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Abstract

A subordinate Brownian motion is a Lévy process which can be obtained by replacing the time of the
Brownian motion by an independent subordinator. The infinitesimal generator of a subordinate Brownian
motion is —¢(—A), where ¢ is the Laplace exponent of the subordinator. In this paper, we consider a large
class of subordinate Brownian motions without diffusion component and with ¢ comparable to a regularly
varying function at infinity. This class of processes includes symmetric stable processes, relativistic
stable processes, sums of independent symmetric stable processes, sums of independent relativistic stable
processes, and much more. We give sharp two-sided estimates on the Green functions of these subordinate
Brownian motions in any bounded k-fat open set D. When D is a bounded C''! open set, we establish
an explicit form of the estimates in terms of the distance to the boundary. As a consequence of such
sharp Green function estimates, we obtain a boundary Harnack principle in C*'! open sets with explicit
rate of decay.
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1 Introduction

The investigation of fine potential-theoretic properties of discontinuous Markov processes in the Euclidean
space began in the late 1990’s with the study of symmetric stable processes. One of the first results obtained
in this area was sharp Green function estimates of symmetric a-stable processes in bounded C'*! domains
in R, 0 < o <2, d>2. Recall that if X is a symmetric Markov process in R¢ and D is an open subset of
R?, then the Green function Gp(z,y) of X in D (if it exists) is the density of the mean occupation time for
X before exiting D, that is, the density of the measure
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where 7p is the first time the process X exits D. Analytically speaking, if £ is the infinitesimal generator
of X and L|p is the restriction of £ to D with zero exterior condition, then Gp(-,y) is the solution of
(Llp)u = =3,

A process X = (X; : t > 0) is called a (rotationally) symmetric a-stable (Lévy) process, 0 < a < 2, if
it is a Lévy process whose characteristic exponent ®, defined by E[exp{if - X;}] = exp{—t®(0)}, is given
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by ®(A) = |A|*. The infinitesimal generator of a symmetric a-stable process is —(—A)®/2. The paths of
the symmetric a-stable process X are purely discontinuous, as opposed to the case a = 2 corresponding to
Brownian motion which has continuous paths. It was independently shown in [11] and [22] that if D is a
bounded C1! domain in R¢ (d > 2), Gp(x,y) the Green function of the symmetric a-stable process in D,
and dp(x) the distance between the point z and the complement D¢ of D, then there exists a constant ¢ > 1
(depending on D and «) such that
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for all z,y € D. Here and in the sequel, for a,b € R, a A b := min{a,b} and a V b := max{a,b}. The same
form of the estimates in the case @ = 2 (and d > 3) were obtained much earlier in [33, 35] for the Brownian
motion case.

The proofs of (1.1) for symmetric a-stable processes relied heavily on the explicit formulae for the Green
functions and the Poisson kernels of the ball. Moving away from stable processes, such formulae were not
available and new methods had to be developed. [25] studied the relativistic a-stable process (with relativistic
mass m > 0) whose characteristic exponent is given by ®(8) = (|6]>+m?/*)*/?2 —m and infinitesimal generator
is given by m — (—A 4+ m?/®)*/2 and showed that the Green function of this process in any bounded C:*
domain D satisfies the same sharp estimates (1.1). Soon after, [12], using a perturbation method, established
a general result which includes the main result of [25] as a special case. For different generalizations of the
main result of [25], see the recent papers [14, 19].

Quite recently, [8] studied the Lévy process which is the sum of independent symmetric S-stable and
a-stable processes, 0 < 3 < a < 2. The characteristic exponent of this process is given by ®(6) = 0| +0|°
and the infinitesimal generator by —(—A)®/2 — (=A)#/2. Sharp two-sided estimates on the heat kernel of
this process in C*! open sets were established in [8]. As a by-product of the heat kernel estimates, sharp
Green function estimates of the process in any bounded C''! open set were obtained in [8]. The estimates
obtained in [8] have the same form (1.1). In contrast with the relativistic stable processes, these Green
function estimates cannot be obtained using the methods of [12, 14, 19, 25]. The case a = 2 (i.e., one of the
processes is a Brownian motion) was covered in [10] with analogous estimates.

The common feature of these Green function estimates is that both the distance between the points,
|z — y|, and distances to D¢, dp(x),dp(y), appear as arguments of power functions. However, it follows from
[6, Chapter 5] that the asymptotic behavior of the free Green function G(z,y) of many transient symmetric
Lévy processes is of the form

1
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where o € (0,2) and ¢ is a nontrivial slowly varying function at infinity. (See also Theorem 2.9 below.)
Therefore, Green function estimates of the form (1.1) cannot be true for these general symmetric Lévy
processes. The purpose of this paper is to establish sharp two-sided Green function estimates for these more
general Lévy processes in open sets of R%. In our estimates, 6p(z),0p(y) and |z — y| appear as arguments
of regularly varying functions, not necessarily power functions. In order to explain our setting and results,
let us first note that stable processes, relativistic stable processes and sums of independent stable processes
can be obtained as subordinate Brownian motions. Indeed, let W = (W, = (W},...,Wg) : t > 0) be a
d-dimensional Brownian motion, and let S = (S; : ¢t > 0) be an independent subordinator. Recall that a
subordinator is an increasing Lévy process starting from 0, which can be characterized through its Laplace
exponent ¢: Elexp{—AS:}] = exp{—tp(\)}, A > 0. The process X = (X; : ¢ > 0) defined by X; := W, is
called a subordinate Brownian motion. The infinitesimal generator of X is —¢(—A). By choosing the Laplace
exponent ¢(A) as A2, (A 4+m?/*)*/2 —m and A\*/2 + \?/2 respectively, the resulting subordinate Brownian



motion turns out to be a symmetric a-stable process, a relativistic stable process and an independent sum
of 8 and a-stable processes respectively. The Laplace exponent of a subordinator is a Bernstein function
and hence has the representation

o=+ [ (1= i),
(0,00)

where b > 0 and p is a measure (called the Lévy measure of ¢) such that f(O,oo)(l At)p(dt) < oco. If
the measure p has a completely monotone density, the Laplace exponent ¢ is called a complete Bernstein
function. The common feature of the Laplace exponents ¢(\) = A2, ¢(\) = (A + m?/*)*/2 —m and
d(A) = AB/2 1 \2/2 ig that all three of them are complete Bernstein functions whose behavior at infinity is
given by limy_,., #(A)/A*/2 = 1. We will see that those two properties (the latter slightly weakened) are the
determining factors for the Green function estimates (1.1).

Recall that an open set D in R? (d > 2) is said to be a C1'! open set if there exist a localization radius
R > 0 and a constant A > 0 such that for every z € 9D, there exist a C'!'-function ¢ = v, : R = R
satisfying ¥(0) = 0, V(0) = (0,...,0), [[V¥]leo < A, |VY(z) — Vip(2)] < Alz — 2|, and an orthonormal
coordinate system CS.: vy = (y1, " ,Ya—1,%4) := (¥, ya) with origin at z such that

B(z,R)ND ={y= (¥, ya) € B(0,R) in CS, : yqg > ¥(¥)}.

The pair (R, A) is called the characteristics of the C!'! open set D. We remark that in some literature, the
C11 open set defined above is called a uniform C*! open set since (R, A) is universal for all z € dD. By a
C%! open set in R we mean an open set which can be written as the union of disjoint intervals so that the
minimum of the lengths of all these intervals is positive and the minimum of the distances between these
intervals is positive. Note that a bounded C! open set can be disconnected.

The main result of this paper is the following sharp Green function estimates. In the statement and
throughout the paper we use notation f(t) =< g(t) as t — oo (resp. t — 0+) if the quotient f(¢)/g(t) stays
bounded between two positive constants as t — oo (resp. t — 0+).

Theorem 1.1 Suppose that X = (X; : t > 0) is a Lévy process whose characteristic exponent is given by
®(0) = ¢(|0)?), 6 € RY, where

¢ :(0,00) = [0,00) is a complete Bernstein function such that ¢(\) < )\D‘/ZE()\) , A—o00, (1.2)

a € (0,2Ad) and £ : (0,00) — (0,00) is a measurable function, locally bounded from above and below by
positive constants, and slowly varying at infinity. When d < 2, assume additionally that liminfy_,o ¢(A)/AY >
0 for some v € [0,d/2). Then for every bounded C*' open set D in R? with characteristics (R, A), there
exists C1 = Cy(diam(D), R, A, ¢,d) > 1 such that the Green function Gp(z,y) of X in D satisfies the
following estimates:
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Using (1.2), we can rewrite the conclusion of Theorem 1.1 in the following alternative form: There exists
¢ > 1 such that
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(see (1.6) below for yet another alternative form of these estimates). To the best of our knowledge, the
above Green function estimates include all known Green function estimates of purely discontinuous transient
subordinate Brownian motions in bounded C'!' open set D in R? as special cases. The estimates above
include a lot more processes: In the case d > 3, our estimates are valid for all subordinate Brownian motions
satisfying (1.2). For more concrete examples, see Example 2.16.

Let us give the main ingredients of the proof of Theorem 1.1. The groundwork has been laid down in
the recent paper [20] where a similar class of subordinate Brownian motions was studied. One difference
to the current setting was that in [20] the Laplace exponent was assumed to be precisely regularly varying
at infinity and not just comparable to a regularly varying function. Another difference is that [20] contains
some additional assumptions that turned out to be redundant. The results of [20] are reproved in [21] under
conditions valid in this paper (with the redundant assumptions removed). When referring to those results
we will quote both sources. The main result of [20, 21] is the boundary Harnack principle for nonnegative
harmonic functions of the subordinate Brownian motion X in bounded k-fat open sets. Based on the
boundary Harnack principle and using the well-established methodology of [4, 16], we will first obtain Green
function estimates of the form (1.5) below (in the spirit of [4, 16]) in bounded s-fat open sets.

Recall from [32] that an open set D in R? is k-fat if there exists Ry > 0 such that for each Q € 9D and
r € (0,Ry), DN B(Q,r) contains a ball B(A,(Q),xr). The pair (R, k) is called the characteristics of the
k-fat open set D. All Lipschitz domains, non-tangentially accessible domains and John domains are k-fat
(cf. [18, 32] and the references therein). In general, the boundary of a k-fat open set can be nonrectifiable.

Theorem 1.2 Suppose that X = (X; : t > 0) is a Lévy process satisfying the same conditions as in
Theorem 1.1 and that D is a bounded k-fat open set with characteristics (Ri,k). Then there exists Co =
Ca(diam(D), Ry, k, ¢,d) > 1 such that for every x,y € D,

1 9(=)g(y) 9(=)g(y)
C, g(A)2|z — y|4o(jz — y[~2) < Gp(z,y) < Cy 9z — gliele — 512 A€ B(z,y), (1.5)

where g and B(z,y) are defined in (3.10) and (3.7) respectively.

