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Abstract

In this paper we study the Martin boundary of unbounded open sets at infinity for a large
class of subordinate Brownian motions. We first prove that, for such subordinate Brownian
motions, the uniform boundary Harnack principle at infinity holds for arbitrary unbounded
open sets. Then we introduce the notion of k-fatness at infinity for open sets and show that the
Martin boundary at infinity of any such open set consists of exactly one point and that point is
a minimal Martin boundary point.
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1 Introduction and main results

The study of the boundary Harnack principle for non-local operators started in the late 1990’s
with [2] which proved that the boundary Harnack principle holds for the fractional Laplacian
(or equivalently the rotationally invariant stable process) in bounded Lipschitz domains. This
boundary Harnack principle was extended to arbitrary open sets in [22]. The final word in the
case of the rotationally invariant a-stable process was given in [4] where the so called uniform
boundary Harnack principle was proved in arbitrary open sets with a constant not depending
on the set itself. Subsequently, the boundary Harnack principle was extended to more general
symmetric Lévy processes, more precisely to subordinate Brownian motions with ever more weaker
assumptions on the Laplace exponents of the subordinators, see [10], [12], [13] and [9]. Recently
in [5], a boundary Harnack principle was established in the setting of jump processes in metric
measure spaces.

Let us be more specific and state the (slightly stronger) assumptions under which the boundary

Harnack principle was proved in [13]. Let S = (S;)i>0 be a subordinator (a nonnegative Lévy
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process with Sp = 0) with Laplace exponent ¢ and W = (W4, Py );>¢ ,egre be a Brownian motion in
R?, d > 1, independent of S with

E. [eig'(WﬁWO)} = ¢ P EeRyt>0.

The process X = (X, Py);>0 pere defined by Xy := W (S;) is called a subordinate Brownian motion.
It is a rotationally invariant Lévy process in R? with characteristic exponent ¢(|¢|?) and infinites-
imal generator —¢(—A). Here A denotes the Laplacian and ¢(—A) is defined through functional
calculus.

The function ¢ is a Bernstein function having the representation

¢u)=a+bx+/ (1 — e M) p(dt)

(0,00)

where a,b > 0 and p is the measure satisfying f(o OO)(l At) p(dt) < oo, called the Lévy measure of ¢
(or S). Recall that ¢ is a complete Bernstein function if the measure p has a completely monotone
density. For basic facts about complete Bernstein functions, see [20].

Let us introduce the following upper and lower scaling conditions on ¢ at infinity:

(H1): There exist constants 0 < d; < dy < 1 and aq, az > 0 such that
a X1 (t) < (M) < agX2¢(t), A>1,t>1. (1.1)

This is a condition on the asymptotic behavior of ¢ at infinity and it governs the behavior of the
subordinator S for small time and small space (see [13, 15]). Note that it follows from the second
inequality above that ¢ has no drift, i.e., b = 0. Suppose that ¢ is a complete Bernstein function
with the killing term a = 0 and that (H1) holds. The following boundary Harnack principle is
proved in [13, Theorem 1.1]: There exists a constant ¢ = ¢(¢,d) > 0 such that for every z € R,
every open set D C R? every r € (0,1) and any nonnegative functions u, v on R? which are regular
harmonic in D N B(z,r) with respect to X and vanish in DN B(z,r),

u(x) _ uly)
o(@) = o)

Here, and in the sequel, B(z,r) denotes the open ball in R? centered at z with radius . This result

z,y € DN B(z,r/2).

was obtained as a simple consequence of the following approximate factorization of nonnegative
harmonic functions, see [13, Lemma 5.5]: There exists a constant ¢ = ¢(¢,d) > 1 such that for
every z € R?, every open set D C B(z,r) and any nonnegative function v on R? which is regular

harmonic in D with respect to X and vanishes a.e. in DN B(z,r),
Bilro) [ - huw)dy < u@) < cBulrol [y shuldy (12
B(zr/2)¢ B(zr/2)¢

for every x € D N B(z,7/2). Here w — j(Jw|) denotes the density of the Lévy measure of X and
Tp the first exit time of X from D. In the case of the rotationally invariant a-stable process, (1.2)

is proved earlier in [4].



Note that the boundary Harnack principle is a result about the decay of non-negative harmonic
functions near the (finite) boundary points. It is an interesting problem to study the decay of non-
negative harmonic functions at infinity (which may be regarded as a “boundary point at infinity”
of unbounded sets). This is the main topic of the current paper. In order to study the behavior
of harmonic functions at infinity, one needs large space and large time properties of the underlying
process X. This requires a different type of assumption than (H1) which gives only small space
and small time properties of X. Therefore, in addition to (H1), we will assume the corresponding
upper and lower scaling conditions of ¢ near zero:

(H2): There exist constants 0 < d3 < d4 < 1 and ag, ag > 0 such that

azXp(t) < p(Mt) < ag\Bp(t), A <1,t<1. (1.3)

This is a condition on the asymptotic behavior of ¢ at zero and it governs the behavior of the
subordinator S for large time and large space (see [15] for details and examples).

Using the tables at the end of [20], one can construct a lot of explicit examples of complete
Bernstein functions satisfying both (H1) and (H2). Here are a few of them:

(1) dN) =X+ N 0<a<B<1;

(2) 6(A) = A+ 27, a, B € (0,1);

(3) ¢(\) = A%(log(1 + \)?, a € (0,1), B € (0,1 — a);
(4) ¢(A) = A*(log(1 + X)), a € (0,1), B € (0,a);
(5) ¢(A) = (log(cosh(vX)))*, a € (0,1);

(6) 6(\) = (log(sinh(VX)) —log VA)*, a € (0,1).

In the recent paper [15] we studied the potential theory of subordinate Brownian motions under
the assumption that ¢ is a complete Bernstein function satisfying both conditions (H1) and (H2).
We were able to extend many potential-theoretic results that were proved under (H1) (or similar
assumptions on the small time and small space behavior) for radii » € (0, 1) to the case of all » > 0
(with a uniform constant not depending on r > 0). In particular, we proved a uniform boundary
Harnack principle with explicit decay rate (in open sets satisfying the interior and the exterior ball
conditions) which is valid for all » > 0. The current paper is a continuation of [15] and is based on
the results of [15].

