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Abstract

In this paper we study a subordinate Brownian motion with a Gaussian component and
a rather general discontinuous part. The assumption on the subordinator is that its Laplace
exponent is a complete Bernstein function with a Lévy density satisfying a certain growth
condition near zero. The main result is a boundary Harnack principle with explicit boundary
decay rate for non-negative harmonic functions of the process in C''! open sets. As a consequence
of the boundary Harnack principle, we establish sharp two-sided estimates on the Green function
of the subordinate Brownian motion in any bounded C'! open set D and identify the Martin
boundary of D with respect to the subordinate Brownian motion with the Euclidean boundary.
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1 Introduction

The infinitesimal generator of a d-dimensional rotationally invariant Lévy process is a non-local
operator of the form £ = bA + A where b > 0 and

Af(z) = / (flz+y) = f(z) = V[(z) ylyy<iy) v(dy) = lim (flz+y) = f(@)) v(dy).
Re Oyl >e}
The measure v on R?\ {0} is invariant under rotations around origin and satisfies [p.(1Aly[*) v(dy) <
oo. When v = 0, the operator £ is proportional to the Laplacian, hence a local operator, while
when b = 0, the operator £ is a purely non-local integro-differential operator. In particular, if
b =0 and v(dz) = c|lz|~%*dz, a € (0,2), then A is proportional to the fractional Laplacian
A2 .= —(—A)a/ 2. Lévy processes are of intrinsic importance in probability theory, while integro-
differential operators are important in the theory of partial differential equations. Most of the
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research in the potential theory of Lévy processes in the last fifteen years concentrates on purely
discontinuous Lévy processes, such as rotationally invariant stable processes, or equivalently, on
purely non-local operators of the type A. For summary of some recent results from a probabilistic
point of view one can consult [6, 10, 25, 26] and references therein. We refer the readers to [7, 8, 9]
for a sample of recent progress in the PDE literature, mostly for the case of a fractional Laplacian
A2 o € (0,2).

In many situations one would like to study operators that have both local and non-local parts.
From a probabilistic point of view, this corresponds to processes with both a Gaussian component
and a jump component. The fact that such a process X has both Gaussian and jump components
is the source of many difficulties in investigating the potential theory of X. The main difficulty
in studying X stems from the fact that it runs on two different scales: on the small scale the
diffusion corresponding to the Gaussian part dominates, while on the large scale the jumps take
over. Another difficulty is encountered when looking at the exit of X from an open set: for
diffusions, the exit is through the boundary, while for purely discontinuous processes, typically the
exit happens by jumping out from the open set. For the process X, both cases will occur which
makes the process X much more difficult to study.

Despite the difficulties mentioned above, in the last few years significant progress has been made
in understanding the potential theory of such processes. Green function estimates (for the whole
space) and the Harnack inequality for a class of processes with both diffusion and jump components
were established in [30, 36]. The parabolic Harnack inequality and heat kernel estimates were
studied in [37] for Lévy processes in R? that are independent sums of Brownian motions and
symmetric stable processes, and in [16] for much more general symmetric diffusions with jumps.
Moreover, an a priori Holder estimate was established in [16] for bounded parabolic functions. For
earlier results on second order integro-differential operators, one can see [18] and the references
therein.

Important progress has been made in two recent papers [13, 12] which consider operators of the
type A +a®A%/2 for a € [0, M]. The process corresponding to such an operator is an independent
sum of a Brownian motion and a rotationally invariant a-stable process with weight a. In [13] the
authors established a (uniform in a) boundary Harnack principle (BHP) with explicit boundary
decay rate for non-negative harmonic functions with respect to A + a®A%2 in CY! open sets.
By using the BHP, the second paper [12] established sharp Green function estimates in bounded
C! open sets D, and identified the Martin boundary of D for the operator A + a®A%2 with its
Euclidean boundary.

The purpose of the current paper is to extend the results in [13, 12] to more general operators
than A+a®A%/2. Analytically, the operators that we consider are certain functions of the Laplacian.
To be more precise, we consider a Bernstein function ¢ : (0,00) — (0, 00) with ¢(0+) = 0, i.e., ¢ is
of the form

o(N) :b)\+/(0 )(1—6_’\t)u(dt), A>0, (1.1)

where b > 0 and p is a measure on (0, 00) satisfying f(o OO)(l At)u(dt) < co. w is called the Lévy
measure of ¢. By Bochner’s functional calculus one can define the operator ¢(A) := —¢(—A) which
on CbQ(]Rd), (the collection C? functions in R? which, along with partial derivatives up to order 2,



are bounded,) turns out to be an integro-differential operator of the type

bAS () + / (fl@+y) — f(2) — VI@) - ylyeny) v(dy),

Rd

where the measure v has the form v(dy) = j(|y|) dy with j : (0,00) — (0, 00) given by

i(r) = /0 (dmt) Y2~/ ()

In order for the operator to have both local and non-local parts we will assume that b > 0 and
u # 0. In fact, without loss of generality, throughout the paper we always suppose that b = 1.
Note that by taking ¢(A\) = A 4+ a®X\*/? we are back to the operator A + a®A%/2,

The operator ¢(A) is the infinitesimal generator of the Lévy process X that can be constructed
as follows: Recall that a one-dimensional Lévy process S = (S; : ¢t > 0) is called a subordinator if
it is non-negative and Sy = 0. A subordinator S can be characterized by its Laplace exponent ¢
through the relation

E[e—kst] — €_t¢()‘)7 t > 0, A>0.

The Laplace exponent ¢ can be written in the form (1.1). We will assume that b = 1. Suppose
that W = (W, : t > 0) is a d-dimensional Brownian motion and S = (S; : t > 0) is a subordinator,
independent of W, with Laplace exponent ¢. The process X = (X; : t > 0) defined by X; = W(S;)
is called a subordinate Brownian motion and its infinitesimal generator is ¢(A). It is a sum of a
Brownian motion and an independent purely discontinuous (rotationally invariant) Lévy process.

Potential theory of one-dimensional subordinate Brownian motions in this setting was studied
in [24]. In the current paper we look at the case when d > 2. In order for our methods to work
we need additional assumptions on the Bernstein function ¢. We will assume that ¢ is a complete
Bernstein function, namely the Lévy measure p has a completely monotone density. By a slight
abuse of notation we will denote the density by p(t). For the Lévy density p we assume a growth
condition near zero: For any K > 0, there exists ¢ = ¢(K) > 1 such that

p(r) < cu(2r), Vr e (0,K). (1.2)

We will later explain the role of these additional assumptions.

To state our main result, we first recall that an open set D in R? (when d > 2) is said to be C'1!
if there exist a localization radius R > 0 and a constant A > 0 such that for every Q € 9D, there
exist a Chl-function ¢ = ¢g : R — R satisfying ¢(0) = 0, V(0) = (0,...0), [Vl < A,
|Vo(z)—Ve(y)| < Alz—yl, and an orthonormal coordinate system CSq: y = (Y1, ,Yd—1, Ya) =:
(¥, yq) with its origin at @ such that

B(Q,R)ND ={y = (y,yqa) € B(0,R) in CSq : yqa > ©(¥)}.

The pair (R, A) is called the characteristics of the C'! open set D. Note that a C*! open set can
be unbounded and disconnected.

For any x € D, dp(z) denotes the Euclidean distance between x and D¢. For any = ¢ D,
Sop(z) denotes the Euclidean distance between x and dD. It is well known that, if D is a Cb!
open set D with characteristics (R, A), there exists R < R such that D satisfies both the uniform
interior ball condition and the uniform exterior ball condition with radius R: for every x € D with



5p(z) < R and y € R?\ D with dsp(y) < R, there are Zz,2y € OD so that |x — z;| = dp(z),
|y — zy| = dap(y) and that B(zo, R) C D and B(yg, R) C R\ D where 29 = 25 + R(z — 22) /|2 — 2|
and yo = 2, + E(y — zy)/|ly — zy|. Without loss of generality, throughout this paper, we assume
that the characteristics (R, A) of a C%! open set satisfies R = R<1land A>1.

For any open set D C R, 7p :=inf{t > 0: X; ¢ D} denotes the first exit time from D by X.
Definition 1.1 A function f : R+ [0,00) is said to be

(1) harmonic in an open set D C R with respect to X if for every open set B whose closure is a
compact subset of D,

flz) =E; [f(X(TB))] for every x € B; (1.3)
(2) regular harmonic in D for X if for each x € D, f(z) =E, [f(X(mp))].

We note that, by the strong Markov property of X, every regular harmonic function is automatically
harmonic.

Let Q € OD. We will say that a function f : RY — R vanishes continuously on DN B(Q,r) if
f=0o0n D°NB(Q,r) and f is continuous at every point of 9D N B(Q,r). The following is the
main result of this paper.

Theorem 1.2 Suppose that the Laplace exponent ¢ of the subordinator S, independent of the
Brownian motion W, is a complete Bernstein function and that the Lévy density of S satisfies
(1.2). Let X = (X¢: t > 0) be the subordinate Brownian motion defined by Xy = W (S;). For any
CH1 open set D in R? with characteristics (R, A), there exists a positive constant C = C(d, A, R, ¢)
such that for v € (0,R], Q € 0D and any nonnegative function f in R which is harmonic in
D N B(Q,r) with respect to X and vanishes continuously on DN B(Q,r), we have

f(z) f(y)
5p() <C 55(1) for every x,y € DN B(Q,r/2). (1.4)

We note that (1.4) is a strengthened version of the usual boundary Harnack principle stated for
the ratio of two non-negative functions, f and g, harmonic in D N B(Q,r) with respect to X, and

@ Scf('z) for every x,y € DN B(Q,r/2).

g(z) 9(y)

Indeed, the above inequality is a consequence of (1.4). We note that (1.4) gives the precise boundary

which says that

decay of non-negative harmonic functions and that the function x +— Jdp(z) is not harmonic in
D N B(Q,r) with respect to X.

