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Abstract

We establish a boundary Harnack principle for a large class of subordinate Brownian motions,
including mixtures of symmetric stable processes, in x-fat open sets (disconnected analogue of
John domains). As an application of the boundary Harnack principle, we identify the Martin
boundary and the minimal Martin boundary of bounded k-fat open sets with respect to these
processes with their Euclidean boundaries.
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The boundary Harnack principle for nonnegative classical harmonic functions is a very deep result
in potential theory and has very important applications in probability and potential theory.

In [4] Bogdan showed that the boundary Harnack principle is valid in bounded Lipschitz domains
for nonnegative harmonic functions of rotationally invariant stable processes and then in [27] Song
and Wu extended the boundary Harnack principle for rotationally invariant stable processes to
bounded r-fat open sets. Subsequently Bogdan-Stos-Sztonyk [7] and Sztonyk [29] extended the
boundary Harnack principle to symmetric (not necessarily rotationally invariant) stable processes.
In a recent paper [6], Bogdan, Kulczycki and Kwasnicki proved a version of the boundary Harnack
inequality for nonnegative harmonic functions of rotationally invariant stable processes in arbitrary
open sets.

By using some perturbation methods, the boundary Harnack principle has been generalized
to some classes of rotationally invariant Lévy processes including relativistic stable processes and
truncated stable processes. These processes can be regarded as perturbations of rotationally in-
variant stable processes and their Green functions on bounded smooth domains are comparable
to their counterparts for rotationally invariant stable processes (see [9, 12, 15, 16, 17, 22]). This
comparison of Green functions played a crucial role in the arguments of [12], [16] and [17].

In this paper, we will show that, under minimal conditions, the boundary Harnack principle is
valid for subordinate Brownian motions with characteristic exponents of the form ®(¢) = |£]£(|¢]?)
for some a € (0,2) and some positive function ¢ which is slowly varying at co. Examples of this class
of subordinate Brownian motions include, among others, relativistic stable processes and mixtures
of rotationally invariant stable processes. The Green functions of subordinate Brownian motions
considered here behave like ¢|z|~%(¢(|z|~2))~" near the origin. So these subordinate Brownian
motions can not be regarded as perturbations of rotationally invariant stable processes in general
and their Green functions in bounded smooth domains are not comparable to their counterparts
for rotationally invariant stable processes.

Our proof of the boundary Harnack principle will be similar to the arguments in [4] and [27]
for rotationally invariant stable processes. One of the key ingredients is a sharp upper bound for
the expected exit time from a ball which, in the case of stable processes, follows easily from the
explicit formula for the Green function of a ball. However, the known methods seem to fail to get
the desired upper bound here and a substantially new idea needs to be introduced. We rely on the
fluctuation theory for real-valued Lévy processes and borrow some results from [26] to accomplish
the desired upper bound.

The organization of this paper is as follows. In Section 2 we use the fluctuation theory for real-
valued Lévy processes to establish a nice upper bound on the expected exit time from an interval
for a one-dimensional subordinate Brownian motion. In Section 3, we use the results of Section 2
to establish the desired upper bound on the expected exit time from a ball for a multidimensional
subordinate Brownian motion and an upper bound on the Poisson kernel of a ball. The proof of

the boundary Harnack principle is given in Section 4 and in the last section we apply our boundary



Harnack principle to study the Martin boundary with respect to subordinate Brownian motions.
In this paper we will use the following convention: the values of the constants rq,72,... will
remain the same throughout this paper, while the values of the constants cq,cs,... or C,C7,Co, . ..
might change from one appearance to another. The dependence of the constants on the dimension,
the index « and the slowly varying function will not be mentioned explicitly, while the dependence
of the constants on other quantities will be expressed using ¢(-) with the arguments representing
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the quantities the constant depends on. In this paper, we use “:=” to denote a definition, which
is read as “is defined to be”. f(t) ~ g(t), t — 0 (f(t) ~ g(t), t — oo, respectively) means

limy o f(t)/g(t) =1 (limy—oo f(t)/g(t) = 1, respectively).

2 Some Results on One-dimensional Subordinate Brownian Mo-
tion

Suppose that W = (W; : ¢ > 0) is a one-dimensional Brownian motion with
E [eiﬂWﬁWo)} — e VEER, >0,

and S = (S¢ : t > 0) is a subordinator (a non-negative increasing Lévy process) independent of W

and with Laplace exponent ¢, that is
E [e_ASt} = e 1) Vt, A > 0.

A C*° function g : (0,00) — [0, 00) is called a Bernstein function if (—1)"D"g < 0 for every positive

integer n. Any Bernstein function g can be written in the following form
o0
gA) =a+b\+ / (1 — e ) p(dt)
0

where a,b > 0 and 4 is a measure on (0, 00) with [;°(1A#)u(dt) < co. p is called the Lévy measure
of g. It is well known that a function g is the Laplace exponent of a subordinator if and only if g is
a Bernstein function with limy_g(A) = 0. A Bernstein function g is called a complete Bernstein
function if its Lévy measure p has a completely monotone density with respect to the Lebesgue
measure. For details on examples and properties of complete Bernstein functions, one can see [13],
[23] or [26]. One of the important properties of complete Bernstein functions is that f is complete
Bernstein if and only if A — A/ f()\) is complete Bernstein. We will use this property in the paper.

Throughout this paper we will assume that ¢ is a complete Bernstein function such that
B(N) = X2(N) (2.1)

for some a € (0, 2) and some positive function ¢ which is slowly varying at oo, that is, £(At)/¢(t) — 1
as t — oo for every A > 0. For concepts and results related to the slowly varying functions, we

refer our readers to [3].



Using Corollary 2.3 of [25] or Theorem 2.3 of [21] we know that the potential measure U of S
defined by

U(A) = E/ 1(St€A)dt = / ]P(St S A)dt
0 0
has a decreasing density wu.

By using the Tauberian theorem (Theorem 1.7.1 in [3]) and the monotone density theorem

(Theorem 1.7.2 in [3]), one can easily check that

ta/Z—l 1

)~ Ty {1y

0. (2.2)

Let u(t) be the density of the Lévy measure of ¢. It follows from Proposition 2.23 of [26] that

o' ot
) ~ S = ay2) a2

t— 0. (2.3)

The subordinate Brownian motion X = (X; : ¢t > 0) defined by X; = Wy, is a symmetric Lévy

process with the characteristic exponent
d(0) = ¢(6%) = 10|°¢(*),  VOER.

Let X; := sup{0V X5 : 0 < s <t} and let L; be a local time of X — X at 0. L is also called a
local time of the process X reflected at the supremum. Then the right continuous inverse L, Uof
L is a possibly killed subordinator and is called the ladder time process of X. The process YLt_l
is also a possibly killed subordinator and is called the ladder height process of X. (For the basic
properties of the ladder time and ladder height processes, we refer ore readers to Chapter 6 of [1].)

It follows from Corollary 9.7 of [10] that the Laplace exponent x of the ladder height process
of X is given by

1o 1o ayo 2\2
X(A) = exp <71r/0 1g1(<i(229))d0) — exp (71r/o 1 g<9'11§§9 A ))de), VAS0.  (24)

Under our assumptions, we have the following result.

Proposition 2.1 The Laplace exponent x of the ladder height process of X is a special Bernstein

function. i.e., \/x(\) is also a Bernstein function.

Proof. Define ¢(\) = A/¢(A\). Let T be a subordinator independent of W and with Laplace
exponent ¢ and let Y = (Y; : t > 0) be the subordinate Brownian motion defined by Y; = Wr,. Let
U be the characteristic exponent of Y. Then

D)V () = p(0%)h(6%) =62,  VHER.



Let p be the Laplace exponent of the ladder height process of Y. Then by (2.4) we have

XWp(h) = exp (i /0°° 1og(<1>(9A>1) ielgg(\lf(m)) d@)

(L [ IOV )

B 1 [ log(62)\?) B
= exp <7r/0 W d@ =\

Thus x is a special Bernstein function. O

Proposition 2.2 If there are M > 1, 6 € (0,1) and a nonnegative integrable function f on (0,0)
such that

202
‘log (E%‘Z)) )' < 1O),  V(0,2) € (0,6) x (M, 00), (2.5)

then
= 1. (2.6)

Proof. Using the identity

> log(#°\%)
B2 _
A exp(ﬂ/o L6 dé |, VA B >0,

we get easily from (2.4) that

Y = A2exp (W /OOO loggﬁf\;g%)M)

= XY2(0(N*)/2 exp (i /OOO log <£%\§;)> . ja? d9> .