For any open set D, we use X to denote the subprocess of X killed upon exiting D. In case
D is a Greenian open set in R? we will use Gp(z,y) to denote the Green function of XP. For a

Greenian open set D C R, let

Kp(o,y) = /DGD(x,z)j(lz—yl)dZ, (z.y) € D x D°



be the Poisson kernel of X in D x D°.
The first goal of this paper is to prove the following approximate factorization of regular har-

monic functions vanishing at infinity.

Theorem 1.1 Suppose that ¢ is a complete Bernstein function satisfying (H1)—(H2), let d >
2(d2 V d4), and let X be a rotationally invariant Lévy process in R® with characteristic exponent
(|€%). For every a > 1, there exists C1 = C1(¢,a) > 1 such that for any r > 1, any open set
U C B(0,7)¢ and any nonnegative function u on R% which is regular harmonic with respect to X
in U and vanishes a.e. on B(0,7)¢\ U, it holds that

C Ky (2, 0) /

u(z)dz < wu(x) < ClKU(x,O)/ u(z)dz, (1.4)
B(0,ar)

B(0,ar)

for all x € U N B(0,ar)°.

Note that Ky (z,0) = fU Gu(z,y)j(ly]) dy. A consequence of the assumption d > 2(d2V d4) (always
true for d > 2) in Theorem 1.1 is that the process X is transient and points are polar. Under
this assumption, the Green function G(z,y) of the process X exists, and by (2.9) below we have
Gy(z,y) < G(z,y) < |z — y|~%¢(|z — y|~2)~!. This will be used several times in this paper.

In the case of the rotationally invariant a-stable process, Theorem 1.1 (for a = 2) was obtained in
[17, Corollary 3] from (1.2) by using the inversion with respect to spheres and the Kelvin transform
of harmonic functions for the stable process. Since the Kelvin transform method works only for
stable processes we had to use a different approach to prove (1.4). We followed the method used
in [13] to prove (1.2), making necessary changes at each step. The main technical difficulty of the
proof is the delicate upper estimate of the Poisson kernel KE(W)C(JE, 0) of the complement of the
ball given in Lemma 3.2, where the full power of the results from [15] was used.

Theorem 1.1 gives the following scale invariant boundary Harnack inequality at infinity.

Corollary 1.2 (Boundary Harnack Principle at Infinity) Suppose that ¢ is a complete Bern-
stein function satisfying (H1)—(H2), d > 2(d2 V d4), and that X is a rotationally invariant Lévy
process in R with characteristic exponent ¢(|€|?). For each a > 1 there exists Co = Ca(¢,a) > 1
such that for any r > 1, any open set U C B(0,7)¢ and any nonnegative functions v and v on R?

that are regular harmonic in U with respect to X and vanish a.e. on B(0,7)¢\ U, it holds that

< C’gM , for all z,y € UN B(0,ar)°. (1.5)

v(y)

u(y) _ ulx)
(y) ~ v(z)

The boundary Harnack principle is the main tool in identifying the (minimal) Martin boundary

5!

<

<
<

(with respect to the process X) of an open set. Recall that for x € (0,1/2], an open set D is said
to be k-fat open at @ € 9D, if there exists R > 0 such that for each r € (0, R) there exists a point
A, (Q) satisfying B(A,(Q),kr) C DN B(Q,r). If D is k-fat at each boundary point @ € 9D with

the same R > 0, D is called s-fat with characteristics (R, k). In case X is a subordinate Brownian



motion via a subordinator with a complete Bernstein Laplace exponent regularly varying at infinity
with index in (0, 1), it is shown in [10] that the minimal Martin boundary of a bounded x-fat open
set can be identified with the Euclidean boundary.

Corollary 1.2 enables us to identify the Martin boundary and the minimal Martin boundary
at infinity of a large class of open sets with respect to X. To be more precise, let us first define

k-fatness at infinity.

Definition 1.3 Let x € (0,1/2]. We say that an open set D in R is k-fat at infinity if there exists
R > 0 such that for every r € [R,o0) there exists A, € RY such that B(A,,xr) C DN B(0,r)¢ and
|A.| < k=Y. The pair (R, r) will be called the characteristics of the k-fat open set D at infinity.

Note that all half-space-like open sets, all exterior open sets and all infinite cones are k-fat at

infinity. Examples of disconnected open sets which are k-fat at infinity are
() {z = (21, -, 24_1,7q) ERY 11y < 0 or mg > 1};
(i) U2, B(z(™,272) with |z()| = 2",

Let D C RY be an open set which is s-fat at infinity with characteristics (R, x). Fix zg € D

and define o
Mp(z,y) = GDD((;;Z))? x,y € D, y# xo.

As the process X satisfies Hypothesis (B) in [16], D has a Martin boundary ;D with respect
to X and Mp(z, -) can be continuously extended to dasD. A point w € 9y D is called an infinite
Martin boundary point if every sequence (yn)n>1, Yn € D, converging to w in the Martin topology
is unbounded (in the Euclidean metric). The set of all infinite Martin boundary points will be
denoted by 037D and we call this set the Martin boundary at infinity.

By using the boundary Harnack principle at infinity we first show that if D is x-fat at infinity,
then there exists the limit

Mp(z,00) = lim Mp(z,y). (1.6)
yeD,|y|—oo

The existence of this limit shows that 037D consists of a single point which we denote by Ou.
Finally, we prove that 0, is a minimal Martin boundary point. These findings are summarized in

the second main result of the paper.

Theorem 1.4 Suppose that ¢ is a complete Bernstein function satisfying (H1)-(H2), d > 2(d2 V
64), and X is a rotationally invariant Lévy process in R® with characteristic exponent ¢(|€|?). Then
the Martin boundary at infinity with respect to X of any open set D which is k-fat at infinity consists

of exactly one point 0. This point is a minimal Martin boundary point.

We emphasize that this result is proved without any assumption on the finite boundary points.

In particular, we do not assume that D is k-fat.



To the best of our knowledge, the only case where the Martin boundary at infinity has been
identified is the case of the rotationally invariant a-stable process, see [4]. Again, the Kelvin
transform method was used to transfer results for finite boundary points to the infinite boundary
point. As we have already pointed out, the Kelvin transform is not available for more general
processes.

