e Mv®(t) dt = x%(/\) imply that for all @ > 0 and r > 0, v*(t) = a/¢P(a=?)v(at)
so that

Ve(r) = /0 av/¢(a=?)v(at)ds = \/d(a=2)V (ar), for all a,r > 0. (3.19)

Furthermore, by combining [18, Proposition 2.6] and [1, Proposition II1.1], we get

he L __JEaD
VEE) o)

Lemma 3.8 Assume (H1) and (H2).

Ve( for all a,r > 0. (3.20)

(a) There exists ¢y = c1(¢) > 0 such that for any r > 0 and xg € R?,
Eul7B(aom) < c1 (80 2)o((r — o — 20) )2 <eg(r™®) 7', @ € Blao, 7).
(b) There exists co = ca(¢p) > 0 such that for every r > 0 and every xo € Rd,

inf  E. [T5z0] > —2)-1,
ZEBgclo,r/Z) [TB( 0 )] - 02¢(T )
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Proof. (a) Using our (3.20) instead of [20, Proposition 3.2], the proof of (a) is exactly the same as
that of [20, Lemma 4.4].

(b) Using (2.11), we can repeat the proofs of [17, Lemmas 13.4.1-13.4.2] to see that the conclu-
sions of [17, Lemmas 13.4.1-13.4.2] are valid for all » > 0. The conclusion of [17, Lemma 13.4.2]

for all » > 0 is the desired conclusion in (b). O

The function J(x,y) is the Lévy intensity of X. It determines a Lévy system for X, which
describes the jumps of the process X: For any non-negative measurable function f on Ry x R? x R?
with f(s,y,y) = 0 for all y € R?, any stopping time T' (with respect to the filtration of X) and any
z € RY,

e | st xo| =5 [ [ ([ o) a]. ey
s<T

For every open subset D C R?, we denote by X the subprocess of X killed upon exiting D. A
subset D of R? is said to be Greenian (for X) if X? is transient. For an open Greenian set D C R¢,
let Gp(x,y) denote the Green function of the killed process X, and let K p(x,z) be the Poisson
kernel of D with respect to X. Then, by (3.21),

Kp(e,2) = [ Gole.) I, dy. (3.22)

Proposition 3.9 Assume (H1) and (H2). There exist c; = c1(¢) > 0 and ca = ca(¢p) > 0 such
that for every r > 0 and xg € RY,

—-1/2

Kpon(z,y) < cjlly —aol =) (6™ ((r — |z — 20) 7)) 3.23)
< ey — ol = 1)(r) 7 (3.24)

for all (z,y) € B(zo,7) x B(zo,r)  and
K (o) (#0,4) > c2j(ly —zol)é(r™?) ", for ally € Bluo,r)". (3:25)

Proof. With Lemma 3.8 in hand, the proof of this proposition is exactly the same as that of [17,
Lemma 13.4.10]. O

Let CZ(R9) be the collection of C? functions in R? which, along with their partial derivatives
of order up to 2, are bounded. Recall that the infinitesimal generator £ of the process X is given
by

£h@) = [ e+ 9) = 1@) =y Vi@)gysa) Ta)dy (3.26)

for every ¢ > 0 and f € CZ(RY).

16



Lemma 3.10 There exists ¢ = c(¢) > 0 such that for all0 < r < R < oo and f € CZ(R?) with
0<f<1,

sup |Lf ()| < co(r? 1+supZ| 2 10y;0u) [ (y)] +2/||>RJ(z)dz

z€R4

where f.(y) :== f(y/r).

Proof. With Lemma 2.2 in hand, the proof of this lemma is exactly the same as that of [20
Lemma 4.2]. O

Similarly, by following the proof of [20, Lemma 4.10] and using Lemma 3.10 instead of [20,

Lemma 4.2], we obtain the next result.

Lemma 3.11 For every a € (0,1), there exists ¢ = c(¢,a) > 0 such that for any r > 0 and any
open set D with D C B(0,r) we have

P, (X, € B(0,r)°) < cqb(r_z) E.mp, x € DN B(0,ar).

With the preparation above, we can use Corollary 3.6, Theorem 3.7, Lemma 3.8, Proposition
3.9 and Lemma 3.11 and repeat the argument of [20, Section 5] to get the following global uniform
boundary Harnack principle. We omit the details here since the proof would be a repetition of the
argument in [20, Section 5]. Recall that a function f : R? — [0, 00) is said to be regular harmonic
in an open set U with respect to X if for each x € U, f(z) = E, [f(X(mv))].

Theorem 3.12 Assume (H1) and (H2). There exists ¢ = c¢(¢,d) > 0 such that for every zo € RY,
every open set D C RY, every r > 0 and any nonnegative functions u,v in R? which are reqular

harmonic in D N B(zg,r) with respect to X and vanish a.e. in DN B(zp,r), we have

) for all x,y € DN B(z,1/2).

Remark 3.13 Very recently, the boundary Harnack principle for (discontinuous) Markov processes
(not necessarily Lévy processes) on metric measure state spaces is discussed in [6]. In particular in
case of a Lévy processes in R%, the boundary Harnack principle in [6] can be stated as follows (see
[6, Theorem 3.5 and Example 5.5]):

Let 20 € R*, 0 <r < R,and let U C B (2o, R) be open. Suppose that Y is purely discontinuous
Lévy process satisfying [6, (2.10) and (5.2)]. There exists c¢(1.1) = ¢(1.1)(@o, 7, R) such that if f, g
are nonnegative functions on R? which are regular harmonic in U with respect to Y and vanish in
B(zo,R)\ D,

f(@)g(y) < caay fWg(x), x,y € B(xo,r). (3.27)

Condition [6, (5.2))] holds for X by our (3.10). If d > 2(d2Vd4), [6, (2.10)] holds for X by our (3.11).