Remark 1.3 The same type of boundary Harnack principle in C'! domains is valid also for
Brownian motions, namely the boundary decay rate is of the order dp(x). Since on the small scale
the diffusion part of X dominates, one would expect that harmonic functions of X and of Brownian
motion have the same order of decay rate at the boundary. For this reason, one might expect that
some kind of perturbation methods can be used to prove the BHP for X. We note that it is unlikely



that any perturbation method would work because of the following: Suppose that instead of X we
consider a process X% with the infinitesimal generator

£f(@) = Af@)+ [ (Fo ) = £(0) = VF@) -yl ypen) ().
where v%(dy) = 1yy<qy ¥(dy) with 0 < a < co. Thus X is the process X with jumps of size
larger than a suppressed. In Section 6 we present an example showing that the boundary Harnack
principle fails even on the upper half-space for X?. Note that if we think of X as a perturbation
of Brownian motion, then X is an even smaller perturbation of the same Brownian motion. The
counterexample in Section 6 shows that, despite the (seemingly) local nature of the BHP, one needs
some information of the structure of large jumps of X.

For any open set D C R?, we will use X” to denote the process defined by X (w) = X;(w) if
t < 7p(w) and XP (w) = 9 if t > 7p(w), where 9 is a cemetery point. The Green function of X
will be denoted by Gp(x,y). For the precise definition of G p, see Section 2.

To state our result on Green function estimates, we introduce a function gp first. For d > 2,
we define for x,y € D,

lo—y|?=2 |z—yl

log (1 + M) when d = 2.

lz—yl[?

L (1 A 6D(x)6D2(y)> when d > 3,
gp(z,y) =

Note that gp is comparable to the Green function of killed Brownian motion in D when D is a
bounded C*! domain, see [39, 40].

Theorem 1.4 Suppose that the Laplace exponent ¢ of S is a complete Bernstein function and
that the Lévy density of S satisfies (1.2). For any bounded C' open set D C R, there exists
C =C(D,¢) > 1 such that for all z,y € D

C ' gp(z,y) < Gp(z,y) < Cgp(z,y). (1.5)

Finally, we state the result about the Martin boundary of a bounded C'!' open set D with
respect to XP. Fix zg € D and define

GD('% y)

M) = G, v)

) T,y € D> Yy 7& Zo-

A function f is called a harmonic function for X if it is harmonic for X in D and vanishes outside
D. A positive harmonic function f for X? is minimal if, whenever g is a positive harmonic function
for XP with ¢ < f on D, one must have f = cg for some constant c.

Theorem 1.5 Suppose that D is a bounded CY' open set in R%. For every z € 0D, there exists
Mp(z,z) = limy_,, Mp(x,y). Further, for every z € 0D, Mp(-, z) is a minimal harmonic function
for XP and Mp(-,21) # Mp(-,21) if 21 # z2. Thus the minimal Martin boundary of D can be
identified with the Fuclidean boundary.



Thus, by the general theory of Martin representation in [27] and Theorem 1.5 we conclude that,
for every harmonic function u > 0 with respect to X2, there is a unique finite measure v on 9D
such that u(x) = [, Mp(x, z)v(dz).

Let us now describe the main ingredients of the proof of Theorem 1.2, the boundary Harnack
principle. We follow the general strategy for proving the boundary Harnack principle in different
settings which requires the Carleson estimate, and upper and lower estimates on exit probabilities
and exit times from certain sets usually called “boxes” (see [4, 5, 13, 19, 21]). In Theorem 5.3
we prove the Carleson estimate for a Lipschitz open set by modifying the proof in [13]. In order
to obtain the upper estimates for exit probabilities and mean exit times, we follow the approach
from [13], the so-called “test function” method (which was modeled after some earlier ideas, see
[4, 19]), but have to make major modifications. In [13], the test functions are power functions of
the form x +— (x4)P which are either superharmonic or subharmonic for the corresponding process,
and the values of the generator on these test functions are computed in detail. In our setting, the
power functions are neither superharmonic nor subharmonic, and explicit calculations cannot be
carried out because of the lack of explicit form of the Lévy measure. Instead we use the approach
developed in [26] for the case of certain pure-jump subordinate Brownian motions, which seems to
be quite versatile to cover various other cases.

One of the main ingredients in [26] comes from the fluctuation theory of one-dimensional Lévy
processes. Its purpose is to identify a correct boundary decay rate by finding an appropriate
harmonic function. Let Z = (Z; : t > 0) be the one-dimensional subordinate Brownian motion
defined by Z; := W%(S,), and let V be the renewal function of the ladder height process of Z.
The function V' is harmonic for the process Z killed upon exiting (0, 00), and the function w(z) :=
V(xd)l{xdw}, x € R?, is harmonic for the process X killed upon exiting the half space R% := {z =
(71,...,24-1,24) € R?: 24 > 0} (Proposition 3.2). Therefore, w gives the correct rate of decay
of harmonic functions near the boundary of ]Rﬂlr. We will use the function w as our test function.
Note that the assumption that ¢ is a complete Bernstein function implies that w is smooth. Using
smoothness and harmonicity of w together with the characterization of harmonic functions recently
established in [11], we show that (A + .4)w = 0 on the half space (Theorem 3.4). Consequently we
prove the following fact in Lemma 4.1, which is the key to proving upper estimates: If D is a C'!
open set with characteristics (R, A), @ € 9D and h(y) = V(6p(y))1pnp(q,r), then (A + A)h(y) is
a.e. well defined and bounded for y € D close enough to the boundary point (). Using this lemma,
we give necessary exit distribution estimates in Lemma 4.3. Here we modify the test function h
by adding a quadratic type function (in one variable) — this is necessary for constructing suitable
superharmonic functions from A due to the presence of the Laplacian. The desired exit distribution
estimates are directly derived by applying Dynkin’s formula to the new test function. The reader
will note that our proof is even shorter than the one in [13], partly because, in [13], the uniformity
of the boundary Harnack principle for A + a®A®/2 in the weight a € (0, M] is established.

In order to prove the lower bound for the exit probabilities we compare the process X killed
upon exiting a certain box D with the so-called subordinate killed Brownian motion obtained by
first killing Brownian motion upon exiting the box 13, and then subordinating the obtained process.
If the latter process is denoted by Y| then its infinitesimal generator is equal to —¢(—A| p)- Here
Alp is the Dirichlet Laplacian and —¢(—A|p) is constructed by Bochner’s subordination. The

advantage of this approach is that the exit probabilities of X D dominate from the above those of



the process yD , while the latter can be rather easily computed, see [38]. This idea is carried out
in Lemma 4.4 (as well as for some other lower bounds throughout the paper).

Once the boundary Harnack principle is established, proofs of Theorems 1.4 and 1.5 are similar
to the corresponding proofs in [12] for the operator A + a*A®. Therefore we do not give complete
proofs of these two theorems in this paper, only indicate the necessary changes to the proofs in
[12].

The rest of the paper is organized as follows. In the next section we precisely describe the
settings and recall necessary preliminary results. Section 3 is devoted to the analysis of the process
and harmonic functions in the half-space. Section 4 is on the analysis in C''' open sets, and is
central to the paper, and this is where most of the new ideas appear. In this rather technical section
we establish the upper and lower bounds on the exit probabilities and exit times. In Section 5 we
first prove the Carleson estimate for Lipschitz open sets and then prove the main Theorem 1.2. In
Section 6 we provide the counterexample already mentioned in Remark 1.3. Finally, in Section 7
we explain the differences between the proofs of Theorems 1.4 and 1.5 and their counterparts from
[12].

Throughout this paper, the constants C1, Ca, R, R1, Ryip will be fixed. The lowercase constants
co,C1,Ca, -+ will denote generic constants whose exact values are not important and can change
from one appearance to another. The dependence of the lower case constants on the dimension d
and the function ¢ may not be mentioned explicitly. We will use “:=” to denote a definition, which
is read as “is defined to be”. For a,b € R, a A b := min{a,b} and a V b := max{a,b}. For every
function f, let f™ := f V0. For every function f, we extend its definition to the cemetery point
0 by setting f(9) = 0. We will use dz to denote the Lebesgue measure in R? and, for a Borel set
A C R?, we also use |A| to denote its Lebesgue measure.

2 Setting and Preliminary Results

A C* function ¢ : (0,00) — [0,00) is called a Bernstein function if (—1)"D"¢ < 0 for every
n=1,2,.... Every Bernstein function has a representation ¢(\) = a + b\ + f(om)(l — e M) p(dt)
where a,b > 0 and p is a measure on (0, c0) satisfying f(O,oo)(l At) u(dt) < oo; a is called the killing
coefficient, b the drift and p the Lévy measure of the Bernstein function. A Bernstein function ¢ is
called a complete Bernstein function if the Lévy measure p has a completely monotone density p(t),
ie., (—1)"D™u(t) > 0 for every non-negative integer n and all ¢ > 0. Here and below, by abuse
of notation we denote the Lévy density by p(t). For more on Bernstein and complete Bernstein
functions we refer the readers to [34].

A Bernstein function ¢ on (0,00) is the Laplace exponent of a subordinator if and only if
¢(0+) = 0. Suppose that S is a subordinator with Laplace exponent ¢. S is called a complete
subordinator if ¢ is a complete Bernstein function. The potential measure U of S is defined by

U(A) = E/ 1{St€A} dt, AC [0,00) (21)
0

Note that U(A) is the expected time the subordinator S spends in the set A.
Throughout the remainder of this paper, we assume that S = (S; : t > 0) is a complete
subordinator with a positive drift and, without loss of generality, we shall assume that the drift of



S is equal to 1. Thus the Laplace exponent of S can be written as

dN) == A+ (N where () == /(0 )(1 — e M) p(dt).

We will exclude the trivial case of S; = t, that is the case of ¢ = 0. Since the drift of S is equal
to 1, the potential measure U of S has a completely monotone density u (cf. [6, Corollary 5.4 and
Corollary 5.5]).

Suppose that W = (W; : t > 0) is a Brownian motion in R? independent of S and with

E,[e!?"(We=Wo)] = e P for all 2,0 € RY.