We remark here that for one-dimensional Lévy processes (satisfying much weaker assumptions
than ours) it is proved in [21, Theorem 4] that the minimal Martin boundary at infinity for the
half-line D = (0, 00) is one point. The question of the Martin boundary at infinity is not addressed
in [21].

The paper is organized as follows. In the next section we introduce necessary notation and
definitions, and recall some results that follow from (H1) and (H2) obtained in [15]. Section 3 is
devoted to the proofs of Theorem 1.1 and Corollary 1.2. At the end of the section we collect some
consequences of these two results. In the first part of Section 4 we study non-negative harmonic
functions in unbounded sets that are k-fat at infinity. The main technical result is the oscillation
reduction in Lemma 4.7 immediately leading to (1.6). Next we look at the Martin and the minimal
Martin boundary at infinity and give a proof of Theorem 1.4. We finish the paper by discussing
the Martin boundary of the half-space.

Throughout this paper, the constants Cy, Ca, Cs,... will be fixed. The lowercase constants
c1,co,... will denote generic constants whose exact values are not important and can change from
one appearance to another. The dependence of the lower case constants on the dimension d and
the function ¢ may not be mentioned explicitly. The constant ¢ that depends on the parameters
0; and a;, i = 1,2,3,4, appearing in (H1) and (H2) will be simply denoted as ¢ = ¢(¢). We will
use “:=" to denote a definition, which is read as “is defined to be”. For a,b € R, a Ab := min{a, b}
and a V b := max{a, b}.

For any open set U, we denote by d7(z) the distance between = and the complement of U, i.e.,
dy(x) = dist(z, U). For functions f and g, the notation “f =< ¢” means that there exist constants
cg > ¢1 > 0 such that ¢q g < f < ¢9 g. For every function f, we extend its definition to the cemetery
point d by setting f(9) = 0. For every function f, let f := f Vv 0. We will use dz to denote the
Lebesgue measure in R? and, for a Borel set A C R, we also use | A| to denote its Lebesgue measure.
We denote B(x,7)¢ := {y € R%: |z —y| > r}. Finally, for a point x = (x1,...,24_1,24) € R? we

sometimes write = (T, z4) with Z = (21,...,24_1) € R4L

2 Preliminaries

In this section we recall some results from [15]. Recall that a function ¢ : (0,00) — (0,00) is a
Bernstein function if it is C° function on (0,00) and (—1)""'¢(™ > 0 for all n > 1. It is well

known that, if ¢ is a Bernstein function, then

d(At) < Aop(t) forall A\ >1,t > 0. (2.1)



Clearly (2.1) implies the following observation.

Lemma 2.1 If ¢ is a Bernstein function, then every A > 0,

1/\)\§M§1\/)\, forallt > 0.

9(t)

Note that with this lemma, we can replace expressions of the type ¢(At), when ¢ is a Bernstein
function, with A > 0 fixed and ¢ > 0 arbitrary, with ¢(¢) up to a multiplicative constant depending
on A. We will often do this without explicitly mentioning it.

Recall that a subordinator S = (S;)¢>¢ is simply a nonnegative Lévy process with Sy = 0. Let
S = (St)t>0 be a subordinator with Laplace exponent ¢. The function ¢ is a Bernstein function

with ¢(0) = 0 so it has the representation

o=t [ (e ),

(0,00)

where b > 0 is the drift and p the Lévy measure of S.

A Bernstein function ¢ is a complete Bernstein function if its Lévy measure u has a completely
monotone density, which will be denoted by p(t). Throughout this paper we assume that ¢ is
a complete Bernstein function. In this case, the potential measure U of S admits a completely
monotone density u(t) (cf. [20]).

Conditions (H1)-(H2) imply that

613 DA
¢! (f) < Z((f)) <c (f) , 0<r<R<oo. (2.2)

(See [15] for details.) Using (2.2), we have the following result which will be used many times later

in the paper. (See the proof of [13, Lemma 4.1] for similar computations.)

Lemma 2.2 ([15]) Assume (H1) and (H2). There exists a constant ¢ = ¢(¢) > 1 such that

)\—1
d(r~HV2dr < AT p(N2)V2, forall x>0, (2.3)
AL ’ )
)\2/ r(r—2) dr +/ rLo(r72) dr < cp(N?), for all X >0, (2.4)
0 A1
)\71
o\ < / rlo(rH) dr < cp(A?) 7L, for all X > 0. (2.5)
0

Recall that S = (S;)¢>0 is a subordinator with Laplace exponent ¢. Let W = (W;)>0 be a

d-dimensional Brownian motion, d > 1, independent of S and with transition density

_lz—y|?

q(t,z,y) = (47Tt)7d/26 wn, z,yeRY t>0.

The process X = (X;)i>0 defined by X; := W(S;) is called a subordinate Brownian motion. X is a

rotationally invariant Lévy process with characteristic exponent ¢(|¢|?), € € RY. Throughout this



paper X is always such a subordinate Brownian motion. The Lévy measure of X has a density

J(x) = j(|x|) where j : (0,00) = (0,00) is given by
; = —d/2 ,—r?/(4t)
j(r) = /0 (4dmt)~%“e w(t)dt.

Note that j is continuous and decreasing. Recall that the infinitesimal generator £ of the process
X (e.g. [19, Theorem 31.5]) is given by

£h@) = [ (a9 = 1) =y Vi) Ta)dy (26)

for every € > 0 and f € C¢(R?), where C¢(R?) is the collection of C? functions which, along with
its partial derivatives of up to order 2, are bounded.

By the Chung-Fuchs criterion the process X is transient if and only if
1 yd/2-1
o &)

It follows that X is always transient when d > 3. In case (H2) holds, X is transient provided

d)\ < 00.

d4 < d/2 (which is true if d > 2). When X is transient the occupation measure of X admits a density
G(z,y) which is called the Green function of X and is given by the formula G(z,y) = g(Jz — y|)

where

g(r) = /O oo(4m)—d/2e—7"2/ a(t) dt . (2.7)

Here u is the potential density of the subordinator S. Note that by the transience assumption, the
integral converges. Moreover, ¢ is continuous and decreasing. Furthermore, (H1)—(H2) imply the

following estimates.
Theorem 2.3 ([15]) Assume both (H1) and (H2).