Comparing with our Theorem 3.12, the comparison constant c(; 1y in (3.27) depends on g, r and R
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in general. It requires more accurate estimates to obtain the scale-invariant version of the boundary
Harnack principle, that is, ¢(;.1) is independent of zp and depends on 7 and R only through r/R.
In fact, in [6, Example 5.5], it is claimed, without proof, that one can prove the scale-invariant
versions of the boundary Harnack inequalities in [16, 20] by checking all dependencies of C(1.1) in
[6, (3.10) and (3.11)]. However, to accomplish this, one needs to estimate the Green function in
order to check Assumption D in [6]. Especially when X is recurrent, to check Assumption D in [6]
one may need upper bounds on the a-potential kernel with a > 0 (see [6, Proposition 2.3 and the

end of the second paragraph of Example 5.5]), which is not discussed in that paper.

4 Boundary Harnack principle with explicit decay rate

Let D be an open set in R%. For x € R%, let dyp(x) denote the Euclidean distance between x and
0D. Recall that for any =z € D, §p(x) is the Euclidean distance between z and D¢.

In this section we will assume that D satisfies the following types of ball conditions with radius
R:

(i) uniform interior ball condition: for every x € D with dp(x) < R there exists z, € 9D so that

T — 2

|x — zz| = dop(x) and B(zog,R)C D, x9:=2,+R ;

|z — 24

(ii) uniform exterior ball condition: D is equal to the interior of D and for every y € R?\ D with
dop(y) < R there exists z, € D so that

Y — 2y

ly — 2| = don(y) and  B(y, R) C R\ D, yoizzerRly—zl'
Y

The goal of this section is to obtain a global uniform boundary Harnack principle with explicit
decay rate in open sets in R? satisfying the interior and exterior ball conditions with radius R > 0.
This boundary Harnack principle is global in the sense that it holds for all R > 0 and the comparison
constant does not depend on R, and it is uniform in the sense that it holds for all balls with radii
r < R and the comparison constant depends neither on D nor on r. Throughout the section we
assume that (H1) and (H2) hold.

Let Z = (Z;)1>0 be the one-dimensional subordinate Brownian motion defined by Z; := W4(S;).
Recall that the potential measure of the ladder height process of Z is denoted by V and its density
by v. We also use V' to denote the renewal function of the ladder height process of Z. We use the
notation H := {z = (z1,...,24_1,24) := (%, 24) € R? : 5 > 0} for the half-space.

Define w(z) := V((x4)*). Note that Z; := W?(S;) has a transition density. Thus, using [27,
Theorem 2], the proof of the next result is the same as that of [18, Theorem 4.1]. So we omit the

proof.

Theorem 4.1 The function w is harmonic in H with respect to X and, for any r > 0, reqular
harmonic in R x (0,7) with respect to X.
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Proposition 4.2 There exists ¢ > 0 such that for all r > 0 , we have

sup / W)z — yl) dy < /B2
B(z,r)°NH

z€R%: 0<zy<8r

Proof. Without loss of generality, we assume = 0. By the substitution y = x + z we see that

/ w(y)j(lz—y|) dy —/ w(z+x)j(2) dz —/ V(zg+zq)j(z)dz.
B(z,r)°NH B(0,r)en{zqg>—x4} B(0,r)cN{zq>—x4}

The last integral is an increasing function of x4 implying that the supremum is attained for x4 = 8r.
To conclude, take z = (0,8r). Then by Theorem 4.1 and (3.25),

V(8r) = w(z) = / W) K e (@) dy > cad(r=?) / w(y)i(lz - y)) dy.
B(z,r)eNH B(z,r)°NH

Hence,
/ W)z — yl) dy < 5V (8r)o(r2) < cag(r2)2.
B(z,r)eNH

For a function f : R? —» R and = € R? we define

Af(x) := lim (f(y) = f(2)i(ly —z]) dy,

el0 J{yeRd:|z—y|>e}

and use ©,(A) to denote the family of all functions f such that Af(z) exists and is finite. It is

well known that C?(R?%) C ©,(A) for every € R? and that, by the rotational symmetry of X, A

restricted to C2(R?) coincides with the infinitesimal generator £ of X which is given in (3.26).
Using [17, Corollary 13.3.8], Theorem 4.1, (3.12) and (3.13), the proof of the next result is the

same as these of [18, Proposition 4.3] and [21, Theorem 3.4], so we omit the proof.
Theorem 4.3 For any x € H, w € D,(A) and Aw(z) = 0.
Before we prove our main technical lemma, we first do some preparations.

Lemma 4.4 If f,g: (0,00) — (0,00) are non-increasing, then for any M > 0 and any z : [0, M] —

R we have Moo sM/2
/ / f(s)g(r+1|s—z(r)])drds < 2/ F(u)g(u) du,
o Jo 0
where F(u) = [ f(s)ds.