The process X = (X; : t > 0) defined by X; = W(S;) is called a subordinate Brownian motion. It
follows from [6, Chapter 5] that X is a Lévy process with Lévy exponent ¢(|0]2) = |0|% + ¥ (]0?):

E,[e(Xt=X0)] = e 00 for all 2,0 € RY.

The Lévy measure of the process X has a density J, called the Lévy density, given by J(z) = j(|z|)
where

i(r) = / (4rt)~ Y2 W0y d, >0, (2.2)
0

Note that the function r — j(r) is continuous and decreasing on (0,00). We will sometimes use
the notation J(z,y) for J(x — y).

The function J(x,y) is the Lévy intensity of X. It determines a Lévy system for X, which
describes the jumps of the process X: For any non-negative measurable function f on Ry x R% x R?
with f(s,y,y) = 0 for all y € RY, any stopping time 7' (with respect to the filtration of X) and any
z € RY,

Ee | Y f(s,Xe, Xo)| =B, [ /0 ' ( g f(s,Xs,y)J(Xs,wdy) ds} : (2.3)

s<T

(See, for example, [14, Proof of Lemma 4.7] and [15, Appendix A].)

Recall that for any open set U C R, 7y = inf{t > 0: X; ¢ U} is the first exit time from U
by X. The following result is a consequence of a combination of [29, Theorem 1] and [33, Lemma
4.1], and will be used in Section 5. Results of this nature were also proved in [30] and [36].

Lemma 2.1 For every o > 0, there exists ¢ = c(0) > 0 such that for every xo € R% and r € (0, o],
cr? < By, [TB(xM)] < crt (2.4)

In the remainder of this paper, we will need some control on the behavior of j near the origin.
For this, we will assume that for any K > 0, there exists ¢ = ¢(K) > 1 such that

wu(r) < cp(2r), Vr e (0, K). (2.5)

On the other hand, since ¢ is a complete Bernstein function, it follows from [26, Lemma 2.1] that
there exists ¢ > 1 such that u(t) < cu(t + 1) for every ¢t > 1. Thus by repeating the proof of



[30, Lemma 4.2] (see also [25, Proposition 1.3.5]), we can show that for any K > 0, there exists
¢ = ¢(K) > 1 such that
j(r) <ecj2r),  Vre(0,K), (2.6)

and, there exists ¢ > 1 such that
jir) <ecjlr+1), Vr > 1. (2.7)
Note that, as a consequence of (2.6), we have that, for any K > 0,
jlar) <caVj(r), Vre (0,K) and a€(0,1) (2.8)

where ¢ = ¢(K) is the constant in (2.6) and v = v(K) := log, c.
The following Harnack inequality will be used to prove the main result of this paper.

Proposition 2.2 (Harnack inequality) There exists a constant ¢ > 0 such that for anyr € (0, 1]
and o € R? and any function f which is nonnegative in R? and harmonic in B(xq,r) with respect
to X we have

f(z) <cf(y) Jor all z,y € B(xo,7/2).

Proof. We first deal with the case d > 3. When f is bounded, this proposition is just [30, Theorem
4.5]. Using the same argument as in the proof of [30, Corollary 4.7], one can easily see that [30,
Theorem 4.5] can be extended to any nonnegative harmonic function.

The assertions of the proposition in the cases of d = 2 and d = 1 follow easily from the assertion
in the case d > 3. Since the arguments are similar, we will only spell out the details in the case
d = 2. For any z € R3, x = (7,23), where # € R?. Analogous notation will be used also for
other objects in R3. Let X = (Xt,P;) be the subordinate Brownian motion in R3 and write
X = (}? ,X3). Note that X has the same distribution under P 0) and P

Hence we can define Pz := P (3 o). The process ()N( ,P5) is a subordinate Brownian motion in R? via

for any 2® € R.

z,x3)

the same subordinator as the one used to define X. For any given f: R? — [0, 00), we extend it to

R3 by defining f(z) = f((Z,23)) := f(Z). Then

(1) If fis regular harmonic (with respect to X ) in an open set D C R2, then f is regular harmonic
(with respect to X) in the cylinder D := D x R. Indeed, let Tp = inf{t > 0: X, ¢ D} be
the exit time of X from D, and 7p := inf{t > 0: X; ¢ D}. Then clearly 75 = 7p. Thus, for
any z = (7,2%) € D,

E.[f(X(m0))] = E&[f (X (7p))] = f(2) = f(z).

(2) If f is harmonic (with respect to X) in an open set D C R2, then f is harmonic (with respect
to X) in the cylinder D := D xR. Indeed, let B C D be open and relatively compact. Then
there exists a cylinder C' = C xR such that B C C and C C D is open and relatively compact
(in D). Since f is harmonic (with respect to X) in D, it is regular harmonic in C. By (1), f
is regular harmonic (with respect to X) in C, and therefore also harmonic in C. Since B is
compactly contained in C', we see that

flz) =E;[f(X(mB))], forallz € B.



Let r € (0,1), o € R? and define zo := (Z,0). Assume that f : R? — [0,00) is harmonic
(with respect to X) in B(Zp,r). Then f defined by f(x) = f(Z) is harmonic in B(Zp,7) x R. In
particular, f is harmonic in B(xg, 7). By the assertion in the case d = 3,

f(.’L') Scf(y)v for all $7y€B($07T/2)'

Let =,y € B(Zp,r/2), and define = := (2,0), y := (y,0). Then

g

It follows from [6, Chapter 5] that the process X has a transition density p(t,z,y), which is
jointly continuous. Using this and the strong Markov property, one can easily check that

pp(t,z,y) = p(t,z,y) — Ez[p(t — 7p, X (7p),y);t > 7p], x,y €D

is continuous and is the transition density of X?. For any bounded open set D C R, we will use
Gp to denote the Green function of XP| i.e.,

Gp(z,y) 22/ pp(t,z,y)dt, x,ye€ D.
0

Note that Gp(z,y) is continuous on {(x,y) € D x D : x # y}.

3 Analysis on half-space

Recall that X = (X; : ¢ > 0) is the d-dimensional subordinate Brownian motion defined by
X; = W(S;), where W = (W',...,W%) is a d-dimensional Brownian motion and S = (S; : ¢ > 0)
an independent complete subordinator whose drift is equal to 1 and whose Lévy density satisfies
(1.2).

Let Z = (Z; : t > 0) be the one-dimensional subordinate Brownian motion defined as Z; :=
W4(S;). Let Z; :=sup{0V Zs : 0 < s < t} be the supremum process of Z and let L = (L; : t > 0)
be alocal time of Z—Z at 0. L is also called a local time of the process Z reflected at the supremum.
The right continuous inverse L, L of L is a subordinator and is called the ladder time process of
Z. The process H;y = 7L;1 is also a subordinator and is called the ladder height process of Z.
(For the basic properties of the ladder time and ladder height processes, we refer our readers to [1,
Chapter 6].) The ladder height process H has a drift (|24, Lemma 2.1]). The potential measure of
the subordinator H will be denoted by V. Let V (¢) := V((0,t)) be the renewal function of H.

By [1, Theorem 5, page 79] and [24, Lemma 2.1], V' is absolutely continuous and has a continuous
and strictly positive density v such that v(0+) = 1. The functions V and v enjoy the following
estimates near the origin.

Lemma 3.1 ([24, Lemma 2.2]) Let R > 0. There exists a constant ¢ = ¢(R) > 1 such that for all
x € (0, R], we have ¢! <w(x) <candc 'tz <V(x)<cw.
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By [26, Proposition 2.4] or [28, Lemma 3.8], the Laplace exponent x of the ladder height process
H of Z; is also a complete Bernstein function. For an earlier result related to this, see [31]. Using
this and the fact that x has a drift, we see from [25, Corollary 2.3], that v is completely monotone.
In particular, v and the renewal function V are C*° functions.

We will use R to denote the half-space {z = (z1,...,24-1,7q) = (Z,24) € R? : 34 > 0}.
Define w(z) := V((zq)").

Proposition 3.2 The function w is harmonic in Ri with respect to X and, for any r > 0, reqular
harmonic in RT™1 x (0,7) with respect to X.

Proof. Since Z; := W%(S;) has a transition density, it satisfies the condition ACC in [35], namely
the resolvent kernels are absolutely continuous. The assumption in [35] that 0 is regular for (0, c0)
is also satisfied since X is of unbounded variation. Further, by symmetry of Z, the notions of
coharmonic and harmonic functions coincide. Now the proposition follows by the same argument
as in [26, Theorem 4.1]. O

Unlike [26, Proposition 4.2], we prove the next result without using the boundary Harnack

principle.

Proposition 3.3 For all positive constants rg and L, we have

sup / wy)j(le - yl) dy < oo
zERL: 0<x <L B(x,ro)CﬂIRi

Proof. Without loss of generality, we assume T = 0. We consider two separate cases.
(a) Suppose L > z4 > r9/4. By (2.3) and Proposition 3.2, for every z € R,

w(z) = E, [W(X(TB(MO/z)mRi)) : X(TB(xmo/z)mRi) € B(z,r0)° ﬂRﬂ

TB(x,rg/2)NRY )
/ o/ARS / J<\Xt—y|>w<y>dydt] | (3.1)
0 B(x,r0)°NRE.