Using the Harnack inequality and the boundary Harnack principle, the above form of Green function
estimates has been established by several authors in some special cases where 0 < ¢; < £(A\) < ¢g < o0 for
large A. See [10, Theorem 1.1], [16, Theorem 2.4] and [17, Theorem 1].

To obtain the interior estimates in Theorem 1.2 (i.e. for points z,y away from the boundary), we use the
asymptotic behavior of the Green function of X in R¢ proved in [21, Theorem 3.2] (see also [20, Theorem
3.1]). Once we have the interior estimates, the full estimates in a bounded s-fat open set follow easily from
the now standard argument developed in [4, 16].

Even though some complications occur due to the fact the ¢ is not comparable to a power function near
infinity, the proof of Theorem 1.2 is still routine. But the precise estimates (1.4) in bounded C*' open
sets are very delicate. One of the ingredients comes from the fluctuation theory of one-dimensional Lévy
processes. Let Z = (Z; : t > 0) be the one-dimensional subordinate Brownian motion defined by Z; := Wgt,
and let V' be the renewal function of the ladder height process of Z. The function V is harmonic for the
process Z killed upon exiting (0, 00), and the function w(z) := V(z4)1{z,>0}, © € RY, is harmonic for the
process X killed upon exiting the half space RY := {z = (z1,...,24-1,24) € R? : 24 > 0} (Theorem 4.1).
Therefore, w gives the correct rate of decay of harmonic functions near the boundary of Ri. This shows the
importance of the fluctuation theory (of one-dimensional Lévy processes) in our approach.



The second ingredient is the “test function” method applied to the operator A defined by

Af(w) = lim (Fly) = £(a)) Ty~ @) dy.
70 {yerd:ly—a|>e}

with the domain consisting of functions f for which the limit exists and is finite. Here J denotes the density of
the Lévy measure of X. On the space of smooth functions with compact support, this operator coincides with
the infinitesimal generator of X. We emphasize that, compared to the test function methods of [5, 9, 15],
there are several differences in our approach. In [5, 9, 15], appropriate subharmonic and superharmonic
functions of X (or the truncated version of X) are chosen as test functions, first in the case of half spaces
and then for C'! open sets, and the values of the generator acting on these test functions are computed
in detail. Then suitable combinations of the test functions are used to find the correct exit distribution
estimates. In [5, 9, 15], the test functions are power functions of the form x — (x4)P and the densities of the
Lévy measures of the processes have closed forms. However, the density J of the Lévy measure of our process
does not have a simple form. We do not even know the asymptotic behavior of J near infinity in general.
Furthermore, in general, power functions of the form x — (z4)P are neither subharmonic nor superharmonic
functions for our processes, and it is not clear what are the appropriate choices for the test functions.

Due to the above differences and difficulties, obtaining the correct boundary decay rate of the Green
function in C1'! open set D requires new ideas and approaches. In this paper, we will use the function w
which is smooth and harmonic on the half space, as our only test function. Using this and the characterization
of harmonic functions recently established in [7], we show that Aw = 0 on the half space (Theorem 4.3).
With this, we prove the following fact in Lemma 4.4, which is the key to the proof of Theorem 1.1: If D
is a C! open set with characteristics (R,A), Q € dD and h(y) = V(6p(y))1pnp(Q,.r), then Ah(y) is well
defined and bounded for y € D close enough to the boundary point (). Using this lemma, we give certain
exit distribution estimates in Lemma 4.5, which provide the correct rate of decay of Green functions near
the boundary of D. Unlike [5, 9, 15], in Lemma 4.5 we do not construct subharmonic and superharmonic
functions on C! open set D. Instead we use Dynkin’s formula on h to obtain the desired exit distribution
estimates directly. In fact, our approach is simpler than the previous approaches and may be used for other
types of discontinuous processes. We hope our approach will shed new light on the understanding of the
boundary behavior of nonnegative harmonic functions of general Markov processes.

The estimates (1.3) can also be written in terms of the renewal function V' which provides the exact rate
of decay of Gp near the boundary. Let G be the Green function of X in the whole space R?. An equivalent
form of (1.4) is given by
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By combining the sharp estimates of the Green function in a bounded C'+! open set with the boundary
Harnack principle proved in [20, 21] (see Theorem 2.15 below), we obtain a boundary Harnack principle with
explicit decay rate. In the next theorem we give an extension to unbounded C!' open sets. Recall that,
given Q € 0D, a function u : R? — R is said to vanish continuously on DN B(Q, ) if u = 0 on DN B(Q,r)
and u is continuous at every point of 9D N B(Q, ).

Theorem 1.3 Suppose that X = (X; : t > 0) is a Lévy process satisfying the same conditions as in Theorem
1.1 and that D is a (possibly unbounded) C' open set in R? with characteristics (R, A). Then there exists
Cs = C3(R, A\, ¢,d) > 0 such that for r € (0,(RA1)/4], Q € D and any nonnegative function u in R? that
is harmonic in D N B(Q,r) with respect to X and vanishes continuously on DN B(Q,r), we have

(d((6p(z))~—2))~1/2 <Cj

u(y)
(¢((0p(y))=2))~1/2

for every x,y € DN B(Q,r/2). (1.7)



An alternative form of (1.7) reads as follows: There exists a constant ¢ > 0 such that
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Note that unlike the usual form of the boundary Harnack principle where one considers the ratio of two
harmonic functions, the functions in the denominator of (1.7) and (1.8) are not harmonic. Instead, they
provide the correct boundary decay of non-negative harmonic functions.

In this we paper, we will use a result from the theory of regular variations quite a few times. For the
convenience of our readers, we recall the following result from [2, Theorem 1.5.6(i)]:

for every z,y € DN B(Q,r/2). (1.8)

Theorem 1.4 (Potter’s Theorem) If ¢ is slowly varying at infinity, then for any A > 1,8 > 0 there exists

T =T(A,d) > 0 such that
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This paper is organized as follows: In the next section we describe the setting and notation, prove several
new results for complete Bernstein functions, and recall some of the known results from [20, 21]. In Section
3 we prove the Green function estimates in bounded k-fat open sets. Section 4 is devoted to the Green
function estimates in bounded C':! open sets.

We will use the following conventions in this paper. The values of the constants C1,Cs, ..., M, €1 and
R, Ry, Ro,--- will remain the same throughout this paper, while ¢, cg,c1,c2,--- and r,rg,r1,72,... stand
for constants whose values are unimportant and which may change from one appearance to another. All
constants are positive finite numbers. The labeling of the constants cg, ¢1, co, - - - starts anew in the statement
of each result. The dependence of the constants on dimension d may not be mentioned explicitly. We will
use “:=” to denote a definition, which is read as “is defined to be”. Further, f(t) ~ g(t), t = 0 (f(t) ~ g(t),
t — oo, respectively) means lim; o f(¢)/g(t) = 1 (lim¢oo f(£)/g(t) = 1, respectively). Simply, f < g
means that the quotient f(t)/g(t) stays bounded between two positive numbers on their common domain
of definition. For any open set U, we denote by dy(z) the distance between x and the complement of U,
ie., 0y(x) = dist(z,U). We will use 0 to denote the cemetery point and for every function f, we extend
its definition to 0 by setting f(8) = 0. For every function f, let f* := f Vv 0. We will use dz to denote
the Lebesgue measure in R%. For a Borel set A C R?, we also use |A]| to denote its Lebesgue measure and
diam(A) to denote the diameter of the set A.

2 Preliminaries

In this section we collect and explain preliminary results necessary for further development in Sections 3
and 4. Most of these results originate from [20] where they were proved under somewhat stronger conditions
than in this paper. Their extensions to the current setting, in particular Theorems 2.9, 2.11 and 2.15, are
given with full proofs in [21]. Here we prove only results that have not appeared in [20]. Lemma 2.1 and
Propositions 2.4 and 2.6 about complete Bernstein functions may be of independent interest. The difference
between the assumptions in [20] and this paper is discussed in Remark 2.2.

A C® function ¢ : (0,00) — [0,00) is called a Bernstein function if (—1)"D"¢ < 0 for every positive
integer n. Every Bernstein function has a representation ¢(\) = a + bA + f(O,oo)(l — e~ u(dt) where
a,b > 0 and p is a measure on (0,00) satisfying f(()m)(l At) p(dt) < oo; a is called the killing coefficient,
b the drift and p the Lévy measure of the Bernstein function. A Bernstein function ¢ is called a complete
Bernstein function if the Lévy measure p has a completely monotone density pu(t), i.e., (—1)"D"u > 0 for
every non-negative integer n. Here and below, by abuse of notation we will denote the Lévy density by u(t).
For more on Bernstein and complete Bernstein functions we refer the readers to [27].



First, we show that ¢ being a complete Bernstein function implies that its Lévy density cannot decrease
too fast in the following sense:

Lemma 2.1 Suppose that ¢ is a complete Bernstein function with Lévy density . Then there exists Cy > 1
such that pu(t) < Cap(t +1) for every t > 1.

Proof. Since p is a completely monotone function, by Bernstein’s theorem ([27, Theorem 14]), there
exists a measure m on [0,00) such that (¢ f[o 00) € m(dx). Choose r > 0 such that f m(dx) >
f(r sy € “m(dz). Then, for any t > 1, we have

/ e “m(dr) > ef(tfl)’ﬂ/ e "m(dx)
[0,7] [0,7]
> e_(t_l)r/ e “m(dz) > / e " m(dz).
(r,50)

Therefore, for any ¢ > 1,

1 1
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Suppose that S = (S; : t > 0) is a subordinator with Laplace exponent ¢, that is
E [e‘AS‘] = e_t‘j’()‘), Vi, A>0.
The Laplace exponent of a subordinator is always a Bernstein function. Let U(A4) := E fooo 1is,caydt

denote the potential measure of S. If ¢ is a complete Bernstein function with infinite Lévy measure, then
the potential measure U has a completely monotone density u(t) (see, e.g., [27, Remark 10.6 and Corollary
10.7)).

Recall that a function £ : (0, 00) — (0, is slowly varying at infinity if

o0)
@71, for every A > 0.