Proof. Without loss of generality we may assume that g is right continuous. Then the inverse
g Y(\) := sup{z : g(x) > A} has the property that g(z) > X if and only if + < g~ *(\). Let
h(s) :=g(r+|s —x(r)|), s € [0, M]. Then

[{s € [0,M]: h(s) > A} = [{s € [0, M]: g(r + |s — x(r)]) > A}|
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= [{se0,M]:r+|s—z(r)| < g ' (N}
= [{sel0.M]: |s —a(r) < (g7 (V) = )1}
< 27N -n)"

Hence, the rearrangement {s € [0, M] : h(s) > A}* is contained in [0,2(g~1(A\) —r)*]. Further note
that s < 2(g~'(A)—r)" is equivalent to r+5 < g~*()), which in turn is equivalent to g(r+s/2) > A.
Therefore the non-increasing rearrangement of h satisfies

h(s) = /0 Linsay(s) dAS/O Lio2(g-1(n)—r)+(8) dA:/O Lio.g(rts/2)](A) dA
(r+s/2)
= / d\ < g(r+s/2).
0

Therefore, by the rearrangement inequality (see [24, Chapter 3]),

M M M M
/O F(8)g(r + |s — x(r)]) ds = /0 F(5)h(s) ds < /0 F(s)h*(s) ds < /0 £(8)g(r + 5/2) ds

Finally,
//f g(r+1|s —az(r) drds</ / f(8)g(r +s/2)drds
s/w/wﬂ m¢_ﬂwm<oﬂ)>(wm

3M/2 3M/2
= / F(2u)g(u) du < 2/ F(u)g(u) du.
0 0

Lemma 4.5 Let D be an open set in RY satisfying the interior and exterior ball conditions with
radius 1. Fiz v € D with 0p(x) < 1/8 and let xg € 0D be such that dp(x) = |z — zo| and CSg, be
a coordinate system such that r = (6 xq) and xq > 0. There ezists ¢ > 0 independent ofD and x

such that for every positive non-increasing functions v and 9 on (0,00) and O(r fo
/ |©(0p(2)) — O0g+(2))] qziddz < c/ e2r)v(r)dr , (4.1)
B(a,1/8) |z — z|

where HT :={z = (Z, zq) in CSy, : 24 > 0}.

Proof. In this proof we assume that d > 2, the case d = 1 being simpler. By the interior and
exterior ball conditions with radius 1

{z= (%7, z4) € B(0,1/2) : z¢ > ¢¥(|2z])} € B(0,1/2)ND C {z = (2, zq) € B(0,1/2) : zg > —9(|Z]) },
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where ¥(r) :=1— 1 —1r2.

Define
A = {2=(%,24) € (DUHT)N B(x,1/8) : =(|2]) < za4 < ¥(|2])},
F = {z€B(z,3): 24> v¥(z])}.
Then
[ 1800 - e () e
B(z,1/8) g—=T

v(|z — x)

S/A@((SD(Z))+9(6H+(z))Wdz+/F]9(5D(z))—9(5H+(z))| dz = I+ 11.

Let E = B((0,—1),1)¢. Then

1

s v(yv/r?* + |24 — zal?)
1<2 Lo (5ol o (s 1 (dz) dr,
= /0 /|Er (=G z)iE=r —b(r)<za<t:(n} (2)0 (08 (2)) 2 1 e — 2aP)i 1(dz) dr

where mg_1 is the surface measure, that is, the (d — 1)-dimensional Lebesgue measure. Noting that

1—+/1—[Z2 < |Z]?> = 7% for |Z]| = r, we obtain
mar({z=Gz): [Fl=r-1+VI-r2<z<1-vVI-r2}) <er? for r<l.

Since © is increasing and 1 — /1 — |2]2 < |2]2 < |Z] we deduce O (6g(2)) < O (2¢(|Z])) < O(2|2)).

By using that v is decreasing we get

1
1
P [T ] T v i (ORI d2) dr

< ¢ /04 e2r)v(r)dr.

In order to estimate II, we consider two cases. First, if 0 < 25 =0, (2) < dp(z), then using
the exterior ball condition and the fact that dp(z) is smaller than the vertical distance from z to
the exterior of the ball which is equal to zg + 1 — /1 — |Z]2 < 24 + |Z]?, we get that

Zd+|z|2
O(6p(2)) — O(8p+(2)) < O(2q + |2[*) — O(za) = / I(t)dt < |29 (za), (4.2)
Zd
since ¢ is decreasing.
If zg =46,,(z) > 6p(z) and z € F, using the fact that dp(z) is greater than or equal to the
distance between z and the graph of ¢ (by the interior ball condition) and

‘ 2

21 < _
VP20 +(1=z0) = 2172

2= 1+ VP + (=202 = S EP, VzeF,
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we obtain

O(65+(2)) — O (dp(2)) < /Zd ~ ot < 20 (1- VEE T (1-207) . (43)
B+ (1-20)”
By (4.2) and (4.3),

I < / |z| 9(za) VI — VIR + zd)Z)) vllz=al) ).

|2 — x|

Since
Fc{z=(Zz) eR?: 3] <1/8and ¢(r) < zg < 1/4},

switching to polar coordinates for z and reversing the order of integration we get

7")+1/4 d \/2—_2
H<CS/ / W) VI — T (=))Wt lza =@l

(r? + |za — 2al?)4/

Writing s = z4 — 1(r) gives

1/4 2 — 2
II<c3// B0r) +5) VI — 1 — 26v/1— 12 4 52)) a4 s+ 00 — @aP) )

O s 00) - 2P

Since

1—\/1—23 1—72+482> (2571 —12—5%)/2=(2V1—712 —5)s/2 > 5/2
and /1% 4 |zg — xq|?> > (r + |24 — x4|)/2, we have
L+ or1/4
< C3/ I(s/2)0((r + |5 + () — za])/2)dsdr.
o Jo