Since |z —y| < |z — z| + |z —y| < 1o+ | — y| < 2|z —y| for (z,y) € B(x,ro/2) x B(x,r9)¢, using
(2.6) and (2.7), we have j(|z — y|) > c1j(|x — y|). Thus, combining this with (3.1), we obtain that
) _ w(x _ V(L
/ w(y)jlle —yhdy < ei'z 2 ScllE()-
B(r,ro)CﬂRi w[TB(x,r0/2)ﬂRff_] O[TB(OWO/‘Q}
(b) Suppose x4 < ro/4. Note that if |y — x| > rg, then |y| > |y — x| — |x| > 3r¢/4 and |y| < |y — x|+

2] < |y — |+ ro/4 < |y — | + |y — 2] /4. Thus, using (2.6) and (2.7), we have j(ly]) > c2(jz — y])
and

= E,

sup / Wil — y)dy < cs / w()i(lyl)dy. (3.2)
w€R?: 0<ay<ro /4 J B(z,ro)NRL B(0,r0/2)°NRE

Let 21 := (0,70/8). By Proposition 3.2 and (2.3),

00> w(w1) = Bay |w(X (70 anmt) X (Tpoonzt) € Bl@,mo/2) NRY]

TB(0,rg/4)NRY )
— E., [ [ | mxt—ynw(y)dydt]. (3.3)
0 B(0,r0/2)°NRY.
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Since |z —y| < |z| + |y| < (ro/4) + |y| < 2|y| for (z,y) € B(0,ro/4) x B(0,r0/2)¢, using (2.6) and
(2.7), we have j(|z — y|) > ¢34 (]y|). Thus, combining this with (3.3), we obtain that

TB(0,rg/4)NRY )
/ ’ +/ J(lyw(y) dy dt
0 B(0,r0/2)°NRE

= C3Ez1[TB(o,r0/4)mRﬂ/B(o s J(lyDw(y)dy. (3.4)
5T +

oo >w(zy) > 3By

Combining (3.2) and (3.4), we conclude that

V(ro/8)

swp [ )i - udy < e
z€RY: 0<zg<ro/4 B(x,ro)CﬁRi 0 [TB(O,T()/B)]

< 0.

For a function f:R? — R and = € R? we define

Af(x) = lim (f(y) = f(2) (ly — =) dy

0 JB ()

and D,(A + A) to be the family of all functions f such that Af(z) is defined and

1551 - (f(y) = f(2)i(ly — =|) dy

exists and is finite. Recall that C2(R?) is the collection of C? functions in R? vanishing at infinity.
It is well known that C2(RY) C ®,(A + A) for any x and that, by the rotational symmetry of X,
A + A restricted to C2(R?) coincides with the infinitesimal generator of the process X (e.g. [32,
Theorem 31.5]).

The proof of the next result is similar to that of [26, Theorem 4.3]. We give the proof here for
completeness.

Theorem 3.4 For all z € R% we have that w € D,(A + A) and (A + A)w(x) = 0.

Proof. It follows from Proposition 3.3 and the fact that j is a Lévy density that for any L > 0
and ¢ € (0,1/2)

sup / (w(y) — w(z))j(ly — zl)dy
z€R4: 0<zy<L |J B(z,e)¢
< sw / w()j(y — l) dy + V(L) / J(lydy < oo. (3.5)
z€RY: 0<zy<L J B(x€)° B(z,e)°

Hence, for every ¢ € (0,1/2), Acw(x) := fB(x E)c(w(y) —w(x))j(ly — z|)dy is well defined. Using
the smoothness of w in R‘i and following the same argument in [26, Theorem 4.3|, we can show
that Aw is well defined in R% and A.w(z) converges to

Aw(r) = /Rd (w(y) — w(z) = Ly} (y — 2) - Vw(2)) j(ly — 2[)dy

12



locally uniformly in R? as e — 0 and the function Aw(z) is continuous in RY.

Suppose that U; and U, are relatively compact open subsets of Ri such that U; C Uy C Uy C
R?. Tt follows again from the same argument in [26, Theorem 4.3] that the conditions [11, (2.4),
(2.6)] are true. Thus, by [11, Lemma 2.3, Theorem 2.11(ii)], we have that for any f € CZ(R%),

0= [ Vo) Vi@de+s [ [ ) - e@) ) - f@)ily-ahdedy. (30

For f € C’g(Ri) with supp(f) C Uy C Uy C Uy C Ri,

/Rd/‘w o) f(y) = f(@)]i(ly — =[)dwdy
= [, 1000 = w0 = 1@l =tz 2 [ [ ) = @il - ey

<ai [ ly-aPily- |>dxdy+2ufuoorm|(sup w<w>) / iy — )y
Uy xUs xeU; UQC
4201 e / / i(le — y))dyda

is finite by Proposition 3.3 and the fact that j(|z|)dz is a Lévy measure. Thus by (3.6), Fubini’s
theorem and the dominated convergence theorem, we have for any f € Cg(Ri),

0= [ Vuw(z) Vf(z)ds+ %ﬁm (w(y) —w(@))(f(y) — f(@))i(ly — z[) dz dy
R4 el0 {(z,y)ERIxRY, |y—x|>e}

=— | Aw(z)f(z)dr—lim [ f(z) </ (w(y) —w(x))i(ly — $|)dy> dx
R‘i B(z,e)¢

R4 €l0

=— | Aw(z)f(z)dx — ) f(z)Aw(z)dr = —/ (A + Aw(z)f(x)d
RY R4

R4

where we have used the fact A.w — Aw converges uniformly on the support of f. Hence, by the
continuity of (A + A)w, we have (A + A)w(x) =0 in RY. O

4 Analysis on C! open set

Recall that A > 1 and that D is a C™! open set with characteristics (R, A) and D satisfies the
uniform interior ball condition and the uniform exterior ball condition with radius R < 1. The
proof of the next lemma is motivated by that of [26, Lemma 4.4].

Lemma 4.1 Fix QQ € 0D and define

h(y) == V(ép(¥))1pnB(Q,R)(Y)-

There exists C1 = C1(A,R) > 0 independent of Q such that h € D,(A + A) for a.e. x € DN
B(Q,R/4) and
[(A+ A)h(z)| < Cy  for a.e. 2 € DN B(Q,R/4). (4.1)
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Proof. In this proof, we fix x € DN B(Q, R/4) and x¢ € 9D satisfying dp(z) = |z — zo|. We also
fix the C'b! function ¢ and the coordinate system C'S = CS,, in the definition of C*! open set so
that = (0,24) with 0 < 24 < R/4 and B(zo, R)ND = {y = (¥, ya) € B(0,R) in C'S : yq > ¢(y)}.
Let

" and ¢2(3) = —R+ VR[5

Due to the uniform interior ball condition and the uniform exterior ball condition with radius R,

we have

v2(¥) < p(¥) < pi1(y) for every y € DN B(z, R/4). (4.2)
Define H' := {y = (¥, yq4) € CS : yg > 0} and let
A:={y=(9,ya) € (DUHT)NB(z,R/4) : p2(9) < ya < 01(D)},

E:={y=U,va) € B(x,R/4) : ya > ¥1(y)}-

Note that, since |y — Q| < |y — z| + |[xr — Q| < R/2 for y € B(z, R/4), we have B(z,R/4) N D C
B(Q,R/2)N D.
Let
he(y) =V (0, (y))

Note that h.(x) = h(z). Moreover, since d,, (y) = (ya)" in CS, it follows from Theorem 3.4 that
Ah, is well defined in HT and

(A+ A)hy(y) =0, VyeHT. (4.3)

We show now that A(h — hy)(x) is well defined. For each € > 0 we have that

‘ /{yeDUH+: ly—o|><} (h(y) = ha(y))i(ly — =) dy'

</ (h(y) + ha(y)) '(ly—$|)dy+/(h(y)+hx(y))j(|y—$|) d
B(z,R/4)¢ A
/ |h(y) ily —z))dy = I + Iz + I3.

By the fact that h(y) = 0 for y € B(Q, R)¢,

I< sup / V(yd)j(lzy!)dy+01/ J(lyhdy =: K1 + K>.
z€R4: 0<zg<RJ B(z,R/4)¢NH* B(0,R/4)¢

K is clearly finite since J is the Lévy density of X while K is finite by Proposition 3.3.
For y € A, since V is increasing and (R — \/R? — |y]2) < R7!|y|?, we see that

ha(y) + h(y) < 2V (p1(9) — v2(¥)) < 2VERY7%) < 2VR |y — 2/?). (4.4)

Using (4.4) and Lemma 3.1, we have

)

I < / ly — 21y — al)dy < 3 / 122j(|2])dz < oo. (4.5)
A B(0,R/4)
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For I3, we consider two cases separately: If 0 < yq =0, (y) < dp(y), since v is decreasing,

ya+R™y)?
hy) — ha(y) < Vi(ya+ RGP — V(ya) = / v(2)dz < R g[*v(ya)- (4.6)
Ya

Ifya =0, (y) > dp(y) and y € E, using the fact that 6p(y) is greater than or equal to the distance
between y and the graph of ¢ and

— 92 ly—z* _|y—=f
yi— R+ VI + (R—ya)? = ——= < < 7
VITR + (R —ya)2 + (R—ya) ~ 2(R—ya) R
we have
Ya
ha(w) ~ hio) < [ v(2)dz < Ry —afPo(R— P+ BR—wd).  (47)
R/ (R—ya)?
Thus, by (4.6)-(4.7) and Lemma 3.1,
h<e [ ly-ofily—aldy<es [ e < oc.
E B(0,R/4)
We have proved
A(h — ho)(@)| < L+ Lo + I3 < e (4.8)

for some constant ¢4 = ¢4(R,A) > 0.
The estimate (4.8) shows in particular that the limit

lim (h(y) = ha(y))i(ly — =) dy
el0 J{ye DUH+:|y—z|>¢}
exists and hence A(h — hy)(z) is well defined.

We now consider A(h — hy). Note that for a.e. z € DN B(Q, R/4), the second order partial
derivatives of the function y — dp(y) exist at . Without loss of generality we assume that z
has been chosen so that the second order partial derivatives of the function y — dp(y) exist at z.
Since h.(y) = V ((yq)™) in CS, we have Ah,(z) = v'(x4). Tt follows from (4.4), (4.6)—(4.7) that
|h(y) — he(y)| < esR7 |y — z|? for y € DN B(Q, R/4). Combining this with the elementary fact
that, for any function f such that Af(z) exists,

0% f(2) — lim (f(z+ee;) + f(z —ee;) —2f(2))

823 e—0 62 ’

we get |[A(h—hy)(x)| < c6. In the display above e; stands for the unit vector in positive z; direction.
Using this, (4.3), (4.8), and linearity we get that (A+.4)h(x) is well defined and [(A+.A)h(z)| < c7.
a

Using the fact that A 4 A restricted to C’g(Rd) coincides with the infinitesimal generator of the
process X, we know that the following Dynkin’s formula (see, for instance, [17, (5.8)]) is true: for
f € C3(R?) and any bounded open subset U of R,

E, /0 YA A (XDt = Ealf(Xoy)] — (). (4.9)
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Lemma 4.2 For every r1 > 0 and every a € (0,1), there exists a positive constant ¢ = c(r1,d, a)
such that for any r € (0,r1] and any open sets U and D with B(0,ar) "D C U C D, we have

P, (X,, € D) < cr 2R, [, x € DN B(0,ar/2).