(t)

In the remainder of this paper we assume that ¢ is a complete Bernstein function and we will always
impose the following

Assumption (H): There exist a € (0,2) and a function ¢ : (0,00) — (0, 00) which is measurable, locally
bounded from above and below by positive constants, and slowly varying at infinity such that

d(N) = A2\, A — . (2.1)
Remark 2.2 (a) The precise interpretation of (2.1) will be as follows: There exists a positive constant ¢ > 1
such that 5(0)
—1
c §m§c for all A € [1,00).

The choice of the interval [1,00) is, of course, arbitrary. Any interval [a,c0) would do, but with a different
constant. This follows from the assumption that £ is locally bounded from above and below by positive con-
stants. Moreover, by choosing a > 0 large enough, we could dispense with the local boundedness assumption.
Indeed, by [2, Lemma 1.3.2], every slowly varying function at infinity is locally bounded on [a, c0) for a large
enough. Although the choice of interval [1,00) is arbitrary, it will have as a consequence the fact that all



relations of the type f(t) < g(t) as t — oo (respectively ¢ — 0+) following from (2.1) will be interpreted as
¢t < f(t)/g(t) < éfor t > 1 (respectively 0 < t < 1) for an appropriate constant ¢.

(b) The assumption (H) is an assumption about the behavior of ¢ at infinity. We make no assumption on
¢ near zero. As a consequence, we will be able to obtain information about the small scale behavior of the
subordinate process, but almost nothing can be inferred about its large scale behavior.

(¢) The main assumption in [20] was that ¢ is a complete Bernstein function such that

d(N) = A220(N), forall A >0, (2.2)

where a € (0,2) and ¢ is a slowly varying function at infinity. This assumption allows us to obtain exact
asymptotic behavior of various functions. More precisely, some of the results in [20] were of the form
f(t) ~ g(t), while with the assumption (2.1) we can obtain only the corresponding results in the weaker form
f(t) < g(t). Proofs of these more general results can be found in [21]. We note that our current assumptions
are indeed strictly weaker than the ones in [20]: There exists a complete Bernstein function satisfying (2.1)
which is not regularly varying at infinity, see [21, Example 2.8].

(d) We briefly comment on the other assumptions from [20] which are now removed. The assumption A1l
in [20] needed for transience in case d < 2 is replaced by (2.14) below. The assumptions A2 and A3 in [20]
used for the technical lemma [6, Lemma 5.32] are redundant - see [21, Lemma 3.1]. Assumption A4 in [20]
is always valid for complete Bernstein function as proved here in Lemma 2.1. Finally, the assumption (2.5)
in [20, Proposition 2.2] is no longer needed as [20, Proposition 2.2] is now replaced by Proposition 2.6 below.

It follows from (2.1) that limy_,o0 #(A)/A = 0 and limy_, ¢(A) = oo, implying that ¢ has no drift and
its Lévy measure is infinite. Therefore, the potential measure U of the corresponding subordinator S has a
completely monotone density .

The behavior of u(t) and the density u(t) of the Lévy measure can be inferred from the following result.

Proposition 2.3 ([34, Theorem 7]) Suppose that v is a completely monotone function given by

oo
o) = [ ey
where [ is a strictly positive decreasing function. Then
fO<(1—e YY), t>o0,
If, furthermore, there exist 6 € (0,1) and a,ty > 0 such that
G(rA) <arPP(\), > 1,t>1/t, (2.3)
then there exists Cs = Cs(1, f,a,t9,8) > 0 such that

f(t) > Cst™tp(t™h), t <t.

We first apply the above proposition to ¢(A) = ¢(A) ™' = [ e *u(t) dt to obtain the behavior of u near

zero:
1 1 1 ta/271 0 2.4
t)y<to(t) T X ——+, . .
) =70 = T 10 (24)
Condition (2.3) follows from (2.1) by use of Potter’s theorem (Theorem 1.4). By applying (2.4) to the
complete Bernstein function A — A/¢(A) ([27, Proposition 7.1]) one obtains the following behavior of pu(¢)
near zero:

p(t) <t tot™ ) < t72 ), t =0+ . (2.5)



We refer the reader to [21, Theorem 2.9, Theorem 2.10] for the detailed proofs of (2.4) and (2.5). The
corresponding precise asymptotics are given in [20, p. 1603] under the assumption (2.2).
A consequence of the asymptotic behavior (2.5) of u(t) is that for any K > 0 there exists ¢ = ¢(K) > 1
such that
u(t) < cp(2t), Vit € (0, K). (2.6)

The behavior of u(t) at infinity has already been determined in Lemma 2.1: There exists a constant ¢ > 1
such that
p(t) < cp(t+1), Vit > 1. (2.7)

This property of p was assumed in [20] as A4, but we have shown in Lemma 2.1 that it always holds true.

We consider now one-dimensional subordinate Brownian motions. Let B = (B; : t > 0) be a Brownian
motion in R, independent of S, with

E {eio(BrBo)} = et v € R,t > 0.

The subordinate Brownian motion Z = (Z; : t > 0) in R defined by Z; = Bg, is a symmetric Lévy process
with the characteristic exponent ®(0) = ¢(6?) for all § € R.

Let Z; :=sup{0V Z, : 0 < s < t} be the supremum process of Z and let L = (L; : t > 0) be a local time
of Z—Z at 0. L is also called a local time of the process Z reflected at the supremum. The right continuous
inverse L, L of L is a subordinator and is called the ladder time process of Z. The process 7L:1 is also a
subordinator and is called the ladder height process of Z. (For the basic properties of the ladder time and
ladder height processes, we refer our readers to [1, Chapter 6].)

Let x be the Laplace exponent of the ladder height process of Z. It follows from [13, Corollary 9.7] that

X(\) = exp (i /000 bgl(i(;e))de) = exp (i /Ooo k’g(ﬁifg))de) . VA 0. (2.8)

Using (2.8), it was proved in [20, Proposition 2.1] that, if ¢ is a special Bernstein function, so is y, i.e.,
A= A/x(A) is also a Bernstein function. The next result tells us that such relation is also true for complete
Bernstein functions. For the proof we will need the following fact, see [27, Theorem 6.10]: If ¢ is a complete
Bernstein function, then there exist a real number v and a [0, 1]-valued function n on (0, c0) such that

log $(\) = 7 + /OOO (1 +t - Ait) n(#)dt. (2.9)

Proposition 2.4 Suppose ¢, the Laplace exponent of the subordinator S, is a complete Bernstein function.
Then the Laplace exponent x of the ladder height process of the subordinate Brownian motion Z; = Bg, 1s
also a complete Bernstein function.

Proof. By (2.8) and (2.9), we have

oy Lz t 1 do
log x(A) = 9 + 77/0 /0 (1+t2 )\292+t) n(t)dt1+g2'

By using 0 < n(t) < 1, we have

t 1 1 1 1 1 A262%t
n(t) 2~ 2p2 5 = 2 2 \ Y2p2 + 20
1+t AN202 +t| 146 1+¢21+86 202 4+t A202 + ¢

- 1 1 N A2t
T 12 \N202 4t N2024¢t)



Since

° 1~ 1 1VE [~ 1
/ Wd":*/ de\[/ o dr =,
o A202 4t tJo 2241 t A Jo ?+1 20/t

we can use Fubini’s theorem to get

v o t 1 )
lo A) = *—F/ — t)dt 2.10
o = 3+ [ (e - s 1O (2.10)
i+, s aen) o [ o~ wm )
= -+ - t)dt + ~ t)dt
s+ [ Garem - sars) 0w [ (s~ svinews)
B o s 1 9
= o [ (v ) e
Applying [27, Theorem 6.10] we get that x is a complete Bernstein function. O

Remark 2.5 The above result has been independently proved in [23, Lemma 4].

The next result relates the behavior of x to that of ¢. It will be used to obtain the asymptotic behavior
of x at infinity.

Proposition 2.6 Suppose that ¢, the Laplace exponent of the subordinator S, is a complete Bernstein
function. Then the Laplace exponent x of the ladder height process of Z satisfies

e 2 /602) < x(\) < ™2 /6(N2),  for all X > 0. (2.11)

Proof. By the representations (2.9) and (2.10), we get that for all A > 0

% /0°° ((1th2 - \/i()\lJr\/Z)) B (1+tt2 - >\21+t>>77(t)dt’

2 wErovin T3l ety

This implies that —7/2 < log x(\) — 3 log ¢(A?) < 7/2 for every A > 0, which is (2.11) O

log x(A) — % log ¢(A?)

Remark 2.7 We note that for the last two propositions we only need to assume that ¢ is a complete
Bernstein function; the assumption (H) is not used.

Let V denote the potential measure of the ladder height process of Z. We will also use V' to denote the
corresponding renewal function, V'(¢) := V((0,¢)). It follows from (2.1) and (2.11) that limy_ 0o x(A\)/A =0
and limy o, x(A) = co. Therefore, the ladder height process of Z has no drift and has infinite Lévy measure.
This suffices to conclude that the potential measure V' has a density denoted by v, and the renewal function
can be written as V(t) = fot v(s)ds. Since x is a complete Bernstein function, v is completely monotone.
We record these facts as

Corollary 2.8 Suppose ¢, the Laplace exponent of the subordinator S, is a complete Bernstein function
satisfying the assumption (H). Then the potential measure of the ladder height process of the subordinate
Brownian motion Z, = Bg, has a completely monotone density v. In particular, v and the renewal function
V are C* functions.

10



The smoothness of the renewal function V' of the ladder height process Z will be used later in this paper.
Similarly to the case of the density u of the potential measure U of the subordinator S in (2.4), by using
Proposition 2.6, we can obtain the asymptotic behavior of the renewal function V' and its density v:

- —2\—1/2 _ to/?2
V() = ¢t V2 R t— 0+, (2.12)
a/2-1
o(t) = tTle(t 272 < ! t— 0+, (2.13)

(=)

see [21, Proposition 3.9]. The corresponding precise asymptotics are given in [20, Proposition 2.7] under the
assumption (2.2).

We next consider multidimensional subordinate Brownian motions. Let W = (W, = (W},... , W) : ¢t >
0) be a Brownian motion in R? with

E [ei("(WﬁWﬂ)] — et vheRLE>0,

and let S be a subordinator independent of W with Laplace exponent ¢. In the remainder of this paper we
will use X = (X; : t > 0) to denote the subordinate Brownian motion defined by X; = Wg,. The process
X is a (rotationally) symmetric Lévy process with the characteristic exponent given by ®(6) = ¢(|0|?). It is
easy to check that when d > 3 the process X is transient. This follows from the criterion of Chung-Fuchs
type (e.g., [26, p. 252]) which for the subordinate Brownian motion X translates to the following: X is

transient if and only if
)\d/Q—l
——d\ < +00.
o+ PN

Since transience is a global property of the process, it cannot be inferred from the behavior of ¢ at infinity.
For example, ¢(\) = log(1 + \) + A?/2, a € (0,2), is a complete Bernstein function satisfying (2.1), but the
corresponding subordinate Brownian motion is recurrent in dimensions 1 and 2. To ensure transience, we
will assume that in the case d < 2, there exists v € [0,d/2) such that

0N

lim inf % >0. (2.14)

A—0

An immediate consequence of this assumption and [21, Corollary 2.6] is that the potential density u of S
satisfies u(t) < ct?~! for all t > 1, where ¢ > 0 is some positive constant (cf. assumption A1 from [20]).