Thus by Lemma 4.4,

3/8 1
IT < 2¢cs O(r/2)v(r/2)dr < 04/ O(r)v(r)dr.
0 0

Proposition 4.6 Let D be an open set in R? satisfying the interior and exterior ball conditions
with radius R. Fiz QQ € 0D and define

h(y) ==V (6p(y)) 1pnB(©Q,R/2)(¥)-

There exists C1 = C1(¢) > 0 independent of Q and R (and D) such that h € D,(A) for every
x € DNB(Q,R/8) and

|Ah(z)] < C1\/¢(R™2)  for allz € DN B(Q,R/8). (4.4)
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Proof. In this proof we assume that d > 2, the case d = 1 being simpler. We fix v € DNB(Q, R/8)
and let 29 € 0D be such that dp(z) = |z — x9|. We may assume, without loss of generality, that
20 =0,z = (0,24) and x4 > 0. Note that, since |y—Q| < |y—z|+|z—Q| < R/4 for y € B(z, R/8),
we have

B(z,R/8)ND C B(Q,R/4)ND. (4.5)

Let h;(y) := V(0,(y)). Note that hy(z) = h(z). Since d,(y) = (ya)T, it follows from Theorem
4.3 that Ah, is well defined in H and

Ahy(y) =0, Vye H. (4.6)

We show now that A(h — hy)(x) is well defined. For each small € > 0 we have that
/ (9) — o)Ll — 1) dy
{yeD: ly—a|>c}

S/ . (h(y)+hx(y))j(|yffl)dy+/ L y) = he(W)li(ly — 2)dy =: 1 + Io.
B(z,2)c

) B(z,5)

We claim that
I + I, < Civ/¢(R72) (4.7)

for some positive constant C; > 0. Since (4.7) implies that

Liyeput: [y—a|>e} [P () = ha () |7 (ly — )
< g, mye(h(Y) + ha())i(ly — 2]) + Ly 1)|A(y) = ha(W)li(ly — 2]) € LRY) |

by the dominated convergence theorem the limit

lim (h(y) = ha(y)i(ly — z[) dy
el0 J{ye DUH:|y—z|>¢}
exists, and hence A(h — h;)(x) is well defined and |A(h — h,)(x)| < C1\/¢(R~2). By linearity and
(4.6), we get that Ah(z) is well defined and [Ah(z)| < C1/¢(R2). Therefore, it remains to prove
(4.7).
Since h(y) = 0 for y € B(Q, R)¢, it follows that

ns [ Vst VR [ el

B($,§)C

< sup / Va)i(lz — ydy + V(R) / iy
2€R4: 0<zq<RJ B(z,%)nH B(0,&)e

=K+ V(R)K2
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By Proposition 4.2 we have that Ky < ¢y/¢(R~2). Moreover, by Lemma 3.1, (3.20) and (2.11),

V(R) / i(ly)dy < eV (R) / T () dr < eV (R)(R2/64) < can/HRD).
B(0,&)e R/8
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For I, we use scaling. Let 2! = R™1z and D := {z : Rz € D}. Then by (3.14) and (3.19) we
have

I, = V(e - V(6 i(ly — x|)d
2 /{yeB(%g.M ey IV 800) = VBl —

=V VEE5(2) = VE(0u(2))7% (|12 — 2" )dz =: V(R I .

B(xf,1/8)
Using (3.15) and (3.20),

7 s R ¢ (lz — % 7?)
I < 65/]3( ) V*0p(2) -V (5H(2))\Wdz

Finally by Lemma 2.1, Lemma 4.5, (3.20) and (

d(R~2(2r)
IQ<C6/ VR 2r qu <C7/ }ég dr <08/ —(02V01) gy < o0,

Theorem 4.7 (a) There exist a = a(¢) € (0,1) and ¢1 = c1(¢) > 0 such that for every open set
D satisfying the interior and exterior ball conditions with radius R > 0, any r < aR and Q € 0D,

E, [TDQB(QJ)] < V(r)V(ép(z)), for every x € DN B(Q, 7). (4.8)

(b) There exists ca = ca(¢) > 0 such that for every open set D satisfying the interior and exterior
ball conditions with radius R > 0, r € (0, R], @ € 0D and any nonnegative function u in R? which
is harmonic in D N B(Q,r) with respect to X and vanishes continuously on DN B(Q, 1), we have

¢(0p(y)~2)
¢(0p(x)=2)

Proof. Without loss of generality, we assume () = 0. Define

for every x,y € DN B(Q, 5). (4.9)

h(y) ==V (0p(y))1B(0,r/2)nD (V) -

Let f be a non-negative smooth radial function such that f(y) = 0 for [y| > 1 and [p4 f(y)dy = 1.
For k > 1, define fi(y) = 28 f(2%y) and

W9 (2) = (i % B)( / Je()h(z — y)dy,

and for A > 8let By := {y € DN B(0,A\"'R) : SprBOA-1R)(Y) = 27%1. Since h(*) is a C* function,
Ah®) is well defined everywhere. Then by the same argument as that in [18, Lemma 4.5], we have
for large k

~C1/o(R2) < AM® < C1\/6(R2) on B, (4.10)
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where (] is the constant from Proposition 4.6.
Since A is in C°(RY) and that A restricted to C2° coincides with the infinitesimal generator

L of the process X, by Dynkin’s formula, with o(\, k) := T

o(A\k)
E, / ARW(Xy)dt = Eo[h®) (X, 0 )] — hF) (). (4.11)
0

Using (4.10)—(4.11) and then letting k¥ — oo we obtain that for all A > 8 and € D N B(0,\"'R),

V(op(@) = hle) 2 By [h (Xry o soim )| = OVORDE: [rpapoa-in)] (4.12)

and

V(0p(x)) — Cr /(R D By [Tprpoa-in)] < e [h <XTDHB (Wlm)} . (4.13)
Since
illy = 20) = 5yl + 120) = 3 lyl) > c1j(lyl),  Y(z,y) € (DN B0,A"'R)) x B(0,A"'R)",

we get,

/ / G prsoair) (@ 2)i (|2 — y)d=V(6p(y))dy
(B(0,R)\B(0,A~1R))ND J DNB(0,A~1R)

> s [Tonsoacin)] / J(y)V (5 () dy. (4.14)
(B(O,R)\B(O,A’IR))QD

The remainder of the proof is written for d > 2. The interpretation in the case d = 1 is obvious.