Proof. For fixed a € (0,1), take a C? function f such that 0 < f <1,

L |yl =za.

Put 1 = || 3, ; \%\Ho@. Define f,(y) = f(¥) so that 0 < f,. <1,

0, |yl <ar/2 ) H? ‘ 9
~(y) = and sup —f =cr - 4.10
fr(y) { Ll > ar sup EH o ayjf (y) 1 (4.10)

Using (4.10), we see that

040 = 1) = (V5260 01 () )y

< / et ) — Fola) — (V@) - 9) a0y () T (w)dy| +2 / J(y)dy
{ly|<1} {ly|>1}

<2 2 7(y)dy + 2 J()dy < & 411

<7 e ly|“J (y)dy + /{y|>l} (y)dy < 3 (4.11)

Now, by combining (4.9), (4.10) and (4.11), we get that for any x € D N B(0,ar/2),

P, (X(rv) € D) =P, (X(v) €{y € D :ar <|y|})
[fr (X(1v)) : X(rv) €{y € D :ar < |y[}]

Uy (X ()] = Es [ [" @ rana

< (A + A) frlloo Ex[rr] < C4T_2EI[TU]7

By
Ey

IN

where in the first equality above we used the assumption B(0,ar)N D C U. |

Define pg(z) := x4 — ¢g(Z), where (,z4) are the coordinates of x in C'Sg. Note that for every
Q € 90D and x € B(Q, R) N D we have

(1+ 4272 po(a) < dp(a) < pola). (4.12)
We define for 1,79 > 0
Dqg(ri,m2) :={y e D:ri > pgo(y) >0, |y| <ra}.

Let Ry := R/(4\/1+ (1+ A)?). By Lemma 3.1, V(dp(z)) on the right-hand sides of (4.13)—
(4.14) can be replaced by dp(x). The reason we prefer the forms below is that the function V' will
be used in the proof.
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Lemma 4.3 There are constants Ao > 2Ry ", ko € (0,1) and ¢ = ¢(R,A) > 0 such that for every
A> X, Q€0D and x € Do(27 (1 + A) " thoA ™1, koA ™1) with 7 =0,

P, <X<TDQ(HOA,1,A,1)) € D) < eAV(dp(x)) (4.13)

and

Ex [Tog(eor-1a-)] < €A™ V(p(a). (4.14)

Proof. Without loss of generality, we assume Q = 0. Let ¢ = ¢p : R“"1 — R be the C1! function
and C'Sy be the coordinate system in the definition of C1'! open set so that B(0, R)ND = {(37, Ydq) €

B(0,R) in CSy : yg > ¢(y)}. Let p(y) := yqa — ¢(¥) and D(a,b) := Do(a,b).
Note that

[yl = 1312 + val® < 7 + (Jva — 2@+ lo@])? < (1 + (1 +A)*)r for every y € D(r,r). (4.15)

By this and the definition of R;, we have D(r,s) C D(Ry,R1) C B(0,R/4) N D C B(0,R)N D for
every r,s < Rj.
Using Lemma 3.1, we can and will choose &g € (0, R1) small such that

22 < V(A +A)"V2r) for all r < 46.

Then, by (4.12), the subadditivity and monotonicity of V, for every A > 1 and every y € B(0, R)ND
with p(y) < 4A"1dp, we have

2X%p(y)* < V(Ap(y)) < (A+ 1)V (dp(y)) < 2AV(5p(y)). (4.16)

Since Ap(y) is well defined for a.e. § with respect to the (d — 1)-dimensional Lebesgue measure,
it follows that Ap(y) exists for a.e. y with respect to the d-dimensional Lebesgue measure. Using
the fact that the derivative of a Lipschitz function is essentially bounded by its Lipschitz constant,
we have for a.e. y € B(0, R) N D that

Alp(y)?) = Al(ya — ¢(@))%) = 201+ [Vo@)*) = 2p(1) Ap() = 2(1 — p(y) [ Alloc) -
Choosing dp € (0, R;) smaller if necessary we can get that
Alp(y)?) >1 for ae. y € B(0,R) N D with p(y) < 25. (4.17)

Let g(y) = g(¥,ya) be a smooth function on R? with 0 < g(4,y4) < 2, 9(¥, ya) < y3,

d d

0? 0
i;l |8yz89yj | * ; |8752| = (4‘18)
and
0, if —oo<ys<0,o0rys>4or|yl >2
B yazl, if0<ys<land|y| <1
o) = —(yg—2)%+2, ifl<y;<3and|g <1
(yq — 4)2, if 3<yqg<4and |yl <1.

17



Thus supp(g) C {|y] < 2,0 <yq < 4}
For A > 1, let gx(y) = 9A(F, ya) := 9(A65 ', A0y p(y))1 (0, r) (y) so that

supp(ga) C {[7] < 20700, 0 < p(y) < 4A"1do}. (4.19)
Then, since szzl |g;f6(,z; |+ lag—?(j” is essentially bounded, using (4.18), we have
d 52 )
UZ:I |M )| < 2A” ae y. (4.20)

Note that, by the definition of g, gx(y) = Ad5 2p(y)? on D(A"'50, A"18p). Thus, from (4.17) we get
Aga(y) > X256, for ae. y € DA 160, A1 dp). (4.21)

On the other hand, by (4.20) we have

[ 03 +2) = 0) = (Var(0) - on ()T () =

<

/{ |<,\—1}(g’\(y +2) = 2(y) — (Vor(y) - 2)1poa1)(2)J(2) dz

—|—/ J(2)ga(y + z)dz + (/ J(z)dz) a(y) + 2/ J(z)dz
{At<lz]<1} {A-I<|z|<1} {1<|2[}
< 03)\2/ 12|2J(2) dz + 2/ J(z)dz

{lz|<A-1} {1<2(}

+/{A_1<|Z<1} J(2)ga(y + z)dz + (/{)\_1<z|<1} J(z)dz) ar(y).

Thus

A_Q

L0052 = 030) = (Fn0) - 2)1m0a ) ()T )

IN

e / 227 (2) d= + 2272 J(2) dz
fel<r-1) f1<iel)

+A72 / J(2)ga(y + 2)dz + A2 < / J (Z)d2> 9 (y)
{AI<lz|<1} {ATi<]zI<1}

Cg/ |2]2J (2) dz + 2172 J(z)dz
{lzl<A-1} {1<lz)}

z 2;2 2)dz 22 dz ‘ ‘
+/{A_1<Z|§1} J(2)[=["ga(y + 2)dz + </{0<|z|§1}‘ ?J(2)d )gA(y) (4.22)

We claim that for every A > 1 and y € D(A~18g, A\~ 1d), the function z — gy (y+z) is supported
in B(0,3A 7100/ (4A)2 + 1).

Fix A > 1 and y € D(A\ 1609, A\"1dp) and suppose that z € B(0,3A\ " 50/(4A)2 + 1)¢. Then
either |Z] > 3180, or |Z] < 3A"16y and |zq| > 12A716pA. If |Z] > 3A~ 14, then clearly |y + Z| >

IN
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1Z] — 9] > 3A"180 — A7160 = 2A716p. Thus by (4.19), gA(y + z) = 0. Now assume |z| < 3A~15p and
|zq| > 1227150, TIf 24 < —120710A, then gy (y + 2) = 0. If z4 > 12A715pA, we have

py+2) > za— [Y(G+2)| > 1207 60A — A(1Z] + [g]) > A" A (1260 — 380 — do) = 8A™ " Adp.

Thus by (4.19), gx(y + z) = 0. The claim is proved.
Using the above claim and the fact that g)(y) = A2, 2p(y)? on D(A~18p, A1), we have from
(4.22), that for y € D(A~180, A\"16)

)\—2

L 30+ 2) = 0al0) = (F0al0) - o) T ()

<cs / 12127 (2) dz + 222 / J(2) d=
fel<a1) {1<lel)

(2)|22dz + car?5y 2 p(y)?