Transience of the process X ensures that the Green function G(x,%), z,y € R?, is well defined. By spatial
homogeneity we may write G(z,y) = G(x — y), where the function G is radial and given by the following
formula,

Glz) = / (4mt) =P P/ WDy yar,  x e R (2.15)
0

Note that G is radially decreasing and continuous in R?\ {0}.
The Lévy measure of the process X has a density J, called the Lévy density, given by

J(x) = / (47rt)_d/26_‘x|2/(4t)u(t) dt, z e R
0

Thus J(z) = j(|=|) with
j(r) = / (4mt)~Y2e=m /D ey dt, v > 0. (2.16)
0

Note that the function r — j(r) is continuous and decreasing on (0, 00). We will sometimes use the notation
J(x,y) for J(x —y).

11



We discuss now the behavior of G and j near the origin. Under the assumption (2.2), the precise
asymptotic behavior was obtained in [20, Theorem 3.1, Theorem 3.2] by using precise asymptotic behavior
of the potential density w, and, respectively, Lévy density pu. These two results were proved by use of [6,
Lemma 5.32], which required additional assumptions which were stated as A2 and A3 in [20]. It turned
out that by using Potter’s theorem (Theorem 1.4) one can circumvent those assumptions and still obtain
the conclusion of the lemma. The details are provided in [21, Lemma 3.1]. This lemma combined with (2.4)
(resp. (2.5)) and representation (2.15) (resp. (2.16)) gives the following asymptotic behavior of G (resp. J)
under the assumption (2.1):

Theorem 2.9 ([21, Theorem 3.2]) Suppose that the Laplace exponent ¢ is a complete Bernstein function
satisfying the assumption (H) and that o € (0,2 A d). In the case d < 2, we further assume (2.14). Then

1 1
= alo(lx]72) T faldmed (x| =2)

G(z) |x] — 0.
Remark 2.10 Since « is always assumed to be in (0, 2), the assumption « € (0,2 A d) in the theorem above
makes a difference only in the case d = 1.

Theorem 2.11 ([21, Theorem 3.4]) Suppose that the Laplace exponent ¢ is a complete Bernstein function
satisfying the assumption (H). Then

¢(lz72) _ (=)

Tw) = 3(lel) = F T = e

|x] — 0.

Using (2.6) and (2.7), and repeating the proof of [24, Lemma 4.2] we get that
(a) For any K > 0, there exists ¢ = ¢(K) > 1 such that

j(r) <cj(2r), vr € (0, K). (2.17)

(b) There exists ¢ > 1 such that
j(r) <ecj(r+1),  vr>1 (2.18)

Therefore by [30, Theorem 2.2 and Section 3.1] (see also [6, Theorem 5.66], [21, Theorem 4.7, Corollary 4.8]
and [24]) the Harnack inequality is valid for the process X. Before we state the Harnack inequality, we recall
the definition of harmonic functions.

For any open set D, we use 7p to denote the first exit time of D, i.e., 7p = inf{t > 0: X; ¢ D}.

Definition 2.12 Let D be an open subset of R4, A function u defined on R? is said to be

(1) harmonic in D with respect to X if Ey [|u(X,,)]] < 00 and u(z) = E, [u(X,,)], € B, for every open
set B whose closure is a compact subset of D;

(2) regular harmonic in D with respect to X if it is harmonic in D with respect to X and for each x € D,
u(z) = Eq [u(X,)].

Theorem 2.13 (Harnack inequality) There exists Cs = Cg(¢p) > 0 such that, for any r € (0,1/4),
zo € RY, and any function u which is nonnegative on RY and harmonic with respect to X in B(xg, 167), we
have

sup u(y) < Cs

< inf  u(y).
yEB(x0,7/2) yEB(wo,r/2) 2
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From now we will always assume that ¢ is a complete Bernstein function satisfying the assumption (H)
for a € (0,2 A d) and the additional (2.14) in the case d < 2. We will no longer explicitly mention these
assumptions

For any open set D in R? we will use Gp(x,y) to denote the Green function of X in D. Using the
continuity and the radial decreasing property of G, we can easily check that Gp is continuous in (D x D)\
{(z,z) : € D}. We will frequently use the well-known fact that Gp(-,y) is harmonic in D\ {y}, and regular
harmonic in D \ B(y,¢) for every € > 0.

Using the Lévy system for X, we know that for every bounded open subset D and every f > 0 and
z €D,

B lf(Xon) X # Xpl = [ [ G217 =)tz (). (2.19)
Now we prove the following version of the Harnack inequality for X.

Theorem 2.14 Let L > 0. There exists a positive constant C7 = C7(L,¢) > 0 such that the following is
true: If x1,2o € R? and r € (0,1) are such that |x1 — x3| < Lr, then for every nonnegative function u which
is harmonic with respect to X in B(x1,r) U B(xe,r), we have

O tu(wa) < ulzy) < Cru(ws).

Proof. By [21, Proposition 4.10] (see also [20, Proposition 3.8]), for every r € (0, 1), every € R% and every
y € B(w, g) it holds that

e

3 T
Koz (@,9) == /B Goz)(@,2)J (2 — gz > c1 5l — ) (2.20)

(z,%) ((r=2)’

with some positive constant ¢; > 0.

Now let r € (0,1), 71,22 € R? be such that |z; — 25| < Lr and let u be a nonnegative function which is
harmonic in B(z1,7) U B(za,r) with respect to X.

If |1 — x| < ir, then since r < 1, the theorem is true from Theorem 2.13. Thus we only need to consider
the case when %T < |zy — 22| < Lr with L > i.

Let w € B(wy, §). Because |vo — w| < o1 — 22| + |w — 21| < (L + §)r < 2Lr, by the monotonicity of j
and (2.20)

,’,.Ct

(-

Kp(sy,2)(@2,w) > c1j(2Lr) . (2.21)

"
~—

For any y € B(x1, g), u is regular harmonic in B(y, %) U B(z1, %) Since |y — x1| < g, by Theorem 2.13
r
u(y) = cou(z1), y € Bla, §)7 (2.22)

for some constant ¢y > 0. Therefore, by (2.19) and (2.21)—(2.22),

-
u(ws) = B, [u(Xry, )| > Eau [u(Xr,,, )i Xryq, o) € Blan, 2)]
r
> —)) = oo T
> cou(xy) Py, (XTB(IQ%) € B(xy, 8)) Co u(:cl)/B(II’Q)KB(JL%S)(Q:Q,w) dw
N re , rotd
> cau(wy) ’B(ﬂﬁlag)’J(ﬂﬂ")m = C4U(~T1)J(2LT)£(T_2)'

Thus, by Theorem 2.11 and the inequality above, there exists a constant cs > 0 such that for all » €

(0,1), u(zs) > csu(ml)j(jz(ﬁ)r). The right-hand side is by (2.17) greater than 05cg°g 2L/ °82,(21) where ¢g =
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Cy'(4L) € (0,1). We have thus proved the right-hand side inequality in the conclusion of the theorem. The
inequality on the left-hand side can be proved similarly. O

In [20] we have established the boundary Harnack principle under the assumption (2.2) (and the additional
transience assumption in case d < 2) for k-fat open sets. Even though we only explicitly stated the results for
d > 2 in [20], the results and arguments there are in fact valid for d = 1 also. Under the current assumptions,
the same result is reproved in [21].

Theorem 2.15 ([20, Theorem 4.8], [21, Theorem 4.22]) Suppose that D is a bounded x-fat open set with
the characteristics (Ry, ). There exists a constant Cg = Cs(d, ¢, R1,k) > 1 such that if r < Ry A i and
Q € 0D, then for any nonnegative functions u,v in R? which are regular harmonic in D N B(Q, 2r) with
respect to X and vanish in D¢ N B(Q,2r), we have

Lu(AQ)  ulx) . u(A(Q)
0 AQ) = v =P uAQ)

Before concluding this section, we give some examples satisfying our assumptions.

xeDmB(Q,g).

Example 2.16 Suppose that 0 < 8 < a < 2,0 < v <2 — « and define
B1(N) =A% s () = A+ D2 =1, gy(A) = A2 4 A2,

da(N) = A2 (log(1+N)7/2  and  ¢5(N) = A2 (log(1 + X)) ~#/2.

Then ¢;, i =1,...,5, are complete Bernstein functions which can be written as
¢i(A) = X2\, i=1,...,5,

with
a0 =1, 60 = (A+DM2-1)A () = 1AL,

04N = (log(1+X)"2  and  l5(\) = (log(1 + X)) ~#/2.

As already mentioned in the introduction, the subordinate Brownian motion corresponding to ¢; is a sym-
metric a-stable process, the subordinate Brownian motion corresponding to ¢ is a relativistic a-stable
process and the subordinate Brownian motion corresponding to ¢3 is the sum of a symmetric a-stable pro-
cess and an independent symmetric S-stable process. The subordinate Brownian motions corresponding to
¢4 and ¢5 were discussed in [6].

In the case d > 3, the only condition on the complete Bernstein function ¢ is (1.2), so we can use
Proposition 7.1, Corollary 7.9, Propositions 7.10-7.11, Corollary 7.12 of [27] to come up with infinitely many
examples of such functions, e.g.: (i) A*/2(log(1 + log(1 4+ X\/2)3/2))8/2 . ~,6 € (0,2),8 € (0,2 — a; (i)
X2 (log(1 4+ log(1 4+ N1/2)0/2))=B/2 o ~, 6 € (0,2), 3 € (0,0].

All of the listed example satisfy the stronger condition (2.2). As already mentioned, [21, Example 2.8]
provides an example of a complete Bernstein function which satisfies (2.1), but not (2.2).