By Potter’s Theorem (Theorem 1.5.6 (1) in [3]), there exists A9 > 1 such that

0(A\%0?) 1 log 0
< .
‘log< o) > T = 21+02, V(0, ) € [1,00) X [Ag, 00)

Thus by using the dominated convergence theorem in the first integral below, the uniform conver-
gence theorem (Theorem 1.2.1 in [3]) in the second integral, and the assumption (2.5) in the third

integral, we have
> 0(N\?%0?) 1 (\202) 1
li 1 1 =
oo Jo Og<£()\2)>1+62 ALI&(/ / /) < (02) >1+02d9

In the case ¢(\) = A*/2 for some a € (0,2), the assumption of the proposition above is trivially

a

satisfied. Now we give some other examples.



Example 2.3 Suppose that o € (0,2) and define
o) = (A1) =1
Then ¢ is a complete Bernstein function which can be written as ¢(\) = A%/2¢(\) with

A+ 1)*2 —1

/2
Using elementary analysis one can easily check that there is a nonnegative integrable function f on
(0,1) such that (2.5) is satisfied.

1) =

Example 2.4 Suppose 0 < § < a < 2 and define
P(N) = XY2 4 \0/2,

Then ¢ is a complete Bernstein function which can be written as ¢(\) = A*/2¢(\) with
((A) =14 \F9/2,

Using elementary analysis one can easily check that there is a nonnegative integrable function f on
(0,1) such that (2.5) is satisfied.

Example 2.5 Suppose that a € (0,2) and § € (0,2 — «). Define
B(N) = X2 (log(1 + \))?/2.

By using the facts that A and log(14\) are complete Bernstein functions and properties of complete
Bernstein functions (see [26]), one can easily check that ¢ is a complete Bernstein function. ¢ can
be written as ¢(\) = A*/2¢()\) with

() = (log(1 + X))*/2.

To check that there is a nonnegative integrable function f on (0,1) such that (2.5) is satisfied, we
only need to bound the function
log(1 4+ \262?)
log | ——————
log(1 + A?)
for large A and small §. We will consider two cases separately. Fix an M > 1 and a 6§ < 1.

(1) A> M, 0 <1and XA > 1/6. In this case, by using the fact that for any a > 0 the function
X

x — —£ is decreasing on (a, 00), we get that

202 2
log log(1 4 A\°67) ~ log log(1+ A%)
log(1 4+ \2) log(1 + A\262)
log(1 + A?)
log(62) + log(1 + A\2)

log ( log(1 +672) )
log(62) + log(1 + 6—2)
log(1 + 6%) — log(6?)
< log(1 + 62) > '

IN

IN

= log



(2) A> M, 0 <1and A <1/6. In this case we have

‘h)g <log(1 + /\202)>' ~ log < log(1 4 A\?) >

log(1 + A?) log(1 + A26?)
log(1 + A?)
(log(l + M292)>
log(1+672)
<10g(1 + M292)> '

Combining the results above one can easily check that there is a nonnegative integrable function f
on (0,1) such that (2.5) is satisfied.

Example 2.6 Suppose that o € (0,2) and § € (0, «). Define
B(A) = A**(log(1 + ) 772,

By using the facts that A and log(1+4\) are complete Bernstein functions and properties of complete
Bernstein functions (see [26]), one can easily check that ¢ is a complete Bernstein function. ¢ can
be written as ¢(\) = A*/2/()\) with

() = (log(1 + X)) =772,

Similarly to the example above, one can use elementary analysis to check that there is a nonnegative
integrable function f on (0, 1) such that (2.5) is satisfied.

The method of Example 2.5 can be used to construct a whole class of complete Bernstein
functions satisfying the assumptions of this paper. For instance, by using arguments similar to the
one used in Example 2.5, one can check for a € (0,2), 3 € (0,2 — a), functions like X*/?(log(1 +
log(1+X)))%2, X*/2(log(14log(1 +log(14))))?/2,... are complete Bernstein functions satisfying
the assumptions of this paper. Similar to Example 2.6, for any « € (0,2), 8 € (0, ), functions
like X*/2(log(1 +log(1+4 X)) ~?/2, A*/2(log(1 + log(1 +log(1 +\)))) /2, ... are complete Bernstein
functions satisfying the assumptions of this paper.

In the remainder of this section we will always assume that the assumption of Proposition 2.2 is
satisfied. It follows from Propositions 2.1 and 2.2 above and Corollary 2.3 of [25] that the potential
measure V' of the ladder height process of X has a decreasing density v. Since X is symmetric, we
know that the potential measure V of the dual ladder height process is equal to V.

In light of Proposition 2.2, one can easily apply the Tauberian theorem (Theorem 1.7.1 in [3])

and the monotone density theorem (Theorem 1.7.2 in [3]) to get the following result.



Proposition 2.7 As x — 0, we have

10/2

L(1+a/2)(l(x=2))/>
xa/Z—l

T(a/2)(£(z=2))1/?

V((0,2))

v(x)

It follows from Proposition 2.2 above and Lemma 7.10 of [19] that the process X does not creep
upwards. Since X is symmetric, we know that X also does not creep downwards. Thus if, for any
a € R, we define

To =Iinf{t >0: Xy <a}, o,=1inf{t>0:X; <a},

then we have
Pu(ra =04) =1, z>a. (2.7)

Let G(©%)(z,y) be the Green function of X (*:>) the process obtained by killing X upon exiting

from (0,00). Then we have the following result.

Proposition 2.8 For any xz,y > 0 we have

(0,00) [Ty + 2 —a)dz, x <y,
¢ (@y) = { fq‘?_y v(z)v(y+ 2z —x)dz, = >y.

Proof. By using (2.7) above and Theorem 20 on page 176 of [1] we get that for any nonnegative

function f on (0, 00),

B, | [T s i) =k [ [ - o, (2.5)

where k is a constant depending on the normalization of the local time of the process X reflected

at its supremum. We choose k£ = 1. Then
B | [ a] = [T o) [ oty - sy
= /Ox v(2) /Ooov(y)f(a: +y—2)dydz = /Ox v(2) /xoo v(w+ z — z) f(w)dwdz

—z

:/Oxf(w) /:w v(z)v(w—l—z—x)dzdw—F/OO f(w) /0 v(2)v(w + 2 — 2)dzdw.  (2.9)

xT

On the other hand,
B, | [T x| = [ 60 )
0 0

= /x GO (2, w) f(w) dw + /OO GO (2, w) f(w) dw . (2.10)
0 T

8



By comparing (2.9) and (2.10) we arrive at our desired conclusion. O

For any r > 0, let G(%) be the Green function of X (") the process obtained by killing X upon

exiting from (0,7). Then we have the following result.

Proposition 2.9 For any R > 0, there exists C = C(R) > 0 such that

/2 a/2

T x

()7 (a2 72

/ GO (z,y)dy < C € (0,7r), re€ (0,R).
0

Proof. For any x € (0,r), we have

/ GO (z,y)dy < / GO (2, y)dy

/ / y+z—xdzdy+// v(y + z — x)dzdy
= / (z)/ (y+z—x)dyd2+/ v(z)/ v(y+ 2z —x)dydz < 2V((0,7)) V((0,x)).
0 r—z 0 T
Now the desired conclusion follows easily from Proposition 2.7 and the continuity of V((0,x)) and
22 (6a2)) 2,

a

As a consequence of the result above, we immediately get the following.

Proposition 2.10 For any R > 0, there exists C = C(R) > 0 such that

T 0r) Ta/2 xa/2 (7" _ x)a/2
[, 6w < i ey ey ) €O TR

3 Key estimates on Multi-dimensional Subordinate Brownian Mo-
tions

In the remainder of this paper we will always assume that d > 2 and that o € (0,2). From now on

we will assume that B = (B; : t > 0) is a Brownian motion on R? with
E [eif(Bt—B@} — P veeRLE > 0.