(a) It holds that
J(r)y = r~4o(r=2), forallr>0. (2.8)

(b) If d > 2(02 V d4) then the process X is transient and it holds
g(r) =r~4o(r=7Y, forallr>O0. (2.9)

As a consequence of (2.8), we have

Corollary 2.4 Assume (H1) and (H2). For every L > 1, there exists a constant ¢ = ¢(L) > 0
such that
j(r) <cj(Lr), r>0. (2.10)



For any open set D, we use 7p to denote the first exit time of D, i.e., 7p = inf{t > 0: X; ¢ D}.
Given an open set D C R% we define X (w) = X;(w) if t < 7p(w) and XP(w) = 9 if t > 7p(w),
where 0 is a cemetery state.

Let p(t,x,y) be the transition density of X. By the strong Markov property,

pD(t,.%',y) = p(t,ﬂ?,y) - El‘[p(t - TDaXTD7y) ) t> TD] ) €,y < D7

is the transition density of X”. A subset D of R? is said to be Greenian (for X) if X is transient.
For a Greenian set D C R%, let Gp(z,y) denote the Green function of X7, i.e.,

Gp(z,y) == / pp(t,z,y)dt  for z,yeD.
0
We define the Poisson kernel Kp(x, z) of D with respect to X by
Kp(z,z) = / Gp(x,y)J(y,2)dy, (x,2) € D x D", (2.11)
D

Then by [7, Theorem 1] we get that for every Greenian open subset D, every nonnegative Borel

measurable function f > 0 and z € D,
By [f(Xy): Xop # Xpp] = /D Kp(a, )/ (y)dy. (2.12)

Using the continuities of Gp and J, one can easily check that Kp is continuous on D X D".
Equations (2.8) and (2.11) give the following estimates on the Poisson kernel of B(xq, ) for all
r > 0.

Proposition 2.5 ([15]) Assume (H1) and (H2). There exist ¢y = c1(¢) > 0 and ca = ca(¢) >0
such that for every r > 0 and zo € RY,

Kpom(@y) < ciily—aol —r) (6(r~2)o((r — o — zo]) %))~/

c1j(ly = zo| = r)(r~)7" (2.14)

for all (z,y) € B(xo,r) X B(xo,r)¢ and

IN

K (o, (w0,y) > c2j(ly —wol)o(r™)~",  for ally € B(ao,7)". (2.15)

To discuss the Harnack inequality and the boundary Harnack principle, we first recall the

definition of harmonic functions.
Definition 2.6 A function f : R? — [0,00) is said to be

(1) harmonic in an open set D C R with respect to X if for every open set B whose closure is a

compact subset of D,

f(z) =E, [f(X(7B))] for every x € B; (2.16)



(2) regular harmonic in D for X if for each x € D, f(x) =E, [f(X(mp)); Tp < 0;

(2) harmonic for XP if it is harmonic for X in D and vanishes outside D.

We note that, by the strong Markov property of X, every regular harmonic function is automatically
harmonic.
Under the assumptions (H1) and (H2), the following uniform Harnack inequality and uniform

boundary Harnack principle for all r > 0 are true.

Theorem 2.7 ([15]) Assume (H1) and (H2). There exists ¢ = c¢(¢) > 0 such that, for any
r >0, zg € RY, and any function u which is nonnegative on R and harmonic with respect to X in
B(xzg,r), we have

u(z) < cu(y), forallz,y € B(xg,r/2).

Theorem 2.8 ([15]) Assume (H1) and (H2). There exists a constant ¢ = c(¢) > 0 such that for
every zg € RY, every open set D C R?, every r > 0 and any nonnegative functions u,v in R% which

are regular harmonic in D N B(zo, ) with respect to X and vanish in DN B(zp,T), we have

w(z) _ uly)
o(@) = o)’

For x € RY, let dyp(z) denote the Euclidean distance between  and dD. Recall that ép(z) is

the Euclidean distance between x and D¢.

for all x,y € DN B(zo,7/2).

In the next result we will assume that D satisfies the following two types of ball conditions with

radius R:

(i) uniform interior ball condition: for every x € D with dp(z) < R there exists z, € 0D so that

|x — 25| = dgp(x) and B(zg,R) C D, xO::zm+R$_zx

|z — 2] ;

(ii) uniform exterior ball condition: D is equal to the interior of D and for every y € R?\ D with
dop(y) < R there exists z, € 9D so that

Y — 2y

ly — 2y

ly — zy| = dop(y) and B(yo,R)CRd\D, Yo =2y + R

The following is the one of main results in [15] — the global uniform boundary Harnack principle
with explicit decay rate on open sets in R¢ with the interior and exterior ball conditions with radius
R for all R > 0.

Theorem 2.9 ([15]) Assume (H1) and (H2). There exists ¢ = c(¢) > 0 such that for every
open set D satisfying the interior and exterior ball conditions with radius R > 0, r € (0, R], every
Q € 0D and every nonnegative function u in R which is harmonic in D N B(Q,r) with respect to
X and vanishes continuously on DN B(Q, ), we have

(z) $(0p(y)~?) r

@ <ec 50p(2)D) for every x,y € DN B(Q, 5) (2.17)

£
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3 Boundary Harnack principle at infinity

The goal of this section is to prove the scale invariant boundary Harnack principle at infinity
(Theorem 1.1 and Corollary 1.2). In the remainder of this paper we assume that ¢ is a complete
Bernstein function satisfying (H1)—(H2) and d > 2(d2 V d4), and that X is a rotationally invariant
Lévy process in R? with characteristic exponent ¢(|¢|?). Under these assumptions, by (2.9), g
satisfies the following property which we will use frequently: For every L > 1, there exists ¢ =
¢(L,¢) > 0 such that

g(r) < cg(Lr), r>0. (3.1)

To prove Theorem 1.1 we need several lemmas. For z € R? and 0 < 71 < 79, we use A(z,71,79)

to denote the annulus {y € R : 71 < |y — x| < ro}.