3 Green function estimates on bounded k-fat open sets

In this section we will establish sharp two-sided Green function estimates for X in any bounded s-fat open
subset D of R, d > 1. Our standing assumption is that ¢ is a complete Bernstein function satisfying the
assumption (H) for o € (0,2 A d) and the additional assumption (2.14) when d < 2.
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We will first establish the interior estimates using Theorems 2.9 and 2.14. Once we have the interior
estimates, we can apply Theorem 2.14 and the boundary Harnack principle (Theorem 2.15), and use the
arguments of [4, 16] to get the full estimates (1.5) for bounded k-fat open sets D. Since the arguments of
[4, 16] are by now quite standard, we will omit the details of this part.

Although the conclusions of Lemmas 3.1-3.3 below can be written in terms of ¢, we write them in terms
of ¢ since it is in this form that the results are used.

Lemma 3.1 There exist Ry = Ra(¢) > 0, L1 = L1(¢) > 2 and Cy = Cy(¢) > 0 such that

1

G(l‘) — G(le) Z CQW

for every |z| < Rs.

Proof. By Theorem 2.9 there exists a constant ¢ > 1 such that for all x € R%\ {0} with |z| < 1 it holds that

¢t c

eat(a?) = 0 < prmaaEy

Choose L1 = (402)ﬁ V 2 so that ¢2/L{™* < 1/4. Since { is slowly varying at infinity, there exists 7 < 1

such that )
(x| 72)

— <
((|Lyz[=2) —
whenever 0 < |z| < 1. Let Ry =1 A L7!. Then for z € R%\ {0} we have

¢! c

G =GD) 2 a2~ [Lialot( L)

B ¢! 2 U(|x|7?)
ozl 2) ( L 5(L19€2)>
1 1
2 el t(a] )

O
Lemma 3.2 For every bounded open set D, there exists a constant C1g = C19(¢) > 1 such that
Gp(z,y) < Cio P y|d—%}(|x — ) forz,y e D, (3.1)
and
Gp(z,y) > Oy |x—y|d_“l}(|x—y|_2)7 forxz,y € D with Li|x —y| < dp(z) Adp(y), (3.2)

where Ly 1s the constant in Lemma 3.1.

Proof. Since Gp(z,y) < G(z,y), D is bounded and ¢ locally bounded from above and below by positive
constants, (3.1) is an immediate consequence of Theorem 2.9. Now we show (3.2). Without loss of generality,
we assume 0p(y) < d0p(z), and let M := diam(D). We consider three cases separately:

(a) dp(y) < Ro: Since |z —y| < 0p(y)/L1, [Xrp(, 5, — ¥l = 0p(y) = Li|z — y[. Thus by the monotonicity
of G and Lemma 3.1,

GD(%?J) > GB(y,5D(y))(may> = G(Q?,y) - Ew [G(XTB(?/,,;D(y)yy)}
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1 p(y)

> G-y -GLi(zr-y)) > a Y|z —y| < T

T e —ylded(jr —y[72)

(b) 6p(y) > Ro and |z —y| < R2/L1: In this case, | X,
of G and Lemma 3.1, we get

—y| > Ry > Ly|z—y| and, by the monotonicity

B(y,R2)

GD(Z‘,y) > GB(y,Rz)(xay) = G(Jf,y) _EJJ G(XTB(y,Rz)’y)

1
> Gla—y) = Ga(r =) > o1 ey

Ry
Ve —yl < =—=.
lz —y|l < I,

(¢) 0p(y) > Rz and |x — y| > Ra/L;: Choose a point w € 0B(y, Ra/L1). Then from the argument in (b),

we get
1

(Rz/L1)*=4((Rz/L1)~?)
Since D is bounded and Gp(-,y) is harmonic with respect to X in B(z, R2/(2L1)) U B(w, Re/(2L1)), by
Theorem 2.14 we have

Gp(w,y) > G(w,y) — Ey G(XTB(%RQWy) T

1
Ry /Ly)4=l((Rz/L1)~2)

Gp(z,y) > caGp(w,y) > 3]

c3 . 9 1 )
_— inf  {(s , Vi —y| > —.
((Ra/ L)) <M ( >> PR e R »

Lemma 3.3 For every L > 0 and bounded open set D, there exists C1; = C11(L, ¢) > 0 such that for every

|z —y| < L(0p(z) Ndp(y)), .

|z —yldml(je —y[~2)

Gp(x,y) > Cy (3.3)

Proof. Without loss of generality, we assume dp(z) < dp(y). Moreover, by Lemma 3.2 we can assume that
L > 1/L; and we only need to show (3.3) for L%(Sp(x) <|z—y| < Lip(x).
Choose a point w € B(z,dp(x)/L1). Then by Lemma 3.2, we get
1
(Op(x)/La)4=*((0p(x)/L1)~2)
Since |y —w| < |z —y|+ |z —w| < (L+1)ép(z) and Gp(z, -) = Gp(-,x) is harmonic with respect to X in
B(y,ép(x)/L1) U B(w,ép(x)/L1), by Theorem 2.14 we have

Gp(z,w) > ¢

1
Gp(x,y) > coGp(x,w) > ¢
plesy) 2 exGnlew) 2 o G o T et (Gp @)/ L))
ez = yI~) ) i
> ¢ . 3.4
(et Tt = (34
By the uniform convergence theorem ([2, Theorem 1.2.1]), we can choose a small r; = r1(¢, L) > 0 such that
L((Ar)72) 1
_ > - < . .
aelt2r] L(r=2) T 27 vrsm (3:5)

If %5,3(3:) < |z —y| < Lip(x) <ry, by (3.4)—(3.5),

L e((m)-?)) 1 ca 1

in > — .
r<raelter] U(r=2) )z —ylimel(lz —y[72) T 2 [z -yl -yl 7?)

Gplz,y) > (
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On the other hand, if L%(SD(QU) < |z —y| < Lép(x) and dp(z) > r1/L1, then |z —y[ > 7. Thus from
(3.4), we see that

1
Gp(z,y) > ¢ inf  /(r—2 inf  ¢(r—2)7!
o) = e (’“E[fﬁlvM] ( )> (TE[L?]?M] ) |z —yl=(lz — y[72)

where M = diam(D). O

For the remainder of this section, we assume that D is a bounded k-fat open set with characteristics
(R1,k). Without loss of generality we may assume that Ry < 1/4. We recall that for each @ € 9D and
r € (0, Ry), A-(Q) denotes a point in D N B(Q, ) satisfying B(A,(Q),xr) C DN B(Q,r). Recall also that
Gp(-,y) is regular harmonic in D \ B(y,¢) for every € > 0 and vanishes outside D.

Using the uniform convergence theorem ([2, Theorem 1.2.1]), we further choose R3 < Ry such that

-2 -2
1 <  min M <  max M <2 ifr<Rs. (3.6)
2 L a<ak-1 £(r2) Lot U(r=2)

Let us fix zp € D with kR3 < dp(z0) < R3 and let &1 := kR3/24. For x,y € D, we define r(z,y) :=
dp(x) Viop(y) V |z —y| and

Bla.y) — {}2}6 D 6p(A) > &r(z,y), | — Al V ]y — Al <5r(x,y) } i :g?y/; ; Z (3.7)
Note that for every (x,y) € D x D with r(z,y) < &1
SOD(A) < @)V op(y) VIz —yl < 267 0p(4), A€ Blay) (3.8)
So by (3.6), if r(z,y) < &1 o |
s < Eééfé’x("z)))% <2 AcBy). (3.9)

Let
Cip = 0102d_a5p(20)_d+a ( sup £<r_2)_1> .

8p(20)/2<r<M

It follows from Lemma 3.2 that Gp(-, o) is bounded above by Ci2 on D\ B(z0,dp(z0)/2). Now we define
g(x) := Gp(z,z9) N Cia. (3.10)

Note that if dp(z) < 6e1, then |z — 29| > dp(z0) — 6e1 > 0p(20)/2 since 6e; < dp(20)/4, and therefore
9(z) = Gp(z, 2p).

Proof of Theorem 1.2. Note that, by Theorem 2.14, for all x,y € D and Ay, As € B(z,y), g(A1)
is comparable to g(As). With this observation, (3.6), Lemma 3.1-3.3, Theorem 2.14 and the boundary
Harnack principle (Theorem 2.15) in hand, one can easily adapt the arguments leading to the proofs, as well
as the proofs of [4, Proposition 6] and [16, Theorem 2.4] to finish the proof of Theorem 1.2. Since these are
more or less standard now, we omit the details. O
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4 Explicit Green function estimates on bounded C'!-open sets

In this section we refine the estimates from Theorem 1.2 in the case of bounded C! open sets.

Recall that X = (X; : ¢ > 0) is the d-dimensional subordinate Brownian motion defined by X; = Wg,
where W = (W1 ... ,W%) is a d-dimensional Brownian motion and S = (S; : ¢t > 0) an independent
subordinator with the Laplace exponent ¢ which is a complete Bernstein function satisfying assumption
(H) for a € (0,2 A d) and the additional assumption (2.14) when d < 2. Let Z = (Z; : t > 0) be the
one-dimensional subordinate Brownian motion defined as Z; := Wgt. Recall that the potential measure of
the ladder height process of Z is denoted by V and its density by v. We also use V' to denote the renewal
function of the ladder height process of Z. In Corollary 2.8 we have established that both V and v are C'*°
functions. Recall the notation RY := {z = (21,...,2q-1,24) := (Z,24) € R? : 4 > 0} for the half-space.
The next result, which follows from [28, Theorem 2], is very important in this paper.

Define w(z) := V((xzq)").

Theorem 4.1 The function w is harmonic in Ri with respect to X and, for any r > 0, regular harmonic
in RY1 x (0,7) (in (0,7) when d = 1) with respect to X.

Proof. Since Z; := W(Si,, has a transition density, it satisfies the condition ACC in [28], namely the resolvent
kernels are absolutely continuous. The assumption in [28] that 0 is regular for (0, 00) is also satisfied since Z
is symmetric and has infinite Lévy measure. Indeed, if 0 were irregular for (0, 00), it would be, by symmetry,
irregular for (—o0,0) as well. But then Z would be a compound Poisson process which contradicts the
fact that it has infinite Lévy measure. Further, again by symmetry of Z, the notions of coharmonic and
harmonic functions coincide. Let Z(®:>) (respectively X Ri) denote the process Z killed upon exiting (0, c0)
(respectively X killed upon exiting Ri). By [28, Theorem 2], the renewal function V' of the ladder height
process of Z is invariant for Z(:°°), Thus w is invariant for X RY Being invariant for X Ri, w is also harmonic
for X Ri7 and consequently, harmonic in R‘i with respect to X. We show now that w is regular harmonic for
X in R%1 x (0,7) for any r > 0. First note that since V is continuous at zero and V(0) = 0, it follows that

lim w(z) = lim w(Z,z4) = lim V(zg) =0. (4.1)

Td —0 Tq —0 Zd—>0

Thus, by harmonicity of w and (4.1)

w(z) = w(Z,zq) = Eh_r>r(1)I['EgE [w (Xﬂmd—u(m))} =E, {w (XTRd_lx(W))} . xq>0.