By the interior ball condition with radius R, we may assume, without loss of generality, that
B(0,R)ND > {y=(y,ya) € B(O,R) : R— /R? — [y]* < ya}.

For y € B(0, R) with 2|y| < yq we have

5pW) > R~ VTP + (R—ya)? > R— /R — 2Ry + (5/4)5}
> (2Rya — (5/4)9)/ (2R) = ya(L — (5/8)ua/ R) > %4 > . (4.15)

Thus, by changing into polar coordinates and using (4.15), we have

iy Vv ( 2y

J(yNV(ép(y))dy > / /5

{@,ya):2171<ya, "1 R<|y|<R}

R
ZCQ/ FrV (2 dr
G

/(B(O,R)\B(O,AlR))ﬂD

By Lemma 2.1, (2.3), (3.10) and (3.20), we have that for r < R,

; r_ypd— 3 9(r?) d -
](T)V(ﬁ/g)’f'd ! > c3r 3W — C4a(—¢(r 2)1/2) )
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Thus

/ J(lyDV (Ep(y))dy > ca(p(R2X)V2 — p(R™2)1?). (4.16)
(B(0,R)\B(0,\~1R))ND

Now combining (4.14) and (4.16), we get
E, [h (XTDQB(O’A_lR)ﬂ > cs (¢(R72>\2)1/2 - d’(R*Z)lﬂ) E: [TonBoa-1R)) - (4.17)
Thus by (4.12) for every x € D N B(0, A" R),

V(0p(z)) > (C5<Z>(sz)\2)l/2 — (e5 + Cl)¢(372)1/2> ExlmpnBoOr1R)] - (4.18)

Without loss of generality we assume as < 1 (the constant in (2.6)). Let A\g := (2a5_1/ (1 +

C1/c5))/(01733) \/ 8 Recall from (2.6) that
() > a5s™\B3p(s71)  for every s >1 and ¢ > 0. (4.19)
Applying this with ¢ = A3R72 and s = A3 > 1, we get that for A > ),
G(RT2N%) > ¢(RT2AF) > as(A)" 2 d(R™2) > 4(1+ C1/c5)°p(R™?) .
Hence for every A > Ay
esd(R2A)Y2 — (c5 + O p(R™H)V2 > %qﬁ(R—zA?)l/?. (4.20)

Combining (4.18) and (4.20), we have proved part (a) of the theorem with a = ;.
To prove (b), we first consider estimates on h first. Combining (4.13) and (4.18), we get

By [h (XTDQB(O,A_IR))] >V (ép(x)) — Crv/¢(R)Es [Tpapoa-1R)]

R-2
> V(dp(x)) (1 - C5¢>(R—2)\2)1/2¢((05+é'1)¢>(R_2)1/2) . (4.21)

Let
A= ((3Ch + ¢s)/(esai!) %) v .

Applying (4.19) with t = MR™2 and s = A} > 1, we get that for A > )y,
G(RT2N?) = 6(R2A]) > as(A\))""#G(R™2) = (3C1 + ¢5)°c; 2p(R 7).
Hence for every A > Aq,
201V B(R™2) < esp(RT2N2)V2 — (5 + C1)p(R™2)V2. (4.22)

Combining (4.21)-(4.22), we have for every € DN B(0, \"'R),
1
Ex [h (Xrprponoin)| = 5V 60(@)). (4.23)
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Moreover, by (4.12), (4.18) and (4.20), for every A > \g and x € D N B(0, A" R),

Eo |1 (Xrpmorcin )| € V00(@) + C1v/o(R2E, [rpasoa-1m)

< V(ép(x)) <1 + 2551\/5(1’5522)) < (1+2C1/cs)V(0p(x)).  (4.24)

Now we assume r € (0, R]. Let u be a nonnegative function in R? which is harmonic in DNB(0, r)
with respect to X and vanishes continuously on D¢ N B(0,r). Note that 0 < r/(2A\1) < r/\ =
R(RM1/r)~%. Thus by applying Theorem 3.12 to u and v(x) := E, [h(XTDmB(o,Aglr)ﬂ first and then
by applying (4.23)—(4.24) (with A\ = RA1/r), we obtain that for every x,y € D N B(0,7/(2A1)),

u(z) v(x) V(p(x)) $(9p(y)~?)
< < c < c
a(y) =P uly) =T VE) T Y 66n(@)?)
When z or y in DN (B(0,7/2)\ B(0,7/(2X1))), we first use the standard chain argument and then
apply the above result. O

5 Heat kernel estimates in the half-space

Recall that p(t,x,y) is the transition density of X and ® stands for the function ®(r) = 1/¢(r~2),
r > 0. We use ®~1(r) to denote the inverse function of ®. Since X satisfies [12, (1.4), (1.13) and
(1.14)], by [12, Theorem 1.2] the following estimates for p(¢, x,y) are valid: there exists ¢; > 0 such
that for all (t,z,y) € (0,00) x R% x RY,

! <(<I>—11(t))d A tJ(x,y)> <pltz,y) <a <((I>—11(t))d A tJ(:z;,y)> . (5.1)

It is known (see [12]) that the killed process X has a transition density pp(t,x,y) with respect
to the Lebesgue measure that is jointly Holder continuous. In a recent preprint [11], sharp two-
sided estimates on pp(t, x,y) for bounded open sets have been established for subordinate Brownian
motions under weaker conditions.