Suppose that S = (S; : ¢ > 0) is a subordinator independent of B and that its Laplace exponent
¢ is a complete Bernstein function satisfying all the assumption of the previous section. More
precisely we assume that there is a positive function ¢ on (0, 00) which is slowly varying at oo such
that ¢(\) = X*/2¢(\) for all A > 0 and that there is a nonnegative integrable function f on (0,4)



for some § > 0 such that (2.5) holds. As in the previous section, we will use u(¢) and p(t) to denote
the potential density and Lévy density of S respectively.

In the sequel, we will use X = (X; : ¢t > 0) to denote the subordinate Brownian motion defined
by X; = Bg,. Then it is easy to check that when d > 3 the process X is transient. In the case of
d = 2, we will always assume the following;:

A1. The potential density u of S satisfies the following assumption:
u(t) ~ ct’ ™1, t — oo (3.1)

for some constants ¢ > 0 and v < 1.

Under this assumption, one can easily see that the integral

/0 (4nt) " exp (-Z) u(t)dt

is finite for all r > 0 and thus the process X is also transient for d = 2.
We will use G(z,y) = G(xz — y) to denote the Green function of X. The Green function G of

X is given by the following formula
G(z) = / (4mt) =2~ [P/ WDy (ydt, e RY
0

Using this formula, we can easily see that G is radially decreasing and continuous in R?\ {0}.
In order to get the asymptotic behavior of G near the origin, we need some additional assumption

on the slowly varying function ¢. For any y,t,£ > 0, define

5(1/11)’ y
Megly 1) = 1 T

<,
> L

i

GG

We will always assume that
A2. There is a & > 0 such that

A@,f(yat) < g(t)7 vyvt > 07

for some positive function g on (0,00) with

/ =2 L=t (1) dt < 0.
0

It is easy to check (see the proofs of Theorem 3.6 and Theorem 3.11 in [26]) that for the
subordinators corresponding to Examples 2.3-2.6, A1 and A2 are satisfied.

Under these assumptions we have the following.

Theorem 3.1 The Green function G of X satisfies the following
al'((d — @) /2) 1
201 r 2T (1 + o/2) ||l (||72)

G(x) ~

|z| — 0.

10



Proof. This follows easily from A1-A2, (2.2) above and Lemma 3.3 of [26]. We omit the details.
a

Let J be the jumping function of X, then
J(z) = / (dmt) W2 1P/ yyde, x e RL
0
Thus J(z) = j(|z|) with
> 2
j(r) = / (47t)~ Y2/ yydt, > 0.

0

It is easy to see that j is continuous and decreasing on (0,00). In order to get the asymptotic
behavior of j near the origin, we need some additional assumption on the slowly varying function

£. For any y,t,& > 0, define
£(4t/y)

Trel,) = { Wy

AN ISV S

y<g,
Y=z
We will always assume that
A3. There is a £ > 0 such that
T@,ﬁ(y7t) < h(t)7 Vy,t >0

for some positive function h on (0, 00) with

/ A+ 2= 1=t (1) dt < oo,
0

It is easy to check (see the proofs of Theorem 3.6 and Theorem 3.11 in [26]) that for the

subordinators corresponding to Examples 2.3-2.6, A3 is satisfied.

Theorem 3.2 The function j satisfies the following

al'((d+a)/2)  4(r~2)

P ardD(1 - aj2) rita 0

gr) ~

Proof. This follows easily from A1, A3, (2.3) above and Lemma 3.3 of [26]. We omit the details.
|

For any open set D, we use 7p to denote the first exit time from D, ie., 7p = inf{t > 0 :
X; ¢ D}. Given an open set D C R? we define X (w) = X;(w) if t < 7p(w) and X (w) = 0 if
t > 7p(w), where 0 is a cemetery state. We now recall the definition of harmonic functions with

respect to X.

11



Definition 3.3 Let D be an open subset of R4, A function u defined on R? is said to be
(1) harmonic in D with respect to X if
Eg [J[u(Xr5)]] <00 and  wu(z) =Ez [u(Xry)], x € B,
for every open set B whose closure is a compact subset of D;

(2) regular harmonic in D with respect to X if it is harmonic in D with respect to X and for each
reD,
u(z) = Ey [u(Xr,)];

(3) harmonic for X if it is harmonic for X in D and vanishes outside D.

In order for a scale invariant Harnack inequality to hold, we need to assume some additional
conditions on the Lévy density p of S. We will always assume that
A4. The Lévy density p of S satisfies the following conditions: there exists C1 > 0 such that

p(t) < Cru(t+1), V> 1.
It follows from (2.3) that for any M > 0 there exists Cy > 0 such that
wu(t) < Cop(2t), vt e (0, M).
Using A4 and repeating the proof of Lemma 4.2 of [21] we get that
(1) For any M > 0, there exists C's > 0 such that

J(r) < Csj(2r), Vr e (0,M). (3.2)

(2) There exists Cqy > 0 such that

Jjr) < Cyj(r+1),  Vr>1. (3.3)

It is easy to check (see [26]) that for the subordinators corresponding to Examples 2.3-2.6,
A4 is satisfied. Therefore by Theorem 4.14 of [26] (see also [21]) we have the following Harnack

inequality.

Theorem 3.4 (Harnack inequality) There ezxist r1 € (0,1) and C > 0 such that for every
r e (0,r1), every xg € RY, and every nonnegative function v on R which is harmonic in B(xq,r)
with respect to X, we have

sup  u(y) <C  inf u(y).
yEB(zo,r/2) ( ) yEB(z0,1/2) ( )

12



For any bounded open set D in RY, we will use Gp(z,y) to denote the Green function of
XP. Using the continuity and the radial decreasing property of G, we can easily check that Gp is
continuous in (D x D)\ {(z,z) : z € D}.

Proposition 3.5 For any R > 0, there exists C = C(R) > 0 such that for every open subset D
with diam(D) < R,

1

(&g e g TV EDXD (3

Proof. The results of this proposition are immediate consequences of Theorem 3.1 and the conti-

nuity and positivity of £(r=2)r?=% on (0, c0). O

The idea of the proof of the next lemma comes from [29].

Lemma 3.6 For any R > 0, there exists C = C(R) > 0 such that for everyr € (0, R) and o € R,

a/2 e a/2
< r (r — |z — x0))

B e R (Pt ) L

Proof. Without loss of generality, we may assume that xqg = 0. For z # 0, put Z; = )T;‘I Then

Zy is a Lévy process on R with
E(e?%) = B(FTX) = 010 geR.

Thus Z; is of the type of one-dimensional subordinate Brownian motion we studied in the previous
section. It is easy to see that, if X; € B(0,r), then |Z;| < r, hence

Ex[mB(0,m)] < Ejg[7],

where 7 = inf{t > 0: |Z¢| > r}. Now the desired conclusion follows easily from Proposition 2.10.
a

Lemma 3.7 There exist m5 € (0,71] and C > 0 such that for every positive r < ro and xg € R?,

Eﬂ&o [TB(QJ(),T‘)] > C

w7

13



Proof. The conclusion of this Lemma follows easily from Theorem 3.2 above and Lemma 3.2 of
[24]. O

Using the Lévy system for X, we know that for every bounded open subset D and every f > 0
and x € D,

B f(Xen): Xy # Xl = [ [ Golo.2)I(: = s )y (3.5)

(See, for example, Appendix A.3 of [11].) For notational convenience, we define
/ Gp(z,2)J(z — y)dz, (z,y) € D x D". (3.6)
Thus (3.5) can be simply written as
B lf(Xop): Xy # Xyl = [ Kpla) flu)dy.

Using the continuities of Gp and J, one can easily check that Kp is continuous on D X D".

As a consequence of Lemma 3.6-3.7 and (3.6), we get the following proposition.