+ 2/ J
{A=1<]2|<IA3A 1804/ (4N)2 41}

(1A 2)%)J(2) dz + 2272 / J(2)dz + ca)?85%p(y)?,  (4.23)
{1<|2[}

<(c5+2) /
{I21<3A~160/(A0)2 1 1)
where ¢4 := 271V f{0<‘z|§1} |2|2J(2)dz. Define
hy) ==V (p(y)1pornp(y) and hy(y) = A(y) — gx(y)-

Choose A, > 2 large such that for every A > A,
(1A]2]2)J (2) dz—|—2>\2/
{1<(zl}

where C is the constant from Lemma 4.1. Then by (4.21) and (4.23), for every A > A, and a.e.
y e D127 e 200, 1),

(c3+1) / J(z)dz <47'6;%  and 550—2 > (1,
{|z|<22— 1801/ (4A)2+1} 4

(A +A)ga(y) = Agaly) — [Aga(y)] = X657 = 47IN%67 — cahd % p(y)* = %/\2562 (4.24)

and
(A + A)ha(y) < M(A + Ah()] — (A + Aga(v) < MO - 22057 < — N8, (425)
Let 4, := 2_1021/ 260 and f be a non-negative smooth radial function with compact support

such that f(z) =0 for [z| > 1 and [p4 f(2)dz = 1. For k > 1, define fi(z) = 2" f(2"z) and

MOG) = (s ma)@) = [ oG =)y

Let
B,/c\ = {y S D()\ilé*, Ailfso) . 5D(>\*16*,)\*160)(y) > 271{}

and consider large k’s such that B,i"s are non-empty open sets. Since hf\k) is in C°, AhE\k) is well
defined everywhere. We claim that for every A > A, and k large enough,

1
(A + A)pF) < — V5,7 on B} (4.26)
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Indeed, for any * € Bj and 2z € B(0,27%), when k is large enough, it holds that z — 2 €
D(A18,,A7160). By the proof of Lemma 4.1 the following limit exists:

lim (haly = 2) = ha(z = 2)) j(lz = yl) dy
e—0 B(I,E)c

= lim (ha(y) = ha(z = 2)) j(|(x — 2) = /|) dy = Ahy(z — 2).

e—0 B(CE—Z,E)C

Moreover, by (4.25) it holds that for every A > A, (A+A)hy < _%)\250—2 a.e. on D(A715,, A715p).
Next,

/ (WP () — P (@) (| — ) dy
B(z,e)c

-/ ( fk(Z)(hA(y—Z)—h/\(ﬂf—z))dz>j(|$—y|)dy
|z—y|>e R4

-/ )fk<z></ <m<y—z>—m<x—z>>j<\x—y\>dy> dz.
B(0,27k) B(z,e)°

By letting € — 0 and using the dominated convergence theorem, we get that for every A > A, and
k large enough,

(A + AhP (@) = /

|z|<2—F

fe(2)(A 4+ A)hy(x — 2)dz < —lev(so—?/ fre(2)dz = _iwo—?.

|z|<2—F

By using Dynkin’s formula (4.9), the estimates (4.26) and the fact that hs\k) are in C°(RY),
and by letting k — oo we get for every A > . and x € D(A~15,, A\"16) with 7 =0,

Ex[hx(X(Tp(A-15,,0-150)))] = AV(6p(2)) < Eu[hn(X(Tpr-15.0-16)))] — ha(2)
1 _
< —1/\250 *Ea[Tp(r-15. A~ 150)] - (4.27)

It is easy to see that hy > 0. In fact, if y € (B(0,R) N D), then both h(y) and gx(y) are zero. If
y € B(0, R)ND and p(y) > 4\~ 14p, then g)(y) = 0. Finally, if y € B(0, R)N D and p(y) < 4\~ 16,
then, since g(y) < y3 by (4.18), we have from (4.16),

haly) = AV (6p(y)) — g(A0y 5, A6y ' p(y)) = AV (3p(y)) — Ap(y)* > 0.

Therefore, from (4.27),
1.
V(0p(@)) 2 5 Ao * Ea[rp(r-16. a-150)]- (4.28)

Since B(0, (1 +A)~t5A"H N D c D(A16,,A"18), using Lemma 4.2 and (4.28), we have that for
every A > X\, and = € B(0,271(1 + A)~16, A7) with 7 =0,

P, (X(TDQ(A*1§*,A*150)> € D) < 7 M Ealrpa-1s, a-160)] < s AV (6p()).

We have proved the lemma with g := A4, L O
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Lemma 4.4 There is a constant ¢ = ¢(R,A) > 0 such that for every A > Ao, k € (0,1], @ € 9D
and z € Do(kA™1, A71) with 7 = 0,

P, (X(TDQ(M_M_I)) € Do (26271, A‘l)) > AV (6p(x)). (4.29)

Proof. Fix A > \¢ and & € (0,1]. For simplicity we denote Dg(kA~1, A~1) by D. Further, let
U={yeD:pg(y)=rr"and [y <A™}

be the upper boundary of D. -
Let Tg/ be the first time the Brownian motion W exits D and W2 be the killed Brownian motion

in D. Let Y = (Y; : t > 0) be the subordinate killed Brownian motion defined by Y; = wb (St)-
Let ¢ denote the lifetime of Y. Recall that u is the potential density of the subordinator S. It
follows from [38, Corollary 4.4] that

Po(X(r5) € U) > Po(Yc_ € U) = E, [u( WY (Y e U] .

™D

Thus, since u is deceasing, for any ¢t > 0,

P.(X(75) €U) > E, [U(T%V);W(Tg/) eU, Tg/ < t} > u(t)Px(W(TI%V) eU, TJ%V < t)

= u(t) [P (W) € U) = Pu(rl > 1) 2 u(t) [P (W) € U) —t7'Eu [7]] -

Now we use the following two estimates which are valid for the Brownian motion (for example,
see [13, Lemma 3.4] with a = 0). There exist constants ¢; > 0 and ¢z > 0 (independent of A > \g)
such that P, (W(Tg/) € U) > 1 Adp(z) and E, [Tg/} < oA 16p(x). Then, by choosing ¢y > 0 so
that ¢y — tglcg)\_2 > — 150_102)\0_2 > c1/2 =: c3, we get

P, (XTf) € U) > u(t)(c1 — eat " A 2)Np(x) > esu(to)A\dp(z).

5 Carleson estimate and Boundary Harnack principle

In this section, we give the proof of the boundary Harnack principle for X. We first prove the
Carleson estimate for X on Lipschitz open sets.

We recall that an open set D in R? is said to be a Lipschitz open set if there exist a localization
radius Rri, > 0 and a constant Arj, > 0 such that for every Q € 9D, there exist a Lipschitz
function ¢ = g : R4™! — R satisfying 1(0) = 0, |1(x) — 1 (y)| < ALip|z — y/, and an orthonormal
coordinate system CSg: vy = (y1,--.,Yd—1,Yd) =: (¥, ya) with its origin at @ such that

B(Q, Ruip) "D = {y = (¥,ya) € B(0, RLip) in CSq : ya > ¥(y)}-

The pair (Rrip, ALip) is called the characteristics of the Lipschitz open set D. Without loss of
generality, we will assume throughout this section that Rp;, < 1. Note that a Lipschitz open
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set can be unbounded and disconnected. For Lipschitz open set D and every @ € 0D and x €
B(Q, Rrip) N D, we define

pQ(x) = xa = YQ(Z),
where (Z,z4) are the coordinates of x in C'Sg.
The proof of the next lemma is similar to that of [13, Lemma 4.1].

Lemma 5.1 Let D C R? be a Lipschitz open set with characteristics (RLip,ALip). There exists a
constant 6 = §(Rrip, Arip) > 0 such that for all Q € 0D and x € D with pg(x) < Rrip/2,

P, (X (r(x)) € D) >4,
where T(T) = TpAB(z,2p0(x)) = If{t > 0: Xy € DN B(x,2pq())}

Proof. Let D, := D N B(z,2pg(z)) and WP= be the killed Brownian motion in D,. Here W
denotes the Brownian motion in R?. As in the proof of Lemma 4.4, we define the subordinate killed
Brownian motion Y = (Y; : ¢t > 0) in D, by Y; := WP=(S,). We will use ¢ to denote the lifetime
of Y and let C, := 8D N B(z,2pg(z)) and 7} :=inf{t > 0: W, ¢ U}.

Since, see [38], Py (X, (4) € Cp) = Py (Yoo € Cy) = Eg [u(7]))); W(r))) € C], we have

Py (Xo(z) € DY) = Py (Xp0) € Co) 2 B [u(rh)); W(rp,) € Ca, 7, < t]
> u(t)Py (W(rh.) € Coutpy, < t) >u(t) (Pa(W(rh.) € Ca) = Pu(rpy, > 1)), t>0.(5.1)

By the fact that D is a Lipschitz open set, there exists ¢; = ¢1(Ryip, Arip) > 0 such that

P, (W(rh.) € Cy) > ci. (5.2)
2
(See the proof of [13, Lemma 4.1].) Since P, ()} > t) < 02% (see, [13, (4.4)]), by using (5.2) and
(5.1), we obtain that

Py (X € D) > u(t) (Po(W(rh)) € Cu) — Pu(rp. > 1)) > u(t) <01 - c{?ﬁ) > cru(tp)/2 > 0,

where tg = to(Rrip, ALip) > 0 is chosen so that ¢; — CQRIZJip /t > ¢1/2. The lemma is thus proved. O

Suppose that D is an open set and that U and V are bounded open sets with V C V C U and
DNV # (. If f vanishes continuously on D¢ N U, then by a finite covering argument, it is easy
to see that f is bounded in an open neighborhood of 9D N V. The proof of the next result is the
same as that of [13, Lemma 4.2]. So we omit the proof.

Lemma 5.2 Let D be an open set and U and V be bounded open sets with V.C V. C U and
DNV #0. Suppose f is a nonnegative function in R that is harmonic in D N U with respect to
X and vanishes continuously on D NU. Then f is reqular harmonic in D NV with respect to X,
1.€.,

f(x) =By [f (Xrpay )] forallx e DNV . (5.3)
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Theorem 5.3 (Carleson estimate) Let D C R? be a Lipschitz open set with characteristics
(Rrip, ALip). Then there exists a positive constant A = A(Rpp, ALip) such that for every Q € 0D,
0 <r < Rrip/2, and any nonnegative function f in R that is harmonic in DN B(Q,r) with respect
to X and vanishes continuously on DN B(Q,r), we have

(@) < Af(zo)  forz e DN B(Q,1/2), (5.4)

where xg € D N B(Q,r) with pg(xo) = r/2.

Proof. Since D is Lipschitz with characteristics (Ryip, Arip), there exists ¢ = co(d, Arip) > 1 such
that for any Q € 0D and x € B(Q, Ryip) N D,

& "a(@) < dp(z) < po(@).

Using that D is Lipschitz with characteristics (Ryp, Arip) and r < Ryip/2, by Proposition 2.2 and
a standard chain argument, it suffices to prove (5.4) for z € DN B(Q,r/(24co)) and T = 0 in C'Sg.
In this proof, the constants 4, 5,7 and ¢;’s are always independent of r.