The goal of this section is to get sharp two-sided estimates for py (¢, x,y), and, as a consequence,

sharp two-sided estimates of the Green function Gy(z,y).

Lemma 5.1 There exists ¢ = c¢(¢) > 1 such that for every (t,z,y) € (0,,00) x H x H,

pH(t,CL’,y) < C(q)_l(t))_d < CI)((SH(.Z')) A 1) ( (b(éﬂj(y)) /\1> )

t

Proof. Let c(t) := sup, ,,cra P(t/3, z,w). By the semigroup property and symmetry,
pu(t, z,y) = / / pu(t/3,x, 2)pu(t/3, z, w)pu(t/3, w, y)dzdw < c(t) Pe (e > t/3)Py (e > t/3).
H JH
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Now the lemma follows from Lemma 2.1, (5.1) and [23, Theorem 4.6]. 0
The next lemma and its proof are given in [8] (also see [5, Lemma 2] and [7, Lemma 2.2]).

Lemma 5.2 Suppose that Uy,Us, E are open subsets of R with U;,Us C E and dist(Uy, Us) > 0.
Let Uy := E\ (U3 UUs). If x € Uy and y € Us, then for all t > 0,

pe(t,z,y) <Py (XTU1 € Uz) ( sup pE(S,z,y)> +Eqz [10,] ( sup  J(u, Z)) ~ (5.2)
s<t,z€Usz ueUy, zeUs

Lemma 5.3 There exists ¢ = c¢(¢) > 0 such that for every (t,z,y) € (0,00) x H x H,

pu(t, z,y) < c( W/\l) (((D—ll(t))d /\tJ(a:,y)) .

Proof. By (5.1), (3.10) and Lemma 5.1, it suffices to prove that

pu(t,z,y) < a1Vt /O(0u(x))J(z,y) when dg(z) < ®71(t) < |z —y|. (5.3)

We assume dg(r) < ®71(t) < |x — y| and let 29 = (7,0), Uy := B(zo,871®71(¢)) NH, Us :=
{zeH:|z—2z|>|r—y|/2} and Uy := H\ (U; UUs). Note that, by Lemma 2.1 and Theorem

4.7(a), we have
E.[r,] < coVE/®(Sm(z)). (5.4)
Since U3 NUz = 0 and |z — x| > 27z —y| > 271®~1(#) for 2 € Us, we have for u € U; and z € Us,
w2l > |z~ o]~ feo —al ~lwo —ul > |z —a| 477N > Lz —al 2 gle gl (55)

Thus, by (3.13),

sup  J(u,z) < sup J(u,z) < esj(lz —yl)- (5.6)
u€ll, 2€Us (u,2):|u—2|> %z —y|
If z € U,
e e R B e et e S ORI Y
Thus, by (3.13), (5.1) and (5.7),
sup  p(s,z,y) <es sup  tJ(z,y) < esti(lz —yl). (5.8)

s<t,z€Usz le—y|/2<]|z—y|

Applying Lemma 5.2, (5.4), (5.6) and (5.8), we obtain,

pu(t,z,y) < ceBalru]i(lz —yl) + c6Pa (Xml € U2>tj(\x —yl)
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< ViR (17— yl) + o (Xny, € U2)ti(le — ).
Finally, applying Lemma 3.11 and then (5.4), we have
g 1 .
Py (Xny, € Us) < PuXny, € Blao, 8707/ (1)) < es 5 Ealry] < cot ™2 /O (0u(a)).

Thus we have proved (5.3).

Proposition 5.4 There exists ¢ = c¢(¢) > 0 such that for all (t,x,y) € (0,,00) x H x H,

putn < o2 ) (RO 1) (ot e

Proof. By Lemma 5.3 and the lower bound of p(t,z,y) in (5.1), there exists ¢; > 0 so that for
every z,w € H, pg(t/2,z,2) < c1(\/®(0u(z))/t A 1)p(t/2,z,2). Thus, by the semigroup property
and the upper bound of p(t,z,y) in (5.1),

pu(t,z,y) = /H paa(t/2, 7, 2)pu(t/2, 7 y)dz

SC%( (I)((Slil(x))/\l) ( W/\1)/p(t/?,a:,z)p(t/Q,y,z)dz
H

§C%< (I)((SIEtH(SC»Al) ( <I)<5H(y)>/\1)])(75,3@3/)

t

(S (x D(6
o e | e =)

Lemma 5.5 There exists ¢ = c(¢) > 0 such that for any t > 0 and y € RY,
]P)y (TB(y,Sflq)*l(t)) > t/3) Z C.

Proof. By [12, Proposition 4.9], there exists € = £(¢) > 0 such that for every ¢ > 0,

1
inf ]P)y (TB(y 16~ 10-1(t)) > €t> > —.
yeRd ’ 2

Suppose € < %, then by the parabolic Harnack inequality in [12],
C1PB(y,8-10-1(t)) (€t, Y, ZU) < pB(y,8—1<I>—1(t))(t/3a Y, w) for w € B(ya 16_1(I)_l(t))7
where the constant ¢; = ¢1(¢) > 0 is independent of y € R%. Thus

Py (TB(y,S‘“P‘l(t)) > t/3) = /B(y Silq)il(t))pB(y,S—ltb_l(t))(t/Bayaw)dw
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> ¢ / p —1p— (Et Y w)aw > 31
= 1 B 1p-1 s Yy =9 .

O
The next result holds for any symmetric discontinuous Hunt process that possesses a transition

density and whose Lévy system admits a jumping density kernel. The proof is the same as that of

[9, Lemma 3.3] and so it is omitted here.