Proposition 3.8 There exist C5,Cg > 0 such that for every r € (0,12) and x¢ € RY,

) ro/? (r—\x—xg\)a/Q
KB(xo,T)(xay) < 05.7(‘y - $0| - 7") (K(r_2))1/2 (E((’I" _ ’Zlf - l’o’)_2))1/2 (37)
for all (z,y) € B(zo,7) x B(zo,r) and
e — ¢
KB(IQ,T) (‘T07 y) > Cs J(y - $0)€(r_2)7 Vy € B(x07 T) : (38)

Proof. Without loss of generality, we assume 2o = 0. For z € B(0,r) and r < |y| < 2,
lyl =r <lyl = lz[ < [z =yl <[z] + |y[ <7+ |y < 2y,
and for z € B(0,r) and y € B(0, 2)¢,
lyl —r <[yl =zl <[z =yl <[zl + |yl <7+ yl <[yl + 1.
Thus by the monotonicity of J, (3.2) and (3.3), there exists a constant ¢ > 0 such that
cJ(y) < J(z—y) < jlyl=r),  (2y) € BO,r) x BO,r)"

Applying the above inequality and Lemmas 3.6-3.7 to (3.6), we have proved the proposition. O
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Proposition 3.9 For every a € (0,1), there exists C = C(a) > 0 such that for every r € (0,r2),
zo € R? and 1,29 € B(zg,ar),

C

KB(aor)(71,Y) < CKp(aor)(72,y),  y € Blzo,7) .

Proof. This follows easily from the Harnack inequality (Theorem 3.4) and the continuity of
Kp For details, see the proof of Lemma 4.2 in [29]. m]

xo,T)"

As an immediate consequence of Theorem 3.2, we have

Lemma 3.10 There exists r3 € (0,72] such that for every y € R with |y| < r3,

al'((d+a)/2)  ((y]™?)
227a7rd/2r(1 —Oé/2) |y’d+a —

2°al((d + 0)/2) £(Jy|~?)
md2T(1 — o/2) |yldte

J(y) <

The inequalities below will be used several times in the remainder of this paper.

Lemma 3.11 There ezist r4 € (0,73] and C > 0 such that

Sa/2 Toz/?
Wy = ey TEIErER @)
81704/2 ,rlfa/Z
W < CW, VO < s <r <dry, (3.10)
si—o/2 (5(8_2))1/2 < COrl-o/? (5(7‘_2))1/2, VO <s<r<dry, (3.11)
—2\\1/2 _o\\1/2
< (f(s72))" (£(r=2))
/r olraz ¥ S CT’ VO <r < dry, (3.12)
v (p(s—2)) 2 I(r—2)) /2
/ ((S/)z)ds < C((T/Q))l, V0 <7 < dry, (3.13)
0 P ro/2—
o] —2 -2
/ gifm)ds < 0£<:a ) vo<r<an, (3.14)
T -2 -2
/ Eij_l)ds <cC 67(;_2), VO <1 < dry (3.15)
0
and
r Safl e
/ mds <C m, VO <r <dry. (316)
0

Proof. The first three inequalities follow easily from Theorem 1.5.3 of [3], while the last five from
the O-version of Theorem 1.5.11 of [3]. O
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Proposition 3.12 For every a € (0,1), there exists C = C(a) > 0 such that for every r € (0, r4]
and zo € R?,

{0y — o] — )2
Kotan(e9) < € Gy (y—aal —ryo?

Va € B(xg,ar), y € {r < |zo—y| < 2r}.

Proof. By Proposition 3.9

C1
K:Brxay S/ K:prwvydw
Bz, (2 9) < 3 ) y(w,y)

for some constant ¢; = ¢q(a) > 0. Thus from Lemma 3.6 and (3.7), we have that

C
KB(xo,r)('ray) < 7“‘21/ / GB(xo,r)(w7Z)‘](z_y)dZdw
B(zo,r) J B(zo,r)
2]

= EZ [TB(wo,r)]J(Z - y)d’z

rd B(zo,r)

c3 ro/2 / (r—|z— x0|)a/2
S )2 J(z —y)dz
= ypd (E(r—2))1/2 Blzo.r) (U((r—|z — xo‘)_g))l/Q ( Y)

for some constants ¢z = c2(a) > 0 and ¢3 = c3(a) > 0. Now applying Lemma 3.10, we get

car®/?74 / (r—lz—2)*?  lz=y[?)
B(zo,r) (6((

K <
pean(29) = Gy Pl o) B |- gl

for some constant ¢4 = ¢4(a) > 0. Since r — |z — x| < |y — 2| < 3r < 3ry, from (3.9) we see that
C=le=wl? L (y= )
(((r = |z —2o)72NYV2 = 7 (Uly — 2[72)1/2

for some constant c5 > 0. Thus we have

cgr /21 [ e v
2D Sy |2 = ylTo

et (Ul — o)
(Lr=2 )2 JB@ly—aol—r)e |2 — yldFerl?

cpr/2=d oo (6(3*2))1/2
Jyar s

KB(JZQ,T‘) (.T, y)

(U(r2))L/2 a2 0

y—xo|—7r

for some constants cg = cg(a) > 0 and ¢; = c¢7(a) > 0. Using (3.12) in the above equation, we

conclude that
K (z,y) < csr®/2=4 (U((|ly — wo| — 1) ~2))V/?
B(zo,r)\ 1Y) = )12 (ly — wo| — r)o/2

for some constant cg = cg(a) > 0. O
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4 Boundary Harnack Principle

In this section, we give the proof of the boundary Harnack principle for X.
Using an argument similar to the first part of the proof of Lemma 3.3 in [27] and using Lemma

3.10 and (3.14)-(3.15) above we can easily get the following lemma. We skip the details.

Lemma 4.1 There exists C > 0 such that for any r € (0,r4) and any open set D with D C B(0,r)

we have

P, (X,, € B(0,r)) < Cr_o‘é(r_Q)/ Go(@y)dy, =€ DNBO,r/2).
D

Lemma 4.2 There exists C > 0 such that for any open set D with B(A,kr) C D C B(0,r) for
some r € (0,74) and k € (0,1), we have that for every x € D\ B(A, kr),

o, —d—a 1 (5
/DGD(J:,y)dy < O r®gdme/2 ) <1 + W) P, (XTD\B(AM) € B(A,m")) .

Proof. Fix a point x € D\ B(A,rr) and let B := B(A, ). Note that, by the harmonicity of
Gp(z, ) in D\ {z} with respect to X, we have

Go(z, A) > /

_ KB(Ay)Gp(z,y)dy > / Kp(A,y)Gp(z,y)dy.
DNB

DNB(A,358)e

Since 37 < |y — A| < 2r for y € B(A,25)°N D and j is a decreasing function, it follows from
(3.8) in Proposition 3.8 and Lemma 3.10 that

Gp(a,4) > o / Gz, ) (y — A)dy
DNB(A,35)e

(
(

V
)
[aly
.
—~
[\~
=
S—

4

_a ( /
> CoRTTr T ot Gp(z,y)dy
’ (((%5)7?) Jpnp(a, sy p(@y)

for some positive constants ¢; and ca. On the other hand, applying Theorem 3.4 we get

Gp(z,y)dy < c3 Gp(z, A)dy < cyr? KGp(z, A)
B(A, %) B(A,%5")

for some positive constants cs and c4. Combining these two estimates we get that

LF)7?)

/DGD(x,y)dy < ¢ <7“d/<;d—|—7"d/<a_ 22

) Gp(z, A) (4.1)

17



for some constant c5 > 0.
Let Q = D\ B(A, %). Note that for any z € B(A, ) and y € , 27y —2| < |ly—A| < 2ly—=z|.
Thus we get from (3.6) that for z € B(A, ),

cg ' Ka(z, A) < Kq(z,2) < cKq(z, A) (4.2)

for some ¢ > 1. Using the harmonicity of Gp(-,A) in D \ {A} with respect to X, we can split
Gp(-, A) into two parts:
GD(QZ', A) =E, [GD(XTQ’ A)]
KT Kr Kr
= B, [Gp(Xrgy 4) : Xy € BA, 70| + Eo [Go(Xrgy 4) X {5 <y — A< 5}
=1 + 5.
Using (4.2) and (3.4), we have

1 dy
(a,zr) |y — Al |y — A|72)

I < ako(w ) [ GolyA)dy < e Kolw,4) [
B(A,5r B
for some constant ¢7 > 0. Since |y — A| < 4r < 4ry, by (3.9),

y— A2 (@)l
Uy — A2 = (@)

for some constant cg > 0. Thus

a/2
I < 0708KQ(33,A)/ ! (4r)