Let v = v(3) V 2 where v(3) is the constant in (2.8) with K = 3, choose 0 < v < v~! and let

Dy(xz) = DN B(x,2pq(z)), Bi(x) = B(x, rlprQ(x)”)

and
By = B(xo, pg(%0)/(3c0)) .,  Bs = B(xo,2pq(x0)/(3c0))-

By Lemma 5.1, there exists 6 = 6(Rrip, Arip) > 0 such that
P.(X(Tpy@)) € D) =46, € DNB(Q,r/4). (5.5)
By the Harnack inequality and a chain argument, there exists § > 0 such that
f(x) < (po(z)/r) P f(z0), x€DNBQ,r/4). (5.6)
In view of Lemma 5.2, f is regular harmonic in Dy(x) with respect to X. So for every x € B(Q,r/4),
f@) = Eu[f (X (Do) X (Do) € B1(2)] + B [f (X (7Do(2))s X (Tpo(w)) & Bi(@)].  (5.7)
We first show that there exists n > 0 such that
E, [f(X(TDO(z)));X(TDO(m)) ¢ Bl(az)} < f(zo) ifx e DNB(Q,r/(12¢cp)) with pg(x) <nr. (5.8)
Let 1o := 272, then, since vy < 1 — v}, for po(z) < nor,
200(z) <7 po(x)Y — 2pg(z).

Thus if € DN B(Q,r/12) with pg(x) < nor, then |z —y| < 2|z — y| for z € Dy(x), y ¢ Bi(z).
Moreover, by the triangle inequality, |z —y| < |z — 2|+ |2 —y| < 1+ |z —y|. Thus we have by (2.6),
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(2.7), (2.3) and Lemma 2.1

E, [f( (TDo(x)>) (TDO(I ) ¢ Bl(x)]
TDg (=)

. TDg () .
=E, (X =y f(y) dydt+Ex/ / X —y) f(y) dydt
0 2>|y—z|>r1=7pg(z)Y 0 y—ax|>2

Exmp (2 i(lz — d i(le — d
<1 [Ty ()] </2>Iya:>rl_“’pQ(:1:)7](‘x yl)f () y+/yx>2,7(\$ yl)f () y)

<cieapg(w)? (/ Jllz =y f(y)dy
ly—x|>71=7 pg (x)7,ly—z0]>2pq (w0)/(3co)

+ / Jllz =yl f(y) dy) = e3pq(2)*(I + I). (5.9)
ly—z0|<2pq (z0)/(3c0)

On the other hand, for z € By and y ¢ B3, we have |z — y| < |z — 20| + |z0 — y| < po(z0)/(3co) +
lzo —y| < 2|xo —y| and |z —y| < |z — x| + |x0 — y| < 1+ |xg —y|. We have again by (2.3), (2.6),
(2.7) and Lemma 2.1

f(xo) > Ezo [f(X(7B,)), X(7B,) ¢ Bs]

> espo(e0)? / 3120 — y)f () dy. (5.10)

ly—z0|>2pq (z0)/(3¢c0)

Suppose now that |y — x| > r'=7pg(x)” and x € B(Q,r/(12¢p)). Then
[y — ol <y —a|+r <ly—z[+"pg(x) "y —x[ < 217 po(z) "y — 2|
Thus, using (2.8), we get for |x —y| < 2,

iy = x[) < er(pq(x)/r) "7 5(ly — wol)- (5.11)

Now, using (2.6), (2.7) (together with |y — zo| < |y — 2|+ 1) and (5.11),

ho< e (o)1) ™31y — wol) ) dy
2> |y—z|>r1 =Y pg (x)7,|ly—xo|>2pq (x0)/(3co)
tes / i(lzo — ) F () dy
ly—z|>2,|ly—z0|>2pq (z0)/(3c0)
< e ((pola)/r) ™ +1) / i(leo — o)) £(y) dy
[y—0|>2pq (z0)/(3c0)
< i leapolro)2 ((pg(x)/r) ™" + 1) f(x0)
< 25 eq(p () /r) ™ pq (o) 72 f(w0) (5.12)

where the second to last inequality is due to (5.10).
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If |y — zo] < 2pg(x0)/(3co), then |y — x| > |xg — Q| — | — Q| — |y — zo| > pg(z0)/(6co). This
together with the Harnack inequality implies that

L < 31z — ) (o) dy < e10f (z0) / iz — yl) dy

ly—=2|>pq(x0)/(6co)

— erof(a0) ( / §(120) dz + / j(\znczz)
1>|z|>pg(z0)/(6¢c0) 1<|z|

< ciof(zo) (/ J(lz]) dz + Cn) . (5.13)
1>|z|>pq(z0)/(6co)

Combining (5.9), (5.12) and (5.13) we obtain

o
ly—z0|<2pq (w0)/(3c0)

Ex[f(X(TDo(:v))); X(TDo(z)) ¢ B (.75)]
< enf(0) (pa(@)(po(x)/r) " polr0)

+(pola)/r)(pal)/ (6ep))? /

j(12D) dz + (pa(@)/r)r?)
1>|2|>pq(z0)/(6co)

< ersf(xo) <<pQ<x>/r>2—W+<pQ<x>/r>2( / T )|z|2j<|z|>dz+1)>
>|2|>pq(x0 Co

< cuf(@o) ((pq(@)/r)* ™" + (pq(2)/r)?) (5.14)

where we used the fact that pg(zo) = r/2. Since 2 — yv > 0, choose now 7 € (0,79) so that

cu (P77 +%) < 1.

Then for x € D N B(Q,r/(12¢p)) with pg(x) < nr, we have by (5.14),

Eo [f(X (Do) X (Tpo@)) € Bi(x)] < ca f(o) (7" +1%) < flao).

We now prove the Carleson estimate (5.4) for z € D N B(Q,r/(24¢p)) by a method of con-
tradiction. Without loss of generality, we may assume that f(z¢) = 1. Suppose that there exists
r1 € DNB(Q,7/(24cp)) such that f(z1) > K > n~#v(1+671), where K is a constant to be specified
later. By (5.6) and the assumption f(z1) > K > 7%, we have (pg(z1)/r) ™" > f(v1) > K > n~?,
and hence pg(z1) < nr. By (5.7) and (5.8),

K < f(z1) <EBay [f(X(Tpg@)); X (Tpg(ar)) € Bila1)] +1,

and hence

1
Eoy |F(Xrpya)i Krpyy) € Blan)] 2 fla) =1 > s ().

In the last inequality of the display above we used the assumption that f(x1) > K > 1+ 6 1. If
K > 28/ then Bi(z;) € B(Q,r). By using the assumption that f = 0 on D°N B(Q,r), we get
from (5.5)

B, [F(X(TDy(21)))s X (TDy (1)) € Ba(1)]

Ee [F(X(TDy(21)))s X (TDy (1)) € Ba(x1) N D]

< Px(X(TDO(xl)) GD) sup fS (1_5) sup f
Bi(z1) Bi(z1)
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Therefore, supg, (5,) f > f(z1)/((1 +6)(1 —6)), i.e., there exists a point zo € D such that

1 1
|21 — m2| < TV po(x1)?  and  f(x2) > 152 f(z1) > WK'

By induction, if z; € DN B(Q,r/(12¢co)) with f(xy) > K/(1 — 62)k~! for k > 2, then there exists
ZTk+1 € D such that

1 1
|z — x| <7 77pgak)”  and  f(wpg) > 1=52 flzy) > =)k K. (5.15)

From (5.6) and (5.15) it follows that pg(x1,)/r < (1 — 62)F=V/BK=1/8 for every k > 1. Therefore,

1—
k= QI < o - Q\+Z|%+l %’—f(ﬁzr "po(a;)

= 7=1
1- 2HG=/B /By — 1- /B /8
_2400—'_70 ’YZ J=O/B =By — 24 4+l Y Z 27
j=1 7=0
1
- 4 yKYVB -
2dc, 7" 1— (1—02)/8

Choose
K=nV(1+381) Vv (24c0)%7(1 — (1 — 62)2/8)=8/.

Then K~7/8 (1—(1-6%)7/8)=1 < 1/(24co), and hence z, € DNB(Q,/(12¢q)) for every k > 1. Since
limy o0 f(x) = +00, this contradicts the fact that f is bounded on B(Q,r/2). This contradiction
shows that f(x) < K for every x € D N B(Q,r/(24cp)). This completes the proof of the theorem.
a

Proof of Theorem 1.2 . We recall that Ry = R/(4\/1 + (1 + A)2) and Ao > 2R; " and ¢ € (0,1)
are the constants in the statement of Lemma 4.3.

Since D is a C1! open set and r < R, by the Harnack inequality and a standard chain argument,
it suffices to prove (1.4) for z,y € DN B(Q,2 rro\y ). In this proof, the constants 7 and ¢;’s are
always independent of r.