Lemma 3.1 For every a € (1,00), there exists ¢ = c(¢,a) > 0 such that for any r > 0 and any
open set D C B(0,7)¢ we have

Py (X7, € B(0,7)) < cr?Kp(zx,0), x € DN B(0,ar)°.

Proof. Let 1) € C*(R%) be a function such that 0 < 1 < 1,

_ [0, Jyl >,

and sup,cpa ch'l,jzl ‘%;ij(y)‘ < ¢ = ci(a). For r > 0 define ¥, (y) := ¢(y/r). Then ¢ €
C(RY), 0 < ¢y <1,
0, [yl >*r,

wr(y):{ 1, Jyl <r,

d 2 -
and supycga 37 iy \ﬁ%wr(y)} <car 2
Let x € D N B(0,ar)¢. Recall that £ denotes the infinitesimal generator of X and is given by

(2.6). Since 9,.(z) = 0 and D C B(0,7)¢, by Dynkin’s formula (see, for instance, [6, (5.8)]) we have

E; [r(X7p)] = /DGD(x,z)ﬁwT(z) dz

Gp(x,2) L, (2)dz + / Gp(z,z)Lr(2) dz. (3.2)

/DﬁA(O,T,(a-‘,-Q)T) DNB(0,(a+2)r)e

For z € DN A(0,r, (a + 2)r) we have

el = | [ et 9) = 0:0) = T02) ) )

< [ Wt ) - V) sl dy 2 [
{lyl<r} 7"<|y|}
C2 2. .
< 2 ] y<ry\>dy+2/ iy dy
{lyl<r} {r<lyl}
<

c3 (r_2 /OT t¢(t—2)dt+/roo t‘lqﬁ(t—?)dt) ,

11



where in the last line we have used (2.8). Thus by using (2.4), we get |£1,.(2)| < csop(r~2). By
Lemma 2.1 we see that ¢(r=2) and ¢((a +2)~2r~2) are comparable (with a constant depending on
¢ and a). Therefore

[Lpr(2)] < cag(
Now assume that z € D N B(0, (a + 2)r)°. Then v,(z) = 0 and V,(2) = 0 (note that 1, is

zero in a neighborhood of z). Therefore

2|7) < esleli(l2]) < eor?il2l), <2l < (a+2)r (3-3)

L0z = [ (et 9) = l2) = V() L gyin) o) dy
= /wr(ery)j(\y!)dy—/ br(z +9)i(lyl) dy,
R EL

where the last equality follows from the fact that 1,.(z +y) # 0 only if |z + y| < %HEr. Suppose
that |z +y| < aTHr. By the triangle inequality,

a

+1 a+1 1 a+3 z
ol = 1o - e > 2 - =

— =y > 2L
> ar2 T s 2 2

It follows from (2.10) that j(|y|) < j(|2]/2) < ¢7j(|z|). This implies that

£0.(2) < eri(2) | dy < esri([2]). (3.4)
lz+y|< oty
Combining (3.2)—(3.4) we obtain
E; [ (X7,)] = / Gp(z,2) L (2) dz +/ B Gp(z,2) L, (2)dz
DNA(0,r,(a+2)r) DnB(0,(a+2)r)¢
< 097“‘1/ Gp(z,2)j(|2]) dz = cor®Kp(z,0).
D

Finally, since 150 < VY, Po(Xr, € B(0,7)) < By [000(Xyp)] < cor?Kp(x,0) . O

Lemma 3.2 Let 1 < p < q¢ < co. There exists ¢ = c(¢,p,q) > 1 such that for all r > 1/4 it holds
that
K pye(m:2) < er™o(r )71 Pg((r — |2]) %)/ (3.5)

for all x € A(0,pr,qr) and z € B(0,r).

Proof. We rewrite the Poisson kernel KE(O rye 88 follows:

Ko@) = [ Ggea)illy -~ )y

_ (/ +/ +/ ) G§(07T)c(9:,y)j(|y—z|)dy
A0, 2gr)n{le—z[<2|lz—y[}  JA(O,r2¢r){|z—2|>2[z—y[}  /B(0,29r)°

= L+I+13.
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Note that, since = € A(0,pr,qr) and z € B(0,r), for y € A(0,r,2qr) with |z — z| < 2|z — y|, we

have ) )
o=yl = 52l = [2) = S(p = Dr > (40) 7 (p = 150,19 (¥)- (3.6)
We claim that when y € A(0, 7, 2qr) satisfies |z — z| < 2|z — y|,
o(r—2)'/?

Gp0me (@) < @1 79(r) < c20(r2) 720 (b50 40 (y) )T A (3.7)

¢(5§(0,7~)C (y) 72)

Since G g e (@, ) < g(lz —y|), by (2.9) and (3.6), we only need to prove the first inequality in
(3.7) for (z,y) satisfying y € A(0,r, (p+ 7)r/8) and |z — z| < 2|x — y|. In this case, we have

1
e =yl 2 5 = )r > 050, (y)- (3.8)

Let y1 := (8 Y(p— 1) + 1)r|y|~ty. Then

90— 91 < S0, 9) Y S0, (00) < 20— < gl — 3l
Thus by (3.8)

o=l > e~y —yl > S~ 9] > 20— D (39)
Because of (3.8), we can apply Theorem 2.9 and then use (3.9) to get that for (z,y) satisfying

Yy e A(Oa’r7 (p+ 7)T/8) and |J" - Z| < 2|‘T - y|’

¢(5§(0’r)c(y1)*2)1/2
(050,07 (1) )1/ FBome(B1) = €3
s

3
(3p—=1r) < 05¢(5§(07T)C(y)_2)1/2

$((64)(p—1)*r 2"
¢(5§(o,r)c(y)72)1/2

g(r)

Gp(o.0)(T,y) < c3 9(|lz —1l)

o(r2)1/2
5050 ) 2727

<cy

with constants ¢; = ¢;(¢,p,q) > 0, i = 3,4,5. In the last inequality we have used (3.1). Therefore
using (2.9) we have proved (3.7).
Applying (3.7) to I; and using the fact that 550 r)c(y) < |y — z|, we get