Lemma 5.6 Suppose that Uy, Us, U are open subsets of R® with Uy, Uy C U and dist(Uy, Us) > 0.
If x € Uy and y € Us, then for allt > 0,

pu(t,z,y) > tPy(ry, > t)Py(1y, > 1) ueUilI,lgeUg J(u, z) . (5.9)

Lemma 5.7 There exists c = c(¢) > 0 such that for allt > 0 and u,v € R? with [u—v| > ®~1(t)/2,

PB(ud-1(1)UB(v,e-1 (1) (1/3,u,v) = ctj(ju—v]).

Proof. Let U = B(u,® !(t)) U B(v,® (), Uy = B(u,® '(t)/8), Uy = B(v,® %(t)/8) and
K =inf,cp,, 2ev, j(Jw — 2]). We have by Lemma 5.6 that

pu(t/3,u,v) > 3Kt P, (1, > t/3)Py(tr, > t/3).

Moreover, for (w,z) € Uy x Ua, |w —z| < |u—v|+|w—u|+ |z —v] < Ju—v] +®7(t) /4 < |u—v].
Hence by (3.13) K > ¢1j(Ju — v|). Thus by Lemma 5.5,

pU(t/3,u, U) > 3_1Kt (]P)O(TB(O@*l(t)/& > t/3))2 > C2 tj(‘u - UD

|

Lemma 5.8 Suppose that D is an open subset of R? and (t,x,y) € (0,00) x D x D with 6p(z) >
®1(t) > 2|z — y|. Then there exists c = c(¢) > 0 such that

po(t,z,y) > (@71 ()" (5.10)
Proof. Let t < oo and x,y € D with 6p(z) > ®~1(t) > 2|z — y|. By the parabolic Harnack
inequality ([12, Theorem 4.12]), there exists ¢; = ¢1(¢) > 0 such that
pD(t/za z, w) < PD(t» Z, y) for every w € B('Z’ 2<I>_1(t)/3)

This together with Lemma 5.5 yields that

1
c1|B(z, @71(t)/2)| Jp@e10)/2)
> (@) Py (TR > /2) = c3(@7H(E) 7Y,

where ¢; = ¢;(¢) > 0 for i = 2,3. O

pD(taxay) Z pD(t/Q,x,w)d’UJ

For any = € H and a,t > 0, we define Q,(a,t) := B((z,0),a® () NH .
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Lemma 5.9 There exists ¢ = c¢(¢) > 0 such that for all (t,z) € (0,00) x H with dg(x) < ®~1(t)/2,
®(du())
v

Proof. We fix (t,z) € (0,00) x H with dg(z) < ®~1(t)/2. The constants ci,...,cs below are

independent of ¢ and z. Without loss of generality we assume that & = 0 and let Q(a,t) := Qo(a,t),
x1 = (0, 3071(t)) and x5 := (0, 1®71(t)). Note that, by Lévy system and (3.13),

Px(TQI(Q,t) > t/3) >c

Pa, (XTQ(M)

€ B(xl,zrlqu(t))) > Py, (X

TB(zg,4= 10— 1(1))

= / / GB(azg,rlqu(t))(xl, y)dyJ(y, z)dz
B(z1,4=1®-1(t)) J B(z2,4=1®~1(t))

2 CIEO[TB(OA*NI)*l(t))] / J(Z)dZ
B(z1,471®-1())

c B(xl,rlqu(t)))

Applying Theorem 3.4(a) and Lemmas 2.1 and 3.8(b) to the above display, we get

P,, (X

oy € B(x1,4’1<I>’1(t))) > cot | Bz, 47071 )| t71o ()T > 5.

Thus, by Theorem 4.7(b),

P, (X

TQ(1,t € B($1,471¢71(t)))m > %M.

11
) € Bz, 47107 (1)) > caPry (X Woaw) — OV

TQ(L,t)
Now, using this, Lemma 5.5 and the strong Markov property,
P, (TQW) > t/3> > P, (TQW) > /3, Xrg s € B(w1,4—1q)—1(t)))
> E, [IPXTQM (wm) > t/3> : Xrous € Blai, 4’1<I>’1(t))}
>E, [IP’XTQ(M) (TB(XTQ(WA_%_I@)) > t/3> : Xrgy € B(x1,4_1<1>_1(t))]
— P, (TB(O, —lo-1() > t/3)m (XTQM c B(x1,4_1<I>_1(t)))

= C7P$(XTQ<1¢> = B(x1’471¢,71<t))) 2 CS(I)(\(S}ZI(:U)).

This proves the lemma. O

Recall that ey denotes the unit vector in the positive direction of the z4-axis in R?. Now we

are ready to prove the main result of this section

Theorem 5.10 There exists ¢ = c¢(¢) > 1 such that for all (t,z,y) € (0,00) x H x H,

O (o (z ® (0 1
c—l( (]};1())/\1>< (]}E(y))A1> (WAtJ(x,y)>

<t <y 2EED p ) (D 1) (oo ).
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Proof. By Proposition 5.4, we only need to show the lower bound of pg(t,z,y) in the theorem.
Fix 7,y € H. Let 79 = (7,0), yo = (,0), & = x + 3207 Y(t)eq and &, := y + 320 (t)ey. If
du(z) < ®71(¢)/2, by Lemmas 5.5, 5.6 and 5.9,

/ pu(t/3, z,u)du
B(£:,2971(2))

2t Py (TQ”(Zt) > t/3) uecizrzlv(fQ,t) J(Uv w) /B 2p—1 Py, (TB(§I,4<I>*1(t)) > t/3) du
weB(Ez,49~1(1)) (&x» ()