O
Proposition 4.2 For all positive constants ro and L, we have
w [ w(w)i(le ) dy < oo
z€RL: 0<xy<L B(ac,ro)Cﬁ]Rd+
d
Proof. By Theorem 4.1 and (2.19), for every x € RY,
. c d
w(z) > E, |:w(XTB(m.7~U/2)ﬁRd+) : XTB(m,m/zmki € B(x,19)" NRY
-/ / Geropooes (@ 2)3(12 — y)wy) dzdy. (4:2)
B(a,r0)°NRYL J B(x,70/2)NRE
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Since |z —y| < |z —z|+ |z —y| <ro+ |z —y| < 2|z —y]| for (2,y) € B(x,re/2) X B(x,70)¢, using (2.17) and
(2.18), we have j(|z — y|) > c15(Jx — y|). Thus, combining this with (4.2), we obtain that

w(z)

wp [ wille —yhdy < it s = .
z€RL: 0<zg<L J B(z,r9)°NRE. 7=0,0<zq<L E[TB(E,TO/Z)ﬁRi]

We claim that the supremum on the right-hand side above is finite. Clearly, if L > x4 > r0/(64) and = = 0,

V(L)
Eo[7B(0,r0/(64))]

wie)

B [TB(2,r0/2)0R2 |

Suppose x4 < 79/(64) and = 0. Let U := B((a, 1679),r0). By the Lévy system, we have

Pa <XTB<o,m/z>nRi € U) - /U/B(O,ro/2)ﬂRi GB(O,TO/Z)ﬂRi (z,2)j (|2 — yl)dzdy < CQEOE[TB(O,rO/Q)mRi]'

Thus, by the above and the boundary Harnack principle (Theorem 2.15),

w(x) w(x) w(z)
<c <3 < ¢4V (ro/(16))
By [TB(%T’O/Q)mRi] x(XTB(o,rr-O/z)mugi < U) Pa, (XTB(O,'PO/2)|’WR$ € U)
where z; = (0,79/(16)). We have thus proved the claim. O
We now define the operator (A, ®(A)) by the following formula:
Af(x) = PV [ (fy) = [(2))i(ly = z[) dy := lim (f(y) = (@) i(ly —=|) dy
Rd 0 Jyerd:|o—y|>e}
D(A) = {f:R?'=R:lim (f(y) = f(x)) j(Jly — x|) dy exists and is finite . (4.3)
40 J{yeRra:|z—y| >}

It is well known that CZ C D(A), where C? is the collection of C? functions in R? vanishing at infinity, and
that by the rotational symmetry of X, A restricted to C3 coincides with the infinitesimal generator of the
process X (e.g. [26, Theorem 31.5]).

Theorem 4.3 Aw(z) is well defined and Aw(z) =0 for all z € RY.

Proof. We first note that it follows from Proposition 4.2 and the fact that J is a Lévy density that for any
L>0

sup / (w(y) — w(@))j(y — z)dy
z€R: 0<zg<L |J{yeR?:|y—z|>1}
< sw / w)j(ly — ) dy + V(L) / J(yDdy < oo, (4.4)
z€R: 0<zy<L J{yeRe:|y—z|>1} {yeRe:[y[>1}

Hence, for every ¢ € (0,1/2)
Acue)i= [ (w(y) — w(@)j(ly - 2l)dy
{yeR%:|y—z|>e}

is well defined. Note that since w(z) = V((x4)T) and V is smooth in (0,00) by Corollary 2.8, it holds that
w is smooth in Ri. Hence,

Acw(z) = / (w(y) — (@) — Ljy—oj<1y (s — 2) - Voola)) §(Jy — ])dy.
{yeR®:|y—z|>c}

19



Moreover, by the smoothness of w,
= (wly) = wla) — (g = 2)- Vule)) j(ly — o) dy
yERL:|y—x|<e}

converges to 0 locally uniformly in Ri as ¢ — 0 . Combining this with (4.4), we see that Aw is well defined
in R and A.w(z) converges to

Aw(z) = /Rd (w(y) = w(@) = Lyy—sj<1y(y — @) - Vw(2)) j(ly — |)dy

locally uniformly in Ri ase — 0.
Moreover, for every x € Ri, z € B(z,(eNxq)/2), and y € B(z,¢)° it holds that %|yfz| <|ly—z| < %\yfz|
So, using (2.17),

L(jy—zse} [(w(y) —w(z) = 1y —zi<ay (v — 2) - Vw(2))| 5 (ly — 2|)
<c ( sup V”(S)> ly — 2?1 o y—sj<oy 3 (ly — 2]/2)

e/2<s<xq+2

+ (W) + Vi(wa + 1)) L{jy—al>1/2y J(ly — ]/2).

It follows from Proposition 4.2 and the fact that J is a Lévy density, by using the dominated convergence
theorem, that © — A.w(z) is continuous for each e. Therefore, by this and the local uniform convergence of
A.w, the function Aw(z) is continuous in R%.

Suppose that U; and Us are relatively compact open subsets of ]Ri such that U; Cc Uy C Us C Ri. Let
ro := dist(Uy, Us) > 0. Then, by Proposition 4.2

/ / j(e —y)dyde < |U3] sup / w(y)i(lz — yl)dy
U, 5 zeUy 5

U] sup / w()j(lz — yl)dy < oo. (4.5)
z€U1 J B(z,ro)¢

IN

By harmonicity of w, clearly w(X, ) € L*(P,) and

sup B, [1yg (Xml)w(Xml)] < sup E, [w(XTUl)] = sup w(z) < 0.
zeU zeU, el

The last two displays show that the conditions [7, (2.4), (2.6)] are true. Thus, by [7, Lemma 2.3, Theorem
2.11(ii)], we have that for any f € C?(R%),

0= /Rd /Rd (w(y) —w(x))(f(y) — f(2))i(ly — z|) dz dy. (4.6)
For f € Cf(Ri) with supp(f) C Uy C Uy C Uy C Ria

L, [ 1w~ w@Is) - f@lilly - sl)dady
/U 2 /U 2 D) — F@)i(y — l)dwdy +2 /U | / 1) @1 @y — o)y

<o | |y—a:|2j<|y—x|)dxdy+2||f||oo|vl(sup w<x>) [ = ehay
U2><U2 Us

xeU; 5
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is finite by (4.5) and the fact that J is a Lévy density. Thus by (4.6), Fubini’s theorem and the dominated
convergence theorem, we have for any f € C? (]Rff_),

0 = lim (w(y) —w(@))(f(y) = f(2)i(ly — x|) d dy
=0 J(@y)eR xR, [y—a|>e}

— 2t [ s [ (w(y) — w@)i(y — 2y | dv = -2 | f@)Aw(z) ds,
el0 Ri {yeR4:|y—z|>e} R%

where we have used the fact A.w — Aw converges uniformly on the support of f. Hence, by the continuity

of Aw, we have Aw(z) =0 in RY. O

For x € R4, let 65p(x) denote the Euclidean distance between x and dD. It is well known that any C1:1
open set D with characteristics (R, A) satisfies both the wuniform interior ball condition and the uniform
exterior ball condition with the radius r1: there exists r1 < R such that for every € D with dp(z) < rp
and y € R?\ D with dp(y) < r1, there are 2,,z, € D so that |z — z,| = dap (), |y — 2,| = dp(y) and that
B(zo,m1) C D and B(yo,m1) C R4\ D for mg = 2z, + r1(z — 2;)/|z — 22| and yo = 2, + 71(y — 2,)) /|y — 2.

In the remainder of this section, we assume D is a C1'1 open set with characteristics (R, A) and D satisfies
the uniform interior ball condition and the uniform exterior ball condition with the radius R (by choosing
R smaller if necessary).

Lemma 4.4 Fiz Q € 0D and let

h(y) ==V (6p(y)) 1pnB(Q.R) (Y)-

There exist C13 = C13(A, R, ¢) > 0 and Ry < R/4 independent of the point Q € JD such that Ah is well
defined in D N B(Q, Ry) and

|[Ah(z)| < Ci5  for allz € DN B(Q, Ry) . (4.7)

Proof. We first note that when d = 1, the lemma follows from Proposition 4.2 and Theorem 4.3. In
fact, suppose that d = 1 and z € D N B(Q,R/2). Without loss of generality we may assume that Q
is the origin and D N B(Q, R) = (0, R) (due to uniform exterior ball condition). Since h(y) = w(y) for
y€ DN B(Q,R) = (0,R), we have

A(h —w)(z) = 11301 (h —w)(®)i(ly — z|) dy
€ {yeR:|z—y[>e}

= —lim w(y)j(ly — x|) dy.
0 J{y>Rijz—y|>e}

Since 0 < < R/2 and y > R, we have |z —y| > R/2, and thus
A - w)(a)| < w()i(ly - ) dy.
{y2R,|z—y[>R/2}
Therefore, by using Theorem 4.3 (which gives Ah(z) = A(h —w)(x)), Proposition 4.2 and the above display,

we conclude that

|Ah(2)| = [A(h — w)(z)| <  sup

/ wly)iy 2y < oc.
0<z<R/2 {yE]Rir:\y—z\>R/2}
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Throughout the remainder of the proof, d > 2 and ¢ is a fixed positive constant such that

A(2—
0<q<%oa) and a+2¢—1#0.
Since ¢ is slowly varying at oo, by Potter’s Theorem (Theorem 1.4), we can find a small Ry < 1A (R/4)

such that for every r < 2Rz

£(r—2 L((2R2)~2 oN1/2,.—1/2 ~1/2
T S ) Ry e < (48)
Lr~Y) < 20((2R3)TH (2R < ey, (4.9)
()72 < 20((2R2)THY2(2R2)Ir < eyr Y. (4.10)

In the remainder of this proof, we fix x € DN B(Q, Ry) and xg € ID satisfying dp(x) = |z — zg|. We
also fix the C1! function ¢ and the coordinate system C'S = C'S,, in the definition of C1'! open set so that
x = (0,24) with 0 < z4 < R4 and B(xzo, R) N D = {y = (¥, ya) € B(0O,R) in CS : yq > ¥ (y)}. Let

R —|g|? and o(y):=—-R++R%—|y|>.
Due to the uniform interior ball condition and the uniform exterior ball condition with the radius R, we have
Yo (y) < YY) < ¢1(y) for every y € DN B(x, Ry). (4.11)
Define H* := {y = (¥, yq) € CS : yq > 0} and let
A={y=Uya) € (DUH")N B(x,Ra) : 92(y) < ya < 1(9)},

E:={y=(y,ya) € B(x,Ra) 1 ya > ¥1(y) }-
Note that, since |y — Q| < |y — x| + |z — Q| < R/2 for y € B(x, R4), we have
B(z,R4)ND C B(Q,R/2)ND. (4.12)
Let

Note that h,(z) = h(z). Moreover, since d_, (y) = (ya)* in C'S, by Theorem 4.3 it follows that Ah,, is well
defined in H* and
Ah,(y) =0, Vye HT. (4.13)

We show now that A(h — hy)(z) is well defined. For each € > 0 we have that

e () =iyl

< / (h(y) + ha ()i (ly — )y + / (h(y) + ha(y))i(ly — o) dy + / Ih(y) — ha()li(ly — z])dy
B(z,R4)° A E
:211 + IQ + Ig.