I < corlp(r=2)1/2 / oy — 272" 25(ly — =) dy.
A(0,r,2gr)N{|z—2z|>2|z—y|}

Since B(0,7)¢ C B(z,r — |2|)¢, by (2.8), the integral above is less than or equal to

oo —2\1/2
/ oy — 21727 V2(ly — 2|) dy < cﬁ/ o) "
B(z,r—|z])¢

r—|2|

dt < cro((r —|2))7H)Y2,

where in the last inequality we used (2.5). Hence, I < cgp(r2) " 2¢((r — |2])~2)/2r— 4,
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To estimate I we first note that if 2|z —y| < |z — 2|, then |y — 2| > |z — 2| — [y — 2| > S|z — 2|,
hence, by (2.4), j(ly — z|) < coj(|]z — 2|) where cg = cg(¢p) > 0. Thus,

|[z—2|

I < ewjlle - 2)) / oz -yl dy < enj(le — =) / R

B(z, 1252 0
d

< el = z)g(lz — 2177 < ewsle — 27 S erar ™.
In the penultimate inequality, we used (2.5).
Finally, we deal with I3. For |y| > 2¢r and |z| < r we have that |y — z| > |y| — |2| > |y| — 7 >
(1 —1/(29))|y|, hence by (2.10), we get j(|ly — z|) < c157(|y|). Also, for |z| < gr and |y| > 2qr, we
have that |y — x| > |y| — |z| > |y|/2, hence g(|z — y|) < c169(|y|) by (3.1). Therefore, by Theorem
2.3,

1 -2 00
I3 < 617/ 7 — ¢(’?J\d )dy < 018/ = dt = cor7?.
B(0,2qr)c ‘y’ ¢(‘y| ) ’y‘ 2qr
This concludes the proof of the lemma. O

It is easy to see that, by the strong Markov property, for all Greenian open sets U and D with
U C D, Gp(z,y) = Gu(x,y) + Ex [Gp(Xsy,,y)] for every (z,y) € RY x R%. Thus, for all Greenian
open sets U and D with U C D,

Kp(z,z) = Ky(x,2) + E; [Kp(Xy,, 2)], (z,2) e U x D, (3.10)

Since X is a purely discontinuous rotationally invariant Lévy process, it follows from [18, Propo-
sition 4.1] (see also [23, Theorem 1)) that if V' is a Lipschitz open set and U C V/,

Py (X;, €0V) =0 and P.(X;, € dz) = Ky(z,2)dz on VC. (3.11)
Lemma 3.3 Let 1 < p < q < oco. There exists ¢ = c(¢,p,q) > 1 such that for all v > 1/2 and all

open sets U C B(0,7)¢ it holds that

Ky(z,y) < er / Ky(z,y)dz+ 1), forallxz e A(0,pr,qr)NU, y € B(0,r).
UNB(0,2Er)
(3.12)

Proof. Let ¢; = ¥7 g2 = 1# (so that 1 < ¢1 < g2 < p) and s € [qi7, gor]. Then, by (3.10) and

(3.11), for z € A(0,pr,qr)NU and y € B(0,r) it holds that
KU (‘/'U’ y) = Evr [KU (XTUF]E(O,S)C Y y):| + KU0§(073)C($’ y)

= / KU(Zay)KUQE(O,s)C(va) dz + KUQE(QS)C(xvy)
UNB(0,s)

IN

/ L)<t Ku (2, 9) K g (g 5)c (2, 2) dz + Kpg o) (2, 1)
UNB(0,q27)

14



Hence by Fubini’s theorem,

qa2r

(a2 — 01)rKu (2, y) = / Ky(x,y) ds

qQr
q2r qar
S/ Kp(0,5)c(:2)ds | Ku(z,y) dz—l—/ Kgos)c(T:y)ds = 1 + Iz
UNB(0,g27) |z| qQr
For s € [qir,qor] and z € U N B(0,s), we have r < |z| < s < gor = 1#7“ <pr <z <gqr<
(¢/q1)s, so it follows from Lemmas 2.1 and 3.2 that

c1s (572 T 2((s — |2[) )2
cor ™ p((qor) T2 20 ((s — |2)7HY?
< esrlo(r?) T 2e((s — |2) )Y,

IN

K50, (€ 2)

IN

where ¢y = ca(p, p, q) and c3 = ¢3(¢, p, q). Hence,
qz2T

qor—|2|
KE(O,S)C($7z)ds < 03r_d¢(r—2)—1/2/0 S(t72)V/2 at

< e o(r?) P (gar — 2))o((qor — [2)) )2,

where the last inequality follows from (2.3). Since t + t¢(t~2)"/? is increasing by (2.1) and
gor — |2 < gor, we have that (gor — [2)¢((q2r — [2]) )2 < qore((q2r) )2 < esro(r?)!/2.
Therefore,

||

q2r

KE(O,S)C (z,2)ds < Cﬁr*dJrl'

|2l
Further, for s € [¢17, gor] and y € B(0,r) we have |y| <r < g1 < s, and so s — |y| > (q1 — 1)r, and
we get similarly as above (but easier) that

qar
I, = KE(()’S)C(:U, y)ds < crr™

q1r

d+1

Finally,

Ky(z,y) = (I + L) <2

(@2 —qu)r

1681"_d / Ky(z,y)dz+1],
UNB(0,q27)

proving the lemma. O

Lemma 3.4 For every a > 1 there exists ¢ = ¢(p,a) > 1 such that for all v > 1 and all open sets
U C B(0,7)¢ it holds that

1
- Ky(z,0) (/ Ky(y,z)dy + 1) < Ky(z,z) < cKy(z,0) (/ Ky(y,z)dy + 1)
c UNB(0,ar) UNB(0,ar)

(3.13)
for all x € U N B(0,ar)¢ and z € B(0,r).

15



Proof. Fix two constant by and b3 such that 1 > by > b3 > 1/a. Let U := B(0,ar)*NU,
Uy := B(0,baar) N U and Us := B(0,bsar) N U. Then by (3.10), for z € U; and z € B(0,r),

Ky(z,2) = E, [KU(XTU2,Z)}+KU2(QC,2)

— [ Ko ARy, € i)+ [ Kol 2) Ko (o) dy + Koo,
Us\U2 U\Us

= h+L+1;.