1
dy < cor®*r®——_Kq(z, A
s Iy — AR (@) )Y = @ ala 4

¢((4r)72)

for some constant cg > 0. Now using (4.2) again, we get

1
L < clgmo‘/er“d/ Kq(z,2)dz
A Jpamy 20

for some constant cjp > 0. On the other hand, by (3.4),

b:/ Gy, APy (Xr, € dy)
{F<ly—AlI<5F}

1 1
< 611/ - —57 P (X7 € dy)
(az<py-aj<ary [y — Al Uly — A]72) ?

for some constant ¢;; > 0. Using (4.3), the above is less than or equal to

1 KT KT
a/2—d .a—d P (X Yo« — Al < = )
C].ZK/ r E((4T‘)72) T TQ 6{ 4 — ’y | — 2 }
for some constant c12 > 0. Therefore

1

a/2—d a—d AT
Gp(xz,A) < ci13k T R P, <XTQ € B(A, ) ))

18



for some constant c¢13 > 0. Combining the above with (4.1), we get

o, —d—a« 1 g((ﬂ)72) RT
/DGD(QTaZ/)dy < cygr® AT W <1 + E((227“)_Q)> Py (XTD\B(A,ETT) € B(4, 7))

for some constant c14 > 0. It follows immediately that

o —d-a 1 (%))
/DGD(x,y)dy < cpqr®r4e/2 (O] (1 + 5((227")2)) P, <X7_D\B(A,mr) € B(A, m“)) .

a

Combining Lemmas 4.1-4.2 and using the translation invariant property, we have the following

Lemma 4.3 There exists ¢; > 0 such that for any open set D with B(A,kr) C D C B(Q,r) for
some r € (0,74) and k € (0,1), we have that for every x € DN B(Q, 5),
()™

c a2 TP
P, (Xrp, € B(Q,r)°) < ¢ k=402 T <1+ g<<2r>2)> P, (XTD\B(M) e B(A,m)).

Let A(z,a,b) :={y€R¥:a < |y — x| < b}.

Lemma 4.4 Let D be an open set and 0 < 2r < r4. For every Q € R% and any positive function

u vanishing on DN B(Q, %r), there is a o € (%07“, %r) such that for any x € D N B(Q, %7“),

Ta
Eq |u(X; (X, B(Q,0)F| <0~ -
u( DmB(Q,o)) DNB(Q,0) € (Q U) Cg((g”—Q) /B(Q71gr)c J(y Q)u(y)dy

for some constant C' > 0 independent of Q and w.

Proof. Without loss of generality, we may assume that Q = 0. Note that by (3.13)
11
6

Lo [ el = )2l - o) uty)dydo
s JA0,02r)

wingr —91)2 —a)2
L = sl = o) oty dy
A(O,%r,?r)

10
FT

ly|—22r
< Cl/ / 022572245 | u(y)dy
A(O,%OT,ZT) 0

107, _ 107, _
< 02/ Uyl = —=) "2yl = =) Puly)dy
A(0,107 27 6 6

b 6 b
for some positive constants ¢; and cp. Using (3.11), we get that there is a constant ¢3 > 0 such
that
107, _

107, _, _ o
/ Uyl = =)yl = =) Puly)dy < s / (lul™) 2Ll Puy)dy,
A(0,18 2r)

A(0,45",2r)
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which is less than or equal to

Tl—a/?
C4W /A( Iyl uly)dy

0,%,27’)

for some constant ¢4 > 0 by (3.10). Thus, by taking c5 > 6cacq, we can conclude that there is a
o € (¥, i) such that

—a/2
14 y_0-721/2 y—Ua/QuydySCT/ enyUydy. 4.4
/A(OMT) ((Jyl =) 75) 7 lyl = o)™ uly) U@ D a0, 100 o (9™ uly)dy. (4.4)

Let x € D N B(0, %7’) Note that, since X satisfies the hypothesis H in [28], by Theorem 1 in
[28] we have

X

EI [U(X TDNB(0,0) € B(O7U)C]

TDmB(o,o));

T u(XTDmB(o’G)); XTDnB(o,a) S B(O? 0)67 TDNB(0,0) = 7—B(O,(f):|

e |[u(Xs

E
=E, |:U(XTB<0’U)); XTB<0’U) € B(O, U)c7 TDNB(0,0) = 7—B(O,a)}
E |: B(O,a)); XTB(O,a) € B(O, U)c] = / KB(O,U) (a:,y)u(y)dy.
B(0,0)¢

In the first equality above we have used the fact that u vanishes on DN B(0,0). Since o < 2r < 1y,

from (3.7) in Proposition 3.8, Proposition 3.12 and Lemma 3.10 we have

EI [U(XTDMB(O,U));XTDnB(O,cr) € B(O7O-)C:| < /B(O o KB(O,U)(xay)u(y)dy
o2 (U(|yl — o))

<c / u(y)dy

‘ A2 (=22 (Jy| = o)/ )

) o/2 (o — \x|)0‘/2 .
+ cg /13(0,27“)0](‘y| —0) (L(e=2)2 (6((0 — |x‘)_2))1/2u(y) Yy

for some constant ¢g > 0. When y € A(0, 2r,4) we have 5|y| < |y| — o, while when |y| > 4 we have
ly| — o > |y| — 1. Since ¢ — |z| < o < 2r, we have by (3.9) and the monotonicity of j,

0/ (o —|a)*/? lyly_

Lo )17 (U{(o — [l 212 c7j(ﬁ)f((2r)‘2)’

F(lyl — 0)( y € A0,2r,4)

and O.a/2 (O’ . |:I:Da/2 . o
Ko )7 (Wo 1) 2y = P Dy W=

for some constant ¢; > 0. Thus by applying (3.2) and (3.3), we get

3yl —U)(

Ga/Z (g_ ‘$|)a/2 ro

o7 [W(o — )22 = M

31yl —0)(
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for some constant c¢g > 0. On the other hand, by (3.9) and (4.4), there exist positive constants cg
and c1g such that

go/2—d —o)2))1/2
/ (Ul =) )2

(0,0,2r) (K(O'_Q))l/2 (|y‘ - U)a/Q
1or

o (((lyl = a)—2))1/2u
( 6 ) (£(0—2))1/2 /A(o,g,zr) (] = o)°/? (y)dy
cor™? (2r)°/2 P2 oy
- (€((2r) =) (e((2r)=2))M? /A(o,lgr,zr)g(‘y’ Ju(y)dy

,',,Gf

< ¢ / Yyl ™)y~ uly)dy,
0@ 0,195 20 (yl™)lyl (y)

which is less than or equal to

Cllm /A(O 10 5y J(y)u(y)dy,

76 0

for some constants c¢y; > 0 by Lemma 3.10. Hence

C Ta
E,; [U(XTDmB(o,o))§XTDmB(o,a) € B(0,0) } < 12 W /B( J(y)u(y)dy

for some constant ci1o > 0. O

Lemma 4.5 Let D be an open set. Assume that B(A, kr) C DNB(Q,r) for some 0 < r < 2ry and
k € (0, %] Suppose that u > 0 is regular harmonic in D N B(Q, 2r) with respect to X and u =0 in
DN B(Q,2r). If w is a regular harmonic function with respect to X in D N B(Q,r) such that

w(z) :{ u(z), =€ B(Q,%)°u(D°NBQ,r)),
0, x € AQ,r, 377"),

then
u(A) > w(A) > C/@awu(x), Ve € DN B(Q, %7‘)

for some constant C > 0.

Proof. Without loss of generality, we may assume Q = 0 and z € DN B(0, %7’) The left hand side
inequality in the conclusion of the lemma is obvious, so we only need to prove the right hand side
inequality. Since w is regular harmonic in D N B(0,2r) with respect to X , we know from Lemma

4.4 that there exists o € (1, 1) such that

u(z) = Ey [u(X, 6((27’)_2)/3(071?)0 J(y)u(y)dy

DNB(0,0) )’

X

TDNB(0,0)

€ B(O,a)c} <c
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for some constant ¢; > 0. On the other hand, by (3.8) in Proposition 3.8, we have that

wd) = [ Konpon(homiy 2 [ K (A vy

B(0,%)°

(kr)*

> o /3(0,3;)6 J(A—y)Wu(y)dy

for some constant co > 0. Note that |y — A| < 2|y| in A(0,%,4) and that |y — A| < |y| + 1 for
ly| > 4. Hence by the monotonicity of j, (3.2) and (3.3),

for some constant ¢4 > 0. |
We recall the definition of x-fat set from [27].