We claim that
I + I+ 13 < Ci3 (4.14)

for some constant C13 = C13(A, R, ¢). This shows in particular that the limit

lim (h(y) = ha(y))i(ly — z[) dy
el0 {yeDUH+:|ly—z|>e}
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exists and hence A(h — h;)(x) is well defined, and |A(h — h;)(z)| < Ci3. By linearity and (4.13), we get
that Ah(x) is well defined and | Ah(z)| < Cy3. Therefore, it remains to prove (4.14).
By the fact that h(y) =0 for y € B(Q, R),

L<  sw / V(ya)i(lz — y)dy + cs / J(ly)dy =: K1 + Ko,
2€R?: 0<24<RJ B(z,R4)cNH+ B(0,R4)¢

K is clearly finite since J is the Lévy density of X and K is finite by Proposition 4.2.
For y € A, since V is increasing and (R — \/R? — |y]2) < R7Y7]?, we see that

ha(y) + h(y) < 2V (1(5) - ¢2(9)) < 2VR7[7). (4.15)

Using (4.15), (2.12) and Theorem 2.11, we have

R4
s / / s () + 1)) (7 + lya = 2af*)"/2) ma (dy)dr
R4
=2 / /y|—r 1T2)j(’l‘) mq—1(dy)dr
{(r=2) o
<C4/O T (E( 3R2, _4))1/2md_1({y e A: |yl =r})dr (4.16)

where mg4_1 is the surface measure, that is, the (d — 1)-dimensional Lebesgue measure. Furthermore, since
[¥2(y) — ¥1(§)] < 2R7Y1? = 2R7'r? on [y| = r, we have for 7 < Ry, ma—1({y : [y = r,¢2(y) < ya <
¥1(3)}) < esr? for some constant cs. Using the above inequality and (4.8), from (4.16) we get

I, <c¢ /R4 E(T_Q) dr < ¢ /R4r_1/2dr<oo
2= )y (RN 2h)I2T =T ‘

For I3, we consider two cases separately: If 0 < yq =0, (y) < dp(y), since v is decreasing,

ya+R™gl?
h(y) = ha(y) < V(ya+R7HY?) = Viya) = / v(z)dz < R™Hg1*u(ya)- (4.17)

Ya
fya=9,, (y) > dp(y) and y € E, using the fact that dp(y) is greater than or equal to the distance between
y and the graph of ¢ and

b~ R+ T (R g = < W WP
P Rl (Bye) 2By R

we have

v(z)dz < RGP o(R = Vg1 + (R — ya)?). (4.18)

Yd
ha(y) — h(y) < /
R/l (R—ya)?

v (4.17)-(4.18),

I <R / 17120 (ya)i (= — yl)dy
En{yya<ép(y)}

+Rl/E{ o PR~ P (R g sy = R (L + L),
M{y:ya>0p(y
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Since E C {z = (Z,24) € R* : |Z] < Ryand 0 < z4 < 2Ry}, using polar coordinates for 3 and by
Theorem 2.11, (2.12), (4.9) and (4.10), we have that

2R4 Ry
Ly < CS/ v(Ya) (/ r25((r* + lya — $d|2)1/2)7“d_2d7“> dya
0 0

2R, Ry ,.d 2 _ 2\—1
1 (/ r((r? + Jya — wal?) )dr> »
0

o W U \Jo 74 T a7

2R,y 1 Ry Td
oo | G ) s )

2R4 1 R4 1
c _ dr | d
10/0 (yd)pa/%q /0 (r T |yd _ J,;d|)our2q Yd

= /2R4 1 . + ! dyqg <
‘ c
> 11 o (yd)lfa/2+q |yd — xd|a+2q71 (R4 + |yd _ xd|)a+2q,1 Ya = Ci12

for some constant cs,...,c12 > 0. The last inequality is due to the fact that ¢ < (2 — «)/20, which implies
(I-—a/2)+a+3¢—1< (6+T7a)/20 < 1, so by the dominated convergence theorem,

IN
&

IN

IA

2Ry 1
xTq /0 (yd)l—a/2+q|yd _ xd|o¢+2q—1

is a strictly positive continuous function in x4 € [0, R4] and hence it is bounded.
On the other hand, we have, using polar coordinates for 3, and by Theorem 2.11, (2.12) and (4.9)—(4.10),

dya (4.19)

0

zrq+ R4 R4Ny/ 2Ryd—y§
Ly §C13/ / V(R = /12 + (R = ya)?)ri(r* + |ya — xal*)/?)dr | dya
0

- /zd+R4 /R4/\\/m (R _ 72 + (R _ yd)Q)a/2—1£((r2 + ‘yd _ l‘d‘z)_l) dd ;
= ¢ rear | ayqd
14 o 0 (Z((R_ T2+(R—yd)2)_2))1/2(r2+\yd—deQ)(dJra)/?
za+Rs RaA\/2Rys—y2 d
< C15/ / dr | dyq
0 0 (B = \/r 4 (R — ya)?) =/ (12 o [yg — ) (404202
<

zq+Ra R4/\\/2Rydfy(21 1
016/ / dr | dyq -
0 0 (R—\/r2+ (R —yq)?)' —/2 4 (r + |yg — zq|)* 22
Since, for 0 < r < Ry A \/2Ryq — y3,

1 B R+ /r?4+ (R —yq)? < c1r
R—\/r?+[R-ys)? (V2Rya—y2+7)(V2Rya—y2—7r) ~ V¥a(\/2Rya — y> —r)’

we have
L T4+ Ra C1s RaAV/2Rya—y2 dr .
<) G, (V2R — g — )= (g — a2
Using the fact that ¢ < 5, we see that with a := \/2Ryq — y2 and b= |yq — x4,

/R4/\(}L d'l’
0 (@ —r)l—a/2+a (p 4 b)ot2q
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_/(R4/\a)/2 d,],. +/R4/\a dT
Th @ i g o e (o g

21—@/2+q (RaNa)/2 dr 1 RaNa dr
< - -
Sy, GO ORI Jgyp T
C19 C19 a/2—q €20 €20
Salfa/2+qb(a+2q71)+ + (RG A a)a+2qa < (yd)(lfo‘/2+q)/2|$d _ yd|(a+2q71)+ =+ (yd)(a+6q)/4 .
Thus we obtain
2R4 d 2R4 d
Yd Yd
Ly < 621/0 (9a) =720 gy — wg] @+ 20— 1) + 021/0 (ya) 0072 (4.20)
Since ¢ < 1/10, the second integral in (4.20) is bounded. And by the same argument as the one for (4.19),
the first integral in (4.20) is also bounded. We have proved the claim (4.14). O

When d > 2, define pg(z) := x4 — ¥g(¥), where (Z,z4) are the coordinates of x in C'Sg. Note that for
every Q € 9D and = € B(Q, R) N D we have

(1+4%) 72 () < bp(a) < pola). (4.21)

For a,b > 0, we define Dg(a,b) :={y € D :a > po(y) >0, |y] < b} when d > 2. When d = 1, we simply
take Dg(a,b) = Dg(a) := B(Q,a) N D.

Lemma 4.5 There are constants Rs = Rs(R, A, ¢) € (0, Ry/(4y/1+ (1 + A)?)) and C; = C;(R, A, ¢) > 0,
i = 14,15, such that for every r < Rs, Q € 0D and x € Dg(r,r),

P, (XTDQW) c D) > C14V (3p()) (4.22)
and
E: [Dg(rm] < C15V (0p(x)). (4.23)

Proof. Without loss of generality, we assume @ = 0. For d > 2, let 1) = ¢ : R~! — R be the C1! function
and CSp be the coordinate system in the definition of C*! open set so that B(0,R) N D = {(y, ya) €
B(0,R) in CSp : ya > ¥(¥)}. Let p(y) :=ya — ¥(y) and D(a,b) := Do(a,b) for d > 2. When d = 1, D(a,b)
is simply B(0,a) N D. The remainder of the proof is written for d > 2. The interpretation in the case d = 1
is obvious.

Note that

[yl = 1312 + lval® < 7 + (Jga — 6@+ @) < 0+ (1 + A2 forevery y € D(rr).  (4.24)

Hence, by letting A := R4//1+ (1+A)2, D(r,s) C D(A,A) C B(0,R4) N D C B(0,R) N D for every
r,s < A. Define
h(y) := V(ép(y))1B0,r)nD(Y)-
Let g be a non-negative smooth radial function with compact support such that g(z) = 0 for |x| > 1 and
Jga 9(x)dz = 1. For k > 1, define gy (z) = 2"g(2"z) and

W9 = (g s W) = [ bz~ )y,
R
and let By, := {z € DN B(0, Ry) : 6pnp(o,rs(z) > 277}, Since h®) is C>, AhK) is well defined everywhere.