We first estimate I3 = Ky, (z, z) = ng Gu,(z,y)j(ly—z|) dy. For y € Uy we have that |y| > baar,
hence ) .
1—— < — <ly—zl < < (14— .
(=g Dl =lyl=lel < ly =2l <yl + [ < A+ 5 )yl

Hence, by (2.10), there exists ¢; = c1(¢) > 0 such that ¢; 'j(|y|) < j(ly — 2|) < c15(|y|). Therefore,

' Ko@0) = o' [ Gueaitidy < [ Guteanily=sDdy (319

2 2
= Ky,(z,2) < 1Ky, (2,0) < 1 Ky(x,0). (3.15)
In order to estimate Iy = fU\U3 Ky(y, z)Ky,(x,y) dy, we proceed similarly by estimating
Ky, (2,y) = [y, Gu,(z,w)j(jw — y|) dw for x € U N B(0,ar)¢ and y € U \ Us. Note that since
y ¢ Us it holds that |y| < bzar. For w € Uy it holds that |w| > bear. Hence, similarly as

above we get that (1 — Z—z)|w| <Jw-—yl < 1+ lb’—;)]w|. Thus there exists ca = ca(¢) > 0
such that c¢;'j(Jw|) < j(lw — y|) < c2j(jw]). In the same way as above, this implies that

5 'Ky, (2,0) < Ky (2,y) < coKp,(2,0) < caKyr(w,0). Therefore

Cz_lKU2<I',O) KU(y,Z) dy S IQ (316)
U\Us

< oKy, (z,0) Ky(y,z)dy < CQKU(x,O)/ Ky(y,z)dy. (3.17)
U\Us UNB(0,ar)

In the case of I; we only need an upper estimate. It holds that

L :/ Ky (y, 2)Pe (X, € dy) < sup Ky(y,z) | Py (XTU2 6?(0,b2ar)> . (3.18)
Us\U2 y€eU3\Uz

By Lemma 3.3 (with p = bza and ¢ = baa), there is a constant c¢3 = c3(¢,a) > 0 such that

sup Ky(y,z) | < csr™? Ky(y,2)dy+1] .
yEUg\UQ U\U5

By Lemma 3.1 used with D = Us, boar instead of r and é instead of a, there is a constant
c4 = ca(¢,a) > 0 such that

P, (XTU2 € B(0, bwr)) < eyr? Ky, (2,0) .
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By applying the last two estimates to (3.18) we get

I < 5Ky, (z,0) ( Kyl(y, z)dy + 1) . (3.19)

U\Us

Putting together (3.15), (3.17) and (3.19), we see that

Ky(zx,z)

IN

c6 Ky, (z,0) ( Ky(y,z)dy + 1) (3.20)

U\Us

CGKU<3770) (/ KU(y7z)dy+1> .
UNB(0,ar)

Thus, the upper bound in (3.13) holds true.

In order to prove the lower bound, we may neglect I;. First we note that for z € B(0,r),

IN

/ Ku(y,2)dy = Koly.2)dy+ [ Kuly2)dy
UNB(0,ar) U\Us Us\Ui
< Ky(y,z)dy + ( sup Ku(y,Z)> |Us \ UL
U\Us yeUs\Uz
< Kuyl(y,z)dy + csr™* ( Ku(y,z)dy + 1) crr?
U\Us U\Us
< cg ( Ky(y,z)dy + 1) . (3.21)
U\Us

Here we used Lemma 3.3 in the second inequality. Next, by using the already proved upper bound
(3.20) with z = 0, we see that

KU(.T, 0)

IN

CGKUQ(JZ,O) ( KU(y,O) dy+ 1)

U\Us

6K, (2,0) (/ Kp(o,rye(9,0) dy + 1)
A(0,m,3r/2)

c Ky, (,0) (/ cor~Ldr + 1) < ¢g Ky, (2,0) . (3.22)
A(0,r,3r/2)

IN

IN

Here we have used Lemma 3.2 in the third inequality. The lower estimate now follows from (3.14),
(3.16), (3.21) and (3.22). O
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Proof of Theorem 1.1. Let x € U N B(0,ar)¢. Then, by (3.11),

u(z) = /B(o,r)KU(x’Z)U(Z)dZ

= KU(x,O)/ (/ Ky(y,z)dy + 1) u(z)dz
B(0,r) UNB(0,ar)
= Ky(z,0) (/ u(z) dz+/ (/ Ky (y, z)u(z) dz> dy)
B(0,r) UNB(0,ar) B(0,r)

— Ky(x,0) ( /B RCLE /U L0 dy>

KU(x,O)/ u(z)dz,
B(0,ar)

X

where in the second line we used Lemma 3.4 and in the first, fourth and last line we used the fact
that u vanishes a.e. on B(0,7)¢\ U. O

Proof of Corollary 1.2. It follows from (1.4) that for 2,y € U N B(0, ar)¢,

o) O by O g 0
v(r) = Cy Ky (z,0) JB(0.ar) v(2) d2 JB(0.ar) V() dz

Similarly,
u(y) . Cr Ky (y,0) fB(Oﬂr)u(z) dz _ fB(O,ar)u(Z) dz
v(y) = C1Ky(y,0) fB(O,ar) v(z) dz ! fB(O,ar) v(z) dz
The last two displays show that (1.5) is true for z,y € U N B(0, ar)¢ with Cy = Cf. O

Corollary 3.5 For every a > 1, there ezists ¢ = ¢(d, ¢,a) > 1 such that

(i) for every r > 1, every open set U C B(0,7)¢ and every nonnegative function v on R? which

is reqular harmonic in U and vanishes a.e on B(0,7)\ U,

<c for all z,y € UN B(0,ar);

(i3) for everyr > 1 and every nonnegative function u on R which is regular harmonic in B(0,r)°,

u@) . uly)
KE(o,r)c(f’«"aO) n KE(OJ,)C(y,O) ’

for all z,y € B(0,ar)°.