For any r € (0,R] and x € D N B(Q,2~ 7%0)\51) let Q; be the point @, € 0D so that
|z — Qx| = dp(z) and let z¢ := Q; + g(x — Qz)/|r — Qz|. We choose a Cl Lfunction ¢ : R~! — R
satisfying ¢(0) = 0, V(,O( ) = (0,..., )7 HVQOHOO < A, ‘VSO( ) — ( )‘ < A’y - 2‘7 and an

orthonormal coordinate system C'S With its origin at (), such that
B(Qe, R)N D ={y = (y,ya) € B0, R) in CS : ya > ¢(y)}.
In the coordinate system C'S we have T = 0 and zo = (6, r/8). For any by, by > 0, we define
D(bi,b2) == {y = (J,54) in CS: 0 < ya— o(7) < birroAg ", [J] < barAg'}.
It is easy to see that D(2,2) C DNB(Q,r/2). In fact, since A > 1 and R < 1, for every z € D(2,2),

2= Q<@ —z|+ |z — Qu| + Qe — 2| < [Q — 2] + [z — Qu| + [2a — ¢(2)] + |]
<5t < 2715rR/(44/1+ (1 +A)2) <
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Thus if f is a nonnegative function on R? that is harmonic in D N B(Q, r) with respect to X and
vanishes continuously in DN B(Q, ), then, by Lemma 5.2, f is regular harmonic in DN B(Q,r/2)
with respect to X, hence also in D(2,2). Thus by the Harnack inequality, we have

flx) = E; [f(X(TD(l,l)))] > E; [f(X(TD(Ll)));XTD(M) € D(2,1) (5.16)

e1f(20)Po (X (rp1,1) € D(2,1)) = eaf (30)dp () /r

\Y

In the last inequality above we have used (4.29).
Let w = (0,7A; 'k0/4). Then it is easy to see that there exists a constant 1 = (A, &) € (0,1/4)
such that B(w,nr)\y ko) C D(1,1). By (2.6), (2.7), (2.3) and Lemma 2.1,

Fw) > B [£(X(rp1.0)): X(rpaa) ¢ D2:2)] = By [ /Rd\m w)3(1%: — )yl

W)i(jw - yl)dy > car / F@)i(w — yl)dy

> c3Ey [TB(w,nMJlHo)] / RI\ D(2,2)

RI\D(2,2)

Hence by (2.6), (2.7), (4.14),

E. [f (X(mpa)); X(Tpay) € D(2,2)] = E, /TD(l h /Rd\D 2,9) ()i (1 Xe = y)dydt

< asBalroun) [ S oy
ce Op(x
< coop@r [ @il -y < D) 1),
R4\ D(2,2) CqaT

On the other hand, by the Harnack inequality and the Carleson estimate, we have

E. [f (X(tpa)): X(tpa,1) € D(2, 2)] < 7 fz0)Py (X(mpa,1)) € D(2,2)) < cg f(xo)dp(x)/r.

In the last inequality above we have used (4.13). Combining the two inequalities above, we get

flz) = E; [f(X(TD(l 1)); X(tpa,1y) € D(2,2)]
E. [f(X(tpa1)); X(tpa,n) € D(2,2)] (5.17)
)

< *5D(9C f(zo) + %iifx)f(w)
< D 0p@)(f(w0) + (W) < 22 0p(@)f (wo).

In the last inequality above we have used the Harnack inequality.
From (5.16)(5.17), we have that for every x,y € D N B(Q,2 'rrg\yt),

(z)
(y)

which proves the theorem. O

S~

1o op(x)
c2 dp(y)

<
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6 Counterexample

In this section, we show that the boundary Harnack principle fails even on the upper half-space for
the independent sum of a Brownian motion and a finite range rotationally invariant Lévy process.

Suppose that Z is a rotationally invariant Lévy process whose Lévy measure has a density
J(x) = j(|z|) with j(r) =0 for all » > 1 and j(r) > 0 for r € (0,1). Suppose that Z is independent
of the Brownian motion W. We will consider the process Y = W + Z. For any Borel sets U and
V in RY with V . U°, we have

PY () eV)=E, [ / (1% - DLgviaeny(Ve — 2 dzdt z€U,  (61)

where 73 :=inf{t >0:Y; ¢ U}.

Let D be the upper half-space R? = {2 € R?: 25 > 0}. Suppose that the (not necessarily scale
invariant) boundary Harnack principle is true for Y on D at the origin, i.e., there exist constants
Ry > 0 and M; > 1 such that for any » < R; and any nonnegative functions f, g on R? which are
regular harmonic with respect to Y in D N B(0, M) and vanish in DN B(0, M;r), we have

@ <ec M for any z,y € DN B(0,7), (6.2)

g(z) = 7 gly)

where ¢, = ¢,(D) > 0 is independent of the harmonic functions v and v. Choose an r; < R; with
Miry <1/2 and let A := (0, 1r1). We define a function g by

g(z) =P, (Y(TgmB(O,erl)) < D) '

By definition g is regular harmonic in DNB(0, M;r;) with respect to Y and vanishes in D¢. Applying
the function g above to (6.2), we get a Carleson type estimate at 0, i.e., for any nonnegative function
f which is regular harmonic with respect to Y in D N B(0, M;r;) and vanishes in DN B(0, M;r;)
we have

~19(4)

f(A) = Cry g(l‘)

where ¢; = c;ll g(A) > 0. We will construct a bounded positive function f on R? which is regular
harmonic with respect to Y in D N B(0, M;r) and vanishes in DN B(0, M;r) for which (6.3) fails.
For n > 1, we put

f@) > ¢ lg(A)f(x) = e f(z), xe€DNBO,m), (6.3)

Co = {@e)eD: [F<27Pr, aq<-1+27"1,
D, = {(W,ya9) €D: |x—y| <1 forsomezxeCy,}.

It is easy to see that
D, c{@ya): 7] < @ "3 +27 D2y 0<yy <272} € B(0,71)ND, forn>2. (6.4)

Indeed, for any y € D,,, we have y4 € [0,27"r%] and |y — x| < 1 for some z € C,. If || >
(27773 427 (=1/2ypy 9y > 0 and = € Cpy, then

o —yI* > 2 + (Jg] - [2)* = (1 —27"r])> + 27D > 1
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Thus, in this case y ¢ D,.
For any n, let TEH be the first hitting time of D,, by the process Y. By (6.4)

Y Y Y Y
Pa <TDﬂB(0,M1r1) > TDn) — Pa (TDQB(O,Mln) > T{O}) = 0, as n — o0.

Fix ng > 2 large so that
C1
Pa (TEOB(O,erl) > Tgn0> < 5 (6.5)

and define
F(@) =Pu (Y(Thapoanr) € Cno) -

f is a nonnegative bounded function which is regular harmonic in D N B(0, Myr1) with respect to
Y and vanishes in D¢ N B(0, Myr1). It also vanishes continuously on 9D N B(0, M;r1). Note that
by (6.1),

Y Y Y Y
Pa (Y(TDmB(o,Mm)) € Chy, TDNB(0,Mr1) < TDnO) = Pa (Y(TDOB(O,erl)\DnO) € Cno) = 0.
Thus by the strong Markov property,

f(A) = Py (Y(TgﬂB(O,erl)) € Cny, TgﬂB(O,erl) > Tgno)

Y Y Y
= Ea [PY(T}J’%) (Y(TDHB(O,erl)) € Cno) S TDAB(0,Myr1) = TDn0:|

Y Y a
& (TDHB(OMIH) - TDHO) (”‘2111720 f(@) N (mewalJlSIzo,n)f@)) '

In the last inequality above, we have used (6.4)—(6.5). But by (6.3), f(A) > c1 sup,epnp(on) f(2),
which gives a contradiction. Thus the boundary Harnack principle is not true for D at the origin.

IN

By inspecting the argument in [21, Section 6], we can come up with an example of a (bounded)
CY! domain on which the boundary Harnack principle for Y fails, even for regular harmonic function
vanishing on the whole D°.

7 Proofs of Theorems 1.4 and 1.5

As already said in the introduction, once the boundary Harnack principle has been established,
the proofs of Theorems 1.4 and 1.5 are similar to the corresponding proofs in [12] for the operator
A+ a®A®/2, In fact, the proof are even simpler, because [12] strives for uniformity in the weight a.

The proof of Theorem 1.4 in the case d > 3 is by now quite standard. Once the interior estimates
are established, the full estimates in connected C'! open sets follow from the boundary Harnack
principle by the method developed by Bogdan [3] and Hansen [20]. For the operator A + aA®/?
this is accomplished in [12, Section 3|. In the present setting the proof from [12] carries over almost
verbatim. In several places in [12] one refers to the form of the Lévy density, but in fact, the form
of the Lévy density is only used to establish uniformity in the weight a.

When d = 2, the above method ceases to work due to the nature of the logarithmic potential
associated with the Laplacian. The proof in [12, Section 4] for the operator A + aA®/? uses a ca-
pacitary argument to derive the interior upper bound estimate for the Green function. By a scaling
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consideration and applying the boundary Harnack principle, one gets sharp Green function upper
bound estimates. For the lower bound estimates, [12] compares the process with the subordinate
killed Brownian motion when D is connected, and then extend it to general bounded C'!' by using
the jumping structure of the process. In the present setting, the proof of the lower bound is exactly
the same as in [12] (see proofs of Theorems 4.1 and 4.4). The proof of the upper bound is essentially
the same as the one in [12], except that one has to make several minor modifications. Lemma 4.5
in [12] should be replaced by the following statement: There exists ¢ > 0 such that for any L > 0,

Capp .1y (B(0,7)) for every r € (0,3L/4).

= Tog(L/r)

This is proved in the same way as [12, Lemma 4.5] by using the explicit formula for the Green
function of the ball B(0,L) C R?:

(L% — |=[*)(L* — Iy!2)>

1
0 _
GB(OvL)(x,y) = %log <1—|— 2z — g

The statement of Lemma 4.6 in [12] should be changed to: There exists ¢ > 0 such that for any
L > 0 and bounded open set D in R? containing B(0, L) and any = € B(0, 2&)

Cc

Gp(z,0) < R
P 0) < Gy B e)

P. (75707 < )

(we refer to [12] for all unexplained notation). Next, Corollary 4.7 in [12] should be replaced by
the statement: There exists ¢ > 0 such that for any L > 0 and any = € B(0,3L/4)

Gpo,)(,0) < clog(L/|z|).

Finally, the last change is in the proof of Lemma 4.8 in [12] which uses a scaling argument. This
in our setting can be circumvented by using the modified statement of [12, Lemma 4.6]. The rest
of the proof remains exactly the same.

The proof of Theorem 1.5 is also quite standard (see [2, 12, 22, 23]). In the current setting we
follow step-by-step the proof of the corresponding result in [12, Section 6]. The main difference
is that [12] uses the explicit form of the Lévy density j* for the operator A + aA%/? which is
c(a, d,a)r=9=. This Lévy density is now replaced by j, and it suffice to use properties (2.6) and
(2.7) to carry over all arguments. The reader can also compare with [23, Section 6] where the
Martin boundary was identified with the Euclidean boundary for purely discontinuous processes
whose jumping kernel satisfies (2.6) and (2.7).

Acknowledgment: We thank the referee for many valuable comments and suggestions.
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