Definition 4.6 Let v € (0,1/2]. We say that an open set D in RY is k-fat if there exists R > 0
such that for each Q € 0D and r € (0,R), DN B(Q,r) contains a ball B(A,(Q),kr). The pair
(R, k) is called the characteristics of the k-fat open set D.

Note that all Lipschitz domains and all non-tangentially accessible domains (see [14] for the
definition) are k-fat. Moreover, every John domain is r-fat (see Lemma 6.3 in [20]). The boundary
of a x-fat open set can be highly nonrectifiable and, in general, no regularity of its boundary can
be inferred. k-fat open set may be disconnected.

Since [ is slowly varying at oo, we get the Carleson’s estimate from Lemma 4.5.

Corollary 4.7 Suppose that D is a k-fat open set with the characteristics (R, k). There exists a
constant Ry such that if r < Ry, Q € 0D, u > 0 is reqular harmonic in D N B(Q, 2r) with respect
to X and u=0 in D°N B(Q,2r), then

u(4,(Q) > Culx), Ve DNBQ 1)
for some constant C > 0.

The next theorem is a boundary Harnack principle for bounded x-fat open set and it is the

main result of this section.
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Theorem 4.8 Suppose that D is a k-fat open set with the characteristics (R,k). There exists a
constant r5 = r5(D,a,f) < r4g A R such that if 2r < r5 and Q € 9D, then for any nonnegative
functions u,v in R® which are regular harmonic in D N B(Q,2r) with respect to X and vanish in
DN B(Q,2r), we have

LA Q) | ul) _ uA@) r
Q) S e <€ repnbey

for some constant C = C(D) > 1.

&

Proof. Since / is slowly varying at oo, there exists a constant r5 := r5(D, «, ) < r4 A R such that

for every 2r < rs,

—2 —2 0((EC —2 —2
O o T (0 LG S e N (G RO AN ws)
O((kr)=2) 7 £((4r)=2)" £((4r)72) " £((2r)72)

Fix 2r < rs throughout this proof. Without loss of generality we may assume that ) = 0 and
u(A(0)) = v(Ar(0)). For simplicity, we will write A,(0) as A in the remainder of this proof. Define

u; and ug to be regular harmonic functions in D N B(0,r) with respect to X such that

_[ule), r<lal <
u(x) = { 0, xeBO,%)U (DN B0,

" (@), @ € BO,5)°U (DN BO,r))
| u(z), xe B(0,5) U (DN BO,r)),
“2(@‘{0, r<le <%
and note that u = uy + ug. If DN {r < |y| < ¥} is empty, then u; = 0 and the inequality (4.8)
below holds trivially. So we assume D N {r < |y| < 2} is not empty. Then by Lemma 4.5,

k)2 "
QMU(A)7 vy € DﬂB(O,%)

for some constant c¢; > 0. For z € DN B(0, §), we have

u(y) < a1k

3r
(o) = B [ 0) X €D < bl < )]
3r

< < ) TDmB(o,r) ebDn {T < ‘y| < 2}>
Dﬂ{r<|y|<dr}

: < > X B(O’T)C>
Dﬁ{T’<|y|<3T}

< c1 k- W u :E (XTDQB(O,r) S B(O,T)C) .
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Now using Lemma 4.3 and (4.5) we have that for x € DN B(0, 5),

u(x)

< co Kk

_ag (1) 72) L(r7?) 0572 KT
o £((2r)72) £((4r)72) <1 * E((42r)2)> u(4) Py (XT(DﬂBm,r))\B(A,% € B(4, 7))

< cyu(A)P, (XT € B(A, ﬁ)) (4.6)

(DDB(O,T))\B(A,%) 2
for some positive constants co and c3 = c3(k). Since 2r < r4, Theorem 3.4 implies that

RT

u(y) 2 cau(d),  yeBA )
for some constant ¢, > 0. Therefore for » € D N B(0, 5)
KT
u@) = B [u(Xrpnomong)] 2 au(A P (Xrpnomos) € BAS)) . (A7)

Using (4.6), the analogue of (4.7) for v and the assumption that u(A4) = v(A), we get that for
r e DNB(0,5),

RT

) < esv(a) (4.8)

€ B(A, 5

ui(z) < cz3v(A)P, (XT

(DﬁB(O,r))\B(A,%)

for some constant c5 = c5(k) > 0. For z € D N B(0,r), we have

ug(x) = / \ Kprp(o) (T, 2)u(z)dz
B(0,3r)e

=‘/ / G (o (@ ¥)T(y — 2)dyu(z)dz.
B(0,28)e JDNB(0,r)

2
Let
s(x) = / GDﬁB(O,r)(xa y)dy.
DNB(0,r)

Note that for every y € B(0,r) and z € B(0, 2)°,
1
gl S lel=r <ol =yl < ly—z] < |yl + 2] < r+l2] <20z
and that for every y € B(0,r) and z € B(0, 12)¢,
2l =1 < |ly—z[ < |2[+1.

So by the monotonicity of j, for every y € B(0,r) and z € A(0, 3%, 12),

JO202l) < jCIEl) < = 2) < (1D < d(55leD

and for every y € B(0,7) and every z € B(0,12)¢,

izl =1) < J(y—=2) < j(lz[+1).
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Using (3.2) and (3.3), we have that, for every y € B(0,r) and z € B(0, %)c,
cg d(l2l) < J(y—2) < esi(l2])

for some constant cg > 0. Thus we have

-1 uz(x)/s(:):) <o (4.9)

for some constant ¢; > 1. Applying (4.9) to v and v and Lemma 4.5 to v and ve, we obtain for
r e DN B(0,35),

uz(z) < crug(A) S(4) < c5 o2 A) va(x)
—al((s5r)7?) u(4) ()
< gk 1)) v(A) va(x) = gk @) va(x) (4.10)

for some constant cg > 0. Combining (4.8) and (4.10) and applying (4.5), we have
r
) 5)

for some constant cg = cg(k) > 0. O

u(z) < cgv(x), Vz € DN B(0

5 Martin Boundary and Martin Representation

In this section we will always assume that D is a bounded k-fat open set in R? with the character-
istics (R, k). We are going to apply Theorem 4.8 to study the Martin boundary of D with respect
to X.

We recall from Definition 4.6 that for each Q € 9D and r € (0, R), A,(Q) is a point in DNB(Q, )
satisfying B(A,(Q),kr) C DNB(Q,r). From Theorem 4.8, we get the following boundary Harnack
principle for the Green function of X which will play an important role in this section. Recall that
rs < R is the constant defined in Theorem 4.8.

Theorem 5.1 There exists a constant ¢ = ¢(D,a,f) > 1 such that for any Q € 9D, r € (0,r5)
and z,w € D\ B(Q,2r), we have

-1 Gp(%,4:(Q)) _ Gp(z7) Gp(z A (Q)) .
“ Go(w, A (Q)) : Gp(w,z) s Q))’ xeDﬂB<Q72>.