Proof. The first claim is a direct consequence of Theorem 1.1 with ¢ = C?, while the second

follows from the first and the fact that the zero boundary condition is vacuous. O
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Lemma 3.6 For every a > 1, there exists ¢ = c¢(d, ¢,a) > 1 such that for all v >0
crdp(r~2)G(z,0) < Px(Tg(w)c < 0) < erlo(r~)G(z,0), for all z € B(0,ar).

Proof. Let x € B(0,ar)¢. By the strong Markov property,
/ G(l‘, y) dy = Em [/ G(XT§(0 e’ y) dy ’ TE((),T)C < OO] . (323)
B(0,r) B(0,r) ’

Since r — g(r) is decreasing, [3, Lemma 5.53] shows that there exists a constant ¢ = ¢(d) such that

for every r > 0 and all z € B(0,r) we have

of aluhdvs [ Gy [ gy

B(0,r) B(0,r) B(0,r)

Then it follows from (3.23) that for x € B(0,ar)¢,

/ G(z,y)dy =< (/ g(lyl) dy) PI(TE(OJ')C < o0),
B(0,r) B(0,r)

with a constant depending on d only. By the uniform Harnack inequality (Theorem 2.7), there
exists ¢y > 1 such that ¢; 'G(x,0) < G(x,y) < caG(x,0) for every = € B(0,ar)¢ and y € B(0,r).

Hence
riG(z,0) = (/B(o )g(\y|) dy) PI(T§(07T)C <o0), z€ B(0,ar), (3.24)

with a constant depending on d and a. It follows from (2.9) and (2.5) that

1
L, 2 = s (3.25)

with a constant depending on d and a. Combining (3.24)-(3.25) we have proved the lemma. O

Corollary 3.7 For every a > 1, there exists ¢ = c¢(¢,d,a) > 1 such that for all v > 1 it holds that
cto(rHG(x,0) < Kg(,me(2,0) < cp(r~?)G(z,0), =€ B(0,ar)°, (3.26)
and consequently
lim KE(O,T‘)C (.:U, 0) — 0 .

|z|—00

Proof. Note that Py(r5,). < 00) = fB(o ) K50 (@, 2) dz. Further, for z € B(0,r) and
y € B(0,7)¢ we have that |y — z| < 2|y| and hence j(|y — z|) > c1j(Jy|) by (2.10). Therefore,

KE(QT)C(‘T’ Z) Ee! = G§(07r)6($a y)](|y|) dy =0 KE(OVT)C(CE’ 0) .
B(0,r)c
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Using (3.11) it follows that Py (75 ). < 00) = c1 fB(o,r) Kp(0,m)e(2,0)dz = czrdKE(Oﬂ,)c(x, 0). On
the other hand, from Lemma 3.1 with D = B(0, 7)€, we see that Po (g0, < 00) < CQTdKE(OW)C(fL', 0).
Thus

]P’;,;(TE(OJ)C < 00) =< rdKE(Om)C(sc, 0), =€ B(0,ar).

Comparing with the result in Lemma 3.6 gives (3.26). The last statement follows from the fact
that lim\x|—>oo G(z,0) = 0. (]

Corollary 3.8 Letr > 1 and U C B(0,7)°. If u is a non-negative function on R which is regular
harmonic in U and vanishes a.e. on B(0,7)¢\ U, then

lim wu(z) =0.
|z|—00

Proof. Note that Ky (z,0) < Kpq,(2,0). It follows from Corollary 3.7 that

hm KE(O,T‘)C (.T, 0) — 0

|z|—00

Then the claim follows from Theorem 1.1. O

Remark 3.9 (i) Corollary 3.8 is not true if regular harmonic is replaced by harmonic. Indeed,
let V' denote the renewal function of the ladder height process of the one-dimensional subordinate
Brownian motion W%(S;). Then the function w(z) = w(Z, z4) := V((x4)T) is harmonic in the upper
half-space H C B((0, —1),1)¢ (see [11]), vanishes on B((0, —1),1)¢ \ H, but clearly limg,, oo w(z) =
00.

(ii) When d = 1 < «, Corollary 3.8 is not true even for the symmetric a-stable process because the
Green function of the complement of any bounded interval does not vanish at infinity, which can

be seen using the Kelvin transform.

4 The infinite part of the Martin boundary

In this section we will consider a large class of unbounded open sets D and identify the infinite
part of the Martin boundary of D without assuming that the finite part of the Martin boundary
of D coincides with the Euclidean boundary.

We first recall the definition of k-fatness at infinity from the introduction: Let x € (0,1/2]. An
open set D in R? is x-fat at infinity if there exists R > 0 such that for every r € [R, 00) there exists
A, € R? such that B(A,,xr) € DN B(0,7)¢ and |A,| < k™17

The origin does not play any special role in this definition: Suppose that D is x-fat at infinity
with characteristics (R, k). For every @ € R%, define Rg := RV|Q|. For all r > Rg, with A, = A,

and K := k/3, we have

B(A,,7r) C B(As,,2kr) C DNB(0,2r)° c DNB(0,r +|Q|)° € DNB(Q,r)"
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and |4, — Q| < |Ag| + Q| < (k/2)r + 17 < (R) 1

Remark 4.1 (i) Note that it follows from the definition that any open set which is x-fat at infinity
is necessarily unbounded.

(ii) Since B(A,,kr) C B(0,7)¢ we have that |A,| — kr > r implying (x + 1)r < |A,] < s~ 1r.

(iii) We further note that B(A, (x/2)r) N B(A(./2)-1,,7) = 0. Indeed, for any point = in the
intersection we would have that |z| < |A,]| + (k/2)r < (k= + k/2)r, and at the same time |z| >
|Agey2)-1rl =7 > (K +1)(k/2)"'r — kr = (2671 + 2 — k)r. But this is impossible.

In this section we first identify the infinite part of the Martin boundary of an open set D C R¢
which is k-fat at infinity with characteristics (R, k). Without loss of generality, we assume that
R > 1. In this section, the dependence of the lower case constants on k may not be mentioned
explicitly.

Recall that we assume that (H1) and (H2) are true and d > 2(d2 V d4).

Lemma 4.2 Let D C R? be an open set which is k-fat at infinity with characteristics (R, k). There
exist c = ¢(d, ¢, k) > 0 and v = v(d, ¢, k) € (0,d) such that for every r > R and any non-negative
function h