We claim that
—~Ci3 < AR® < Ci3 on By, (4.25)
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where C3 is the constant from Lemma 4.4. Indeed, for € By, and z € B(0,27%) it holds that x — z €
D N B(0, Ry). Hence, by Lemma 4.4 the following limit exists:

i [ by =)= hie = 2) sl dy
= b ) == 2) s =2~y = Aba =z,

Moreover, by the same Lemma 4.4 it holds that —C13 < Ah(z — 2) < C13. Next,

/| ) =) i~ dy
- /| (/ 91(2) (h(y — 2) = h(z = 2)) dZ) iz = yl) dy
- / gk (2) (/ (h(y — 2) — h(z — 2)) j(lx—yl)dy> "
lzl<27* lz—y|>e

By letting ¢ — 0 and using the dominated convergence theorem, it follows that

AR () = / gk (2)Ah(x — 2) dz < 013/ grx(2)dz = Cy3.
|z]<2-k

|z]<2—F

The left-hand side inequality in (4.25) is obtained in the same way.
Using the fact that A restricted to C2° coincides with the infinitesimal generator of the process X, we
see that the following Dynkin formula is true; for f € C>°(R?) and any bounded open subset U of R?,

E, /TU Af(Xyp)dt = E.[f(Xr,)] — f(2). (4.26)
0

Let U € DN B(0,Ry). By using (4.26) for U N By and h(®), the estimates (4.25), the fact that h(®) are
in C2°(R%), and by letting k — oo we get
h(z) > E; [h(X,)] — C13E.[ry] and  h(z) < E, [h(X.,)] + C13E.[mv]- (4.27)
Now, we have by (4.21) and (4.27), for every A > 1 and x € D(A™1A, A" A),
V(0p(z)) = h(z)

>E, [h ( X € D(A,A"1A)\ DA, xlA)] — C13E, [Tpa-1an-1a)]

TD(A—1A,x— 1A)) T Tp(A—1AA—14)
> V<)\_1(1 + A2 1/2A (XTD()\71A7>\71A) S D(A7 )‘_1A) \D()‘_1A7 )‘_1‘4)) - CISEw [TD(A*IA,)\*IA)] :
(4.28)

We also have from (4.27)

V(ép(x)) = h(z)

IN

Eq {h (XTD(kflA,AflA)>} +OiE, [TD(AflAJ\*lA)]

V(R)P, (X

TD(A—1a,x—14)

IN

€ D) +013E1:[7—D()\—1A,>\—1A)]~ (429)
By (2.19) and the monotonicity of j, for every A > 4 and z € D(A\"1A,\71A4),

-1 -1 -1 -1
Po (Xrpiaaoin €D) = Po(Xrp, iy 0y € DBATANTA)\ DEAANTA))
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= Ew

To(a—la,x—1a) ]
/ / 31X, ~ yldyds
0 D(BATANTAN\D(2A"1AA"14)

Y

(/ dy) JAONTTA)E, [Tpa-14,0-14)]
DBA-TAATAND(2A-1AN1A)

Cl(A_lA)dj(lﬂ/\_lA) E, I:TD()\—IA,A—IA):I .

v

Now, applying Theorem 2.11, we get for z € D(A71A, A71A)

P, (X e D) > eol((10A1A)2)AE, [rpa-tan-1a)] - (4.30)

Top(a—la,x—1a)

Thus from (4.28)—(4.30), for every x € D(A™1A, A1 A)
V(ép(z)) > (CQV()\_l(l + A% TY2A) (10N A) )N — 013) Ex[Tp(a-140-14)) (4.31)
and

V(op(z)) < 3 (1 + (e((1oa14)=2)) 7 A‘“) P, (XTDMAMM € D) . (4.32)

Using first (2.12) and then Potter’s Theorem (Theorem 1.4), we see that there exists a large A\g > 4 such
that for every A > Ag

VATH L+ A%)T2A) (10N A) )N

> A2 (1 4 A2)—e/1)\e/2 (e((xlu + AQ)*l/QA)_QD e £((10AT1A)7?) > 2C13/cy (4.33)

and
(E((10A"A)2)) A < g5, (4.34)
Combining (4.31)—(4.34), we have proved the lemma with R := \; ' A. O

It is clear that every C'%! open set is k-fat, i.e., for any C*! open set with C1'! characteristics (R, A),
there exists a constant x € (0, 1/2], which depends only on (R, A), such that for each Q € 9D and r € (0, R),
DN B(Q,r) contains a ball B(A,(Q), xr) of radius sr. In the rest of this paper, whenever we deal with C'11
open sets, the constants A, R and x will have the meaning described above.

Recall that g is defined in (3.10).

Theorem 4.6 Suppose that D is a bounded C'' open set in R? with C*' characteristics (R, \). Then there
exists C16 = C16(R, A, ¢, diam(D)) > 0 such that

Ot (V(p(@) Al) < g(x) < Ci6 (V(ép(z)) A1), € D. (4.35)

Proof. Since the case d = 1 is simpler, we give the proof for d > 2 only. Recall that Rj3 is the constant in
(3.6) and 1 = R3k/24. Since g(x) = Gp(x,z0) A C12 and g(x) = Gp(x, zp) for dp(x) < 6eq, it suffices to
show that there exist r* € (0,6¢1) and ¢; > 1 such that

e 'V(ép(x)) < Gplx,2) < 1 V(0p(x)), dp(x) <r*. (4.36)

Let 7* := (R5/4) A (e1/(44/1 + (1 + A)?)) and suppose that dp(z) < r*. Choose xg € 9D satisfying
5p(z) = |z — x0|. We fix the C1! function ¢ and the coordinate system C'S = CS,, in the definition of C'1:1
open set so that x = (0,x4) with 0 < zg < 7%,

B(zo, )N D = {y = (¥, ya) € B(O,R) in CS : ya > »(y)}.
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Let 21 := (0,7*/2) and D, := D(r*,r*) = {y € D : 7* > ya— () > 0, |§| < r*}. Since B(x1,cor*) C D,
for small ¢5 > 0, by Theorem 2.9, Theorem 2.15 and the fact that D is bounded,
P, (X, € B(z0,£1/4))
Py, (Xrp, € B(20,€1/4))
P, (X, € B(z0,21/4))
P, (XTB(WQT*) € B(zo,51/4)>
< Py (Xrp,, € B(20,61/4)) < ¢sEq [1p.]

Gp(x,20) < e3Gp(x1,20)

IN

C3 G(»Tl,zo)

where in the last inequality we used (2.19) and the fact that dist(D., B(z9,e1/4)) > 0p(20) — €1/4 —
14+ (1+A)%r* > &1 (see (4.24)). On the other hand, by Theorem 2.15, Lemma 3.3 and the fact that
D is bounded,

P, (X,,. € D)

G > csG —
p(%,20) > ¢5 D(xhzo)]}»m (X, €D)

Z CGPm (XTD* S D) .

By applying (4.22)—(4.23), we arrive at (4.35). O

Remark 4.7 Using (2.12) and Theorem 2.9 one can easily see that the inequalities (1.4), (1.3) and (1.6)
are equivalent to each other.

Now we give the proof of Theorem 1.1, which is the main result of this paper.

Proof of Theorem 1.1. We will prove Theorem 1.1 by showing that (1.6) holds. It follows from Theorems
1.2 and 4.6, we have that

1 (V(6p () A1) (V(6p(y) A1)
UV WEp(A) A2z — y[4h(lz — y|2) <Gp(z,y) <

Observe that (3.7)—(3.9) imply that for every A € B(x,y)

(V(0p(2)) AD(V(6p(y)) A1)
(V(6p(A)) A1) —yl9o(|le —y[~2)

1 €1 1 M
e A) < —yl <2 — V1 A 4.
(515 ) o) < 6pl) Vol VI =l < 267 (5 V1) an(a), (4.37)
where M := 6 diam(D). Combining this with Theorem 2.9 we see that, to complete the proof, it suffices to
show that
(7 ople) VoD D), VDV G000 s
(V(6p(x) Vép(y) V]z —yl) A1)? Vlz —yl)?
Using the assumption that D is bounded, one can easily check that
(VO ADVEW)AD _ VEo@)Vpy) )
(V(0p(x) Vép(y) VIz —y) A1)2  VZ(ép(x) Vip(y) V Iz —yl)
We claim that for any a,b,c > 0 with |a — b < ¢,
V@V _ |, Vv -, Vv w0

VZ(avbVve) ~ V2(¢) — V2ZaVbVe)

The first inequality in (4.40) follows immediately from the fact that V' is an increasing function. So we only
need to check the second inequality. By symmetry, we assume b < a. Also the case b < a < ¢ is obvious.
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To deal with the other two cases, we first note that V is subadditive (see, for instance, [1, page 74]). In the
case b < ¢ < a, we have ¢ < a < b+ ¢ < 2¢. Using the subadditivity of V' we get V(a) < 2V(¢), and hence

V@Ve) _ | V@ve) o ve) Vv

=g = V2(a) V@) = V2 avove

In the case ¢ < b < a, we have b < a < b+ ¢ < 2b. Using the subadditivity of V' we get V(a) < 2V (b), and

hence
Vo), V@V

V2(c) =" V() “V%(avbVe)

Thus (4.40) is valid.
Now applying (4.40) with a = dp(x), b = dp(y) and ¢ = |z —y|, and then using (4.39) we arrive at (4.38).
a

Now we give the proof of Theorem 1.3, which is a consequence of Theorems 1.1 and 2.15.

Proof of Theorem 1.3. Using the interior ball condition of D, the following holds: For every Q € 9D
and r < R there is a ball B = B(zg),r) of radius r such that B C D and 0B N 9D = {Q}. In addition, it
follows from [29, Lemma 2.2] that, for each @ € 0D, we can choose a constant ¢; = ¢1(d, A) € (0,1/8] and a
bounded C*! open set Ug with uniform characteristics (R., A.) depending only on (R, A) and d such that
B(Q,aaR)ND C Ug C B(Q,R)N D and

dp(y) = du,(y) for every y € B(Q,c1R) N D. (4.41)

Assume that 7 € (0,¢1R], @ € D and u is nonnegative function in R? harmonic in D N B(Q,r) =
Ug N B(Q, r) with respect to X and vanishes continuously on D° N B(Q,r). Let zq := zgR. By [9, Lemma
4.2] and its proof, we see that u and x — Gy, (, zg) are regular harmonic in Ug N B(Q, 2r/3) with respect
to X. Since the C!! characteristics of Uy depend only on (R, A) and d, by the boundary Harnack principle
(Theorem 2.15), there exist r = r1(4, R, A) € (0,1/4] and ¢z = ¢2(¢, R, A) > 0 such that for any r € (0,71]
we have

u(z) Gug (@, 20)
GUQ (yv ZQ)
Now applying Theorem 1.1 to Gy, (z,z2q) and Gy, (y,2q), then using (4.41), we conclude that for
r € (0, (c1R A1)

u(w) _ |, (@0ua) ) (@) )
~ T (@((Oug (2))2) 72 (6((dp(x))=2))~1/2
for some ¢35 = c3(¢, R, A) > 0. The form (1.7) given in the statement of the theorem is equivalent to the one

in the display above for r € (0,(ciR A rq1)]. Now the case r € ((c;R A r1), (R A 1)/4] follows from the case
r € (0, (c;R A rq)] and Theorem 2.14. O

for every z,y € B(Q,r/2) N D.

for every z,y € B(Q,r/2)N D
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