>c1t Py (10,20 > 1/3) 7@ (1) Po (h0s-10-101)) > t/3) |B(&e, 297 (1))
v/ P(om(z
ZCQPz (TQI(Q,t) > t/3) > CgM.
Vit
On the other hand, if §g(z) > ®~1(¢)/2, by Lemmas 5.5 and 5.6,

/ pu(t/3, z,u)du
B(£:,2971(1))

>tP, (TB(z.8-10- >1t/3 inf J(v,w / Py (TB(¢, 40 > t/3) du
(TB(zs-10-1(t))nm > t/3) ( ( )) e, 20-1() (TB(gs a0—1(t)) > t/3)

vEB(z(,2® 1 (t))NH
wEB(Ex,42 1 (1))

>cyt Py (73(1’8714)71(15)) > t/3) t_l(q)_l(t))_d Py (TB(0,8*1¢>*1(t)) > t/3) |B(&,, 2<I>_1(t))|
>csPy (TB(O’g—lq)—l(t)) > t/3)2 > cg.

Thus
P
/ pu(t/3,z,u)du > c7 [ 1 A V20u(@) , (5.11)
B(€:,2071(1)) Vi
and similarly,
D(6
/ pu(t/3,y,u)du > c7 [ 1A VeUu(y)) . (5.12)
B(& 2071(1)) Vi

Now we deal with the cases |z — y| > 5®71(¢) and |z — y| < 5® () separately.

Case 1: Suppose that |z — y| > 5®~1(¢). Note that by the semigroup property and Lemma 5.7,

pu(t, z,y)

> / / pu(t/3, 2, u)pr(t/3, u,v)pu(t/3, v, y)dudv
B(&y,201(t)) / B(£2,2971(t))

> / / pH(t/gv xz, u)pB(u,@*l(t))uB(v,d)*1(t)) (t/37 u, U)pH(t/3v v, y)dudv
B(&y,2071(t)) J B(£2,2071(t))

>cot nf » B
= <(U’U)GB(§Z’2‘I’_11(I;))><B(§y72<1)—1(t))‘](|u v|))
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« / / pr(t/3, z, w)pr(t/3, v, y)dudv.
B(&y,2071(t)) J B(£2,291(t))

It then follows from (5.11)—(5.12) that

. . @ (0 (x)) @(m(y))
t > cot f — A1 ANl ].
pllsy) = ((u,weB(sz,z@113))xB<fy,2<1>1<t)>‘7 (e UD) ( t t

(5.13)

Using the assumption |z —y| > 5®71(¢) we get that, for u € B(&,;,2®71(t)) and v € B(&,, 207 1(t)),
|u —v] <497H(t) + |z — y| < 2|z — y|. Hence

inf (lu— o) > er0illz — yl). 5.14
(u,v)eB(@,Q@*ll(I;‘l))><B(§y,2<1>*1(t))](|u v]) > c1oj(lz — yl) (5.14)

By (5.13) and (5.14), we conclude that for |z — y| > 5®~1(¢)
pu(t,z,y) > el ( W A 1) ( (I)(élf(y)) A 1> ti(lz —yl).

Case 2: Suppose |z —y| < 5&71(¢). In this case, for every (u,v) € B(&;,2071(t)) x B(&,,2971(t)),
lu —v| < 9®71(¢). Thus, using the fact that dg (&) A dm(&y) > 32@71(¢), there exists wy € H such
that

B(&;:,2®71(t)) U B(&,,2071(t)) € B(wo, 6@ (t)) C B(wo, 1207 (t)) C H. (5.15)

Now, by the semigroup property and (5.15), we get

pH(ta z, y)

> / / pH(t/37 xz, u)pB(wg,12<I>*1(t)) (t/37 u, v)pH(t/37 v, y)dUdU
B(§y,2271(t)) J/ B(£2,2271 (1))

> inf PB(w - t3,u,v>/ / pu(t/3, x, w)pu(t/3,v,y)dudv.
(umeB(zuo,ﬁ@l(t)) Buos12~1 o) ({/3,14,) B(&,28-1(1)) J B(éa20-1(1)) e/, 2, ) (E/3,,)

It then follows from (5.11)-(5.12) and Lemmas 2.1 and 5.8 that

petr > o (T 1) ((EED 1) o,

Combining these two cases, we have proved the theorem. O

Note that by using Theorem 3.4 we can express the sharp two-sided estimates for py(t, z,y)
solely in terms of the Laplace exponent ¢.

By integrating out time ¢ from the estimates in the preceding theorem, we can obtain sharp two-
sided estimates of the Green function. Since the calculations are long and somewhat cumbersome,

we only state the result and omit the proof. We refer the readers to [11] for similar calculations.
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Theorem 5.11 (i) For all d > 1 there exists ¢; = c1(d, ¢) > 0 such that for all (z,y) € H x H,

@ (e —y)) (M @<5H<x>>1/2> (M @ (S (y))"/? )

Gu(z,y) > c

Mz —yld Oz — y[)1/2 o |z — y|)1/2

(ii) If d > (02 V d4), then for all (z,y) € H x H,

_ Oz =y [, ®@u@E)? @ (u(y)'?
Gu(z,y) < p—T (1 A 8o = y|)1/2> (1 N oo yy)1/2> .
(iii) There exists co = ca(d,¢) > 0 such that for all (z,y) € H x H with ®(dg(z))P(du(y)) <
O(|z —y)?,
©(dm()) > (0u(y)"/?
|z —y|? '

GH(Z’,Z}) S Co
(iv) If d =1 and 01 A 63 > 1/2, then for all (z,y) € H x H,

Galong) = [ PO P20 B () (Gu(y))
A I\ (@ (0 () 20 (3 () 72) o — ] '
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