Since ¢ is slowly varying at oo, there exists a positive constant rg := rg(k, 1) < r5 such that for
every 2r < rg,

1 R v K2.=2) g %7’_2 ((E2r2) ¢ %7‘_2
3 < mm( (é(ﬁf_z) ), (é(r_2> )) < max< %fﬁ—?) ), (l((r—2) )> < 2. (5.1)
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Lemma 5.2 There exist positive constants ¢ = ¢(D,a) and v = v(D,a) < a such that for any
Q € 9D and r € (0,716), and nonnegative function u which is harmonic with respect to X in

DN B(Q,r) we have

9 vk ((K/Q)_ri_2))
u(A(Q)) < ¢ (ﬁ) Al @) E=01 62)
Proof. Without loss of generality, we may assume @) = 0. Fix r < rg and let
K\ E
nNg = <§> T, Ak = Ank(O) and Bk = B(Ak777k-+1)’ k= O, 1, e

Note that the Bj’s are disjoint. So by the harmonicity of u, we have

ZEAk[ w5,) Yo, € Bl = Z ,, T (A, 2Ju(a)dz
Theorem 3.4 implies that
Kp, (Ag, 2)u(z)dz > cou(4;) | Kp, (Ag, 2)dz
B By

for some constant ¢y = co(d, @) > 0. Since dist(Ax, B;) < 2, by (3.8) in Proposition 3.8 and the

monotonicity of j we have

[0}

Kp, (Ag,z) > c1 J(2(Ag — z))M > 1 J(4m) (Mk+1)

Wern) ) ) D
Applying Lemma 3.10 and (5.1), we get
(mk+0)™ €((4m) %) L((ms1)~2) K\ (g)® L((mgn) ) ;
K409 2 @ (it ) Qo)™ 2 22 (8) @ ™ * <2

for some constant ca = ca(d, v, ) > 0. Thus we have

() €((my1) ™)
B Ko (A, )z 2 e (1) L((Mey1)™2)’

for some constant c3 = c3(d, a, £) > 0. Therefore,

z € By

T
L

() ™ w(AR)((Mer1) ™) = e Y ()™ w(ADe((mga) ™)
l

Il
o

for some constant ¢4 = c4(d, o, k,¢) > 0. Let ay, := (nk)*au(Ak)E(m) so that ap > ¢4 Zé’:ol ay.
By induction, one can easily check that ay > c5(1 + c4/2)*ag for some constant c5 = c5(d, o) > 0.
Thus, with v = a — In(1 + ¢)(In(2/k)) !, we get

. (k1)
wa@ < e (2) LD a o @)

Applying (5.1), we conclude that (5.2) is true. O
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Lemma 5.3 Suppose Q € 9D and r € (0,r5). If w € D\ B(Q,r), then

G4 Q) = et

1
(/2D /B@,T)C T(5(2 = Q)Gp(z w)dz

for some constant ¢ = ¢(D, «, £) > 0.

Proof. Without loss of generality, we may assume @ = 0. Fix w € D\ B(0,7) and let A := A,(0)
and u(-) := Gp(-,w). Since u is regular harmonic in D N B(0, (1 — x/2)r) with respect to X, we
have

w(A) > Ea [u (X X

TDNB(0,(1—x/2)T

. C
TDﬁB(O,(17H/2)r)) ) ) € B(0,7) ]

= / Kpap(o,(1—r/2)r) (A, 2)u(z)dz
B(0,r)c
= / / G pnB0,(1—r/2)r) (A y) J(y — 2)dyu(z)dz.
B(0,r)¢ J DNB(0,(1—k/2)r)
Since B(A, kr/2) C DN B(0,(1 — x/2)r), by the monotonicity of the Green functions,

GpnBo,(1-r/2)r) (A Y) > Gpawr2)(AY), y € B(A,kr/2).
Thus

u(A)

v

Lo Gatnmm(A0) Iy = 2)dyutz)ds
B(0,r)¢ J B(A,kr/2)
= / KB(A,/{T/Z)(A7 z)u(z)dz,

B(0,r)c

which is greater than or equal to

7(1%74/2)0( u\z)az
e 7~ Vg

for some positive constant ¢; = ¢1(d, o, £) by (3.8) in Proposition 3.8. Note that |z — A| < 2|z| for
z € B(0,7)¢. Let M :=diam(D). Hence

e’ KOre 1
u(A) > 02/ u(2)J(2z)dz > 03/ u(2)J(zz)dz (5.3)
C((k1/2)72) J a(0,r,0) C((k1/2)72) J a(0,r,0) 2
for some constant ¢z = c3(d, o, ¢, M) > 0. We have used (3.2) in the last inequality above. O

Lemma 5.4 There exist positive constants ¢; = c1(D, a, ) and ca = co(D, a,£) < 1 such that for
any Q € 0D, r € (0,16) and w € D\ B(Q,2r/k), we have

Ey GD(XTDﬁBk?w) : XTDmBk € B(Q,T)C] <a 012C GD(QJ,U)), x € DN By,

where By := B(Q, (k/2)kr), k=0,1,....
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Proof. Without loss of generality, we may assume Q = 0. Fix r < r¢ and w € D\ B(0,4r). Let
nk = (k/2)Fr, By := B(0,n;,) and

ug(z) == E, [GD(XTDan,w);XTDmBk € B(O,r)c} , x € DN By.

Note that for x € D N B4

Q

uk—‘,—l(l‘) - Ez XTDmB,H_l w)7 XTDF]B,H_l

D € B(O,T)c}

Q
>

C
x TDNBy, 417 w); TDNByy1 = TDNBy» *XTDnB,,€+1 € B(0,r) ]

Q
e

c
D\A7Tpnpy,» w); TDNBy+1 = TDNBy» XTDmBk € B(0,7) }

(

E D(
= E (
E (

Q

X

TDNBy

w); X

D TDNBy,

T

EB(OT)}.

Thus
up+1(z) < ug(z), x € DN Bpyq. (5.4)

Let A, := A;,(0) and M :=diam(D). Since Gp(-,w) is zero on D°, we have
up(Ag) = E 4, [GD(XTDmBk’w); ‘XTDmB,c € A(0,r, M):|

< B, [G0(Xoy, )i Xy, € A1) < [ oy (A0 )

Since r < ry4, by (3.7) in Proposition 3.8, we get that for z € A(0,r, M),

/2 /2
. Mg (e — | Ak|)
Kp,(Ag,2) < c1 j(lz] —mk)
' (£(m 2)) V2 (€O — | Agl)=2))1/2
for some constant ¢; = ¢1(D, ) >0 and k=1,2,.... Since nx — |Ax| < ni < 16, from (3.9) we see
that /2
(e — | Ax])*"? < U .
(E((n — [ARD=2)V2 = 7 (Ul *)H?
Thus N
Kp, (Ak,z) < caj(lz] —me) =
* (ny, 2)
for some constant co = ca(D,a,¢) > 0 and k =1,2,.... Therefore by the monotonicity of j
> 1
up(Ag) < co 7’132 / J(z2)Gp(z,w)dz, k=1,2,.... (5.5)
E(nk ) A(0,r,M) 2
From Lemma 5.3, we have
Go(Agw) > cs— ot / TG (2 w)d= (5.6)
p(Ag,w) = 37— 5%2)Gp(z, .
L((rr/2)72) Jaory 2
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for some constant c3 = c3(D, «, £) > 0. Therefore (5.5) and (5.6) imply that

/@)ka / ((&/2)_27“_2)

up(Ag) < ¢4 (5 0 ((r)2)"%r2)

Gp(Ag,w)

for some constant ¢y = ¢4(D, a,£) > 0. On the other hand, using Lemma 5.2, we get

vk K —2k7,—2
Gnanw) < s (2) BN 60

for some constant c5 = ¢5(D,«) > 0. Thus by (5.1)

2 —k(a—7)
uk(Ak) < ¢g </€> GD(Ak,w)

for some constant cg = cg(D, ) > 0 and k = 1,2,.... By Theorem 5.1, we have
up(z) uj—1(z) w1 (Ap_1) <2>—(’€—1)(0¢—7)

= > C6 < cqc5c6 | —

GD(.:U,'LU) GD(:U),LU) GD(Ak_]_,’U)) K

for k=1,2,.... a

Let zg € D be fixed and set

GD('Cva)
Gp(z0,y)’

Mp is called the Martin kernel of D with respect to X.

Now the next theorem follows from Theorem 5.1 and Lemma 5.4 (instead of Lemma 13 and

MD($7y> = {I:vyEDa y#%

Lemma 14 in [4] respectively) in very much the same way as in the case of symmetric stable
processes in Lemma 16 of [4] (with Green functions instead of harmonic functions). We omit the
details.

Theorem 5.5 There exist positive constants R1, My, ¢ and 3 depending on D, o and | such that
for any Q € 0D, r < Ry and z € D\ B(Q, Myr), we have

B 8
IMMaw—Nb@wNSc(uy>, .y e DNBQ,r).

r

In particular, the limit impsy_.,, Mp(z,y) exists for every w € 0D.

There is a compactification DM of D, unique up to a homeomorphism, such that Mp(z,y) has
a continuous extension to D x (DM \ {x¢}) and Mp(-,z1) = Mp(-, z2) if and only if z; = z5. (See,
for instance, [18].) The set 9™ D = DM\ D is called the Martin boundary of D. For z € M D, set
Mp(-, z) to be zero in D°.
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A positive harmonic function v for X is minimal if, whenever v is a positive harmonic function
for XP with v < u on D, one must have u = cv for some constant ¢. The set of points z € 9M D
such that Mp(-,z) is minimal harmonic for X? is called the minimal Martin boundary of D.

For each fixed z € 9D and x € D, let

M = i M,
p(w,z):= Jlim Mp(z,y),
which exists by Theorem 5.5. For each z € 0D, set Mp(z, z) to be zero for x € D°.

Lemma 5.6 For every z € 0D and B C B cC D, Mp(X;y, 2) is Py-integrable.

Proof. Take a sequence {2y }m>1 C D\ B converging to z. Since Mp(-, zy,) is regular harmonic

for X in B, by Fatou’s lemma and Theorem 5.5,

E; [Mp (Xry,2)] = Ep | im Mp (X.y, zm)| < liminf Mp(z,2y,) = Mp(z,2) < oo.

m—0o0 m—0o0
g
Lemma 5.7 For every z € 0D and x© € D,
1
Mp(z,z) = E, [MD (X%(m T),Z)} ,  forevery 0 <r <rgA ipD(a:). (5.7)

Proof. Fix z€ 9D, z € D and r < rg A %pD(ZE) < R. let

K\ M
N 1= (5) r and  z, = A,,(0), m=0,1,....

Note that
B(zm, m+1) C Bz, %nm) ND C B(z,nm)ND C B(z,7r)ND C D\ B(z,r)
for all m > 0. Thus by the harmonicity of Mp(-, z,,), we have
Mp(z,zpy) = E, [MD (XTB(I,T),zm)} .

On the other hand, by Theorem 5.1, there exist constants mg > 0 and ¢; > 0 such that for
every w € D\ B(z,nm,) and y € DN B(z, Mm+1),

Gp(w, zm) Gp(w,y)
= — < —_—
MD(U/, Zm) = C Gp(xo,y)

= ci Mp(w,y), m > mg.
Gp(xo, 2m) ()

Letting y — 2z € 0D we get

Mp(w, zm) < ¢ Mp(w,z), m > my, (5.8)
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for every w € D\ B(z,1m).
To prove (5.7), it suffices to show that {Mp(X-,, ), 2m) : m > mg} is Py-uniformly integrable.

Since Mp (X,

B(w),z) is P,-integrable by Lemma 5.6, for any € > 0, there is an Ny > 1 such that

B, [Mp (Xrp,)2) s Mp (Xry,,)02) > Nofer| < pi (5.9)
Note that by (5.8) and (5.9)
By [Mp (Xrpi, o 2m) s Mp (Xrggyo2m) > No and Xoy € D\ B(2, )
< B, [Mp (Xrp,2) s aMp (Xrg,2) > No| < e 4% - =
By (3.7) in Proposition 3.8, we have for m > my,
E, [MD (XPB(QC,T)’ZT”) i Xrpen €DN B(z,nm)] = / Mp(w, 2m) K (g r) (7, w)dw
DNB(z,1m)

N N e )
Sc?ﬁmmwmﬂhm“”””m = ) (= ) )2

for some ¢ = ca(d, o, 1) > 0. Since |w — x| > |z — 2| — |z — w| > pp(x) — N > 2r —r = 7, using

dw

the monotonicity of J and (3.9) to the above equation, we see that

E, [MD (XD r),zm)  Xrpo €D ﬂB(z,nm)}

TB(zx,

,ra

< e35(r)——— Mp(w, 7,
< i [ Mo

< 64/ Mp(w, zpm)dw = ¢4 GD(xo,zm)_l/ Gp(w, zp)dw (5.10)
B(Zvnm) B(

2,Mm)
for some ¢3 = c3(D,a,¢) > 0 and ¢4 = ¢4(D,,¢,7) > 0. Note that, by Lemma 5.2, there exist
cs = c5(Dya, b, mg) >0, cg = (D, a, £,mp, ) > 0 and v < « such that

K\ —1m E((H/Q)J(m“)(/<a/2)*2m0r*2))
5 (3)

Golaozn)™ < e (3 E((n2) /2y 2oy P (a0 Zm)
< e (5) 7 (527 ()22, (5.11)

On the other hand, by (3.4)

dw
Gp(w, zpm)dw < 07/
A@%> (w, zm) o amy W0 — 2 D)0 2]
2Mm, 80471 (nm)a
——ds < - 12
< %A " = O W2 (5:12)

In the last inequality above, we have used (3.16). It follows from (5.10)-(5.12) that there exists

c10 = c10(D, a, £, mg, ) > 0 such that

(a=y)m € ((1/2)72m (k/2)~2mot1)p=2)
C((k/2)72m(2r)72)

eDn B(Z,ZT/m)] < ¢y (g)

E. |Mp(X[) | 2m); X

TB(x, TB(x,r)
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Since ¢ is slowly varying at oo, we can take N = N(g, D, mg,r) large enough so that for m > N,

By [Mp (Xrpiery2m) s Mp (Xegy s 2m) > N]

< By [Mp (Xogo2m) s Xog,,,) € D0VB(z,20/m)]
B [Mp (Xegy02m) s Mp (Xrpeys2m) > N and Xy, ) € D\ B(z,2r/m)]
(a—y)ym f ) —2m ) —2(mo+1),.—2
< c1o (E) ! ((Ii/ ) (’i_/ ) - L ) + ° < &
2 ((k/2)"2m(2r)2) 1

As each MD(XTB<W),zm) is P,-integrable, we conclude that {MD(X.,B(zyT),zm) :m > mp} is uni-
formly integrable under P,. O

Using the fact that P,(X,, € OU) = 0 for every smooth open set U (Theorem 1 in [28]), one
can follow the proof of Theorem 2.2 of [8] or the proof of Theorem 4.8 of [17] and show that the
two lemmas above imply that Mp(-, z) is harmonic for X. We skip the details.

Theorem 5.8 For every z € 0D, the function x — Mp(-, z) is harmonic in D with respect to X.

Recall that a point z € 9D is said to be a regular boundary point for X if P,(7p = 0) =1 and
an irregular boundary point if P,(7p = 0) = 0. It is well known that if z € 9D is regular for X,
then for any z € D, Gp(z,y) —» 0asy — z.

Lemma 5.9 (1) Ifz,w € D, z # w and w is a regular boundary point for' Y, then Mp(x,z) — 0

as T — w.
(2) The mapping (x,z) — Mp(x, z) is continuous on D x OD.

Proof. Both of the assertions can be proved easily using our Theorems 5.1 and 5.5. We skip the

proof since the argument is almost identical to the one on page 235 of [5]. O

Lemma 5.10 Suppose that h is a bounded singular a-harmonic function in a bounded open set D.
If there is a set N of zero capacity such that for any z € 0D \ N,

Dlalarfrim h(SU) =0,

then h s identically zero.
Proof. Take an increasing sequence of open sets { Dy, };n>1 satisfying Dy, C Dyiq and (oo, Dy, =
D. Set 7, = 7p,,. Then 7, T 7p and lim,, .~ X7,, = X7, by the quasi-left continuity of X. Since

N has zero capacity, we have
P,(X;, € N)=0, x € D.
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Therefore by the bounded convergence theorem we have for any x € D,

h(m) = lim Em(h(XTm)aTm < TD)

m—00

= lim E.(h(X,)lop\n(Xrp); Tm < 7D) = 0.

m—00

a

So far we have shown that the Martin boundary of D can be identified with a subset of the
Euclidean boundary 9D.

If I is the set of irregular boundary points of D for X, then I is semi-polar by Proposition I1.3.3
in [2], which is polar in our case (Theorem 4.1.2 in [11]). Thus Cap(I) = 0. Using this observation
and the above lemma, now we can follow the proof of Theorem 4.1 in [27] and show the following

theorem, which is the main result of this section.

Theorem 5.11 The Martin boundary and the minimal Martin boundary of D with respect to X
can be identified with the Fuclidean boundary of D.

As a consequence of Theorem 5.11, we conclude that for every nonnegative harmonic function

h for X P there exists a unique finite measure p on D such that

h(z) = - Mp(z,z)p(dz), x € D.

w is called the Martin measure of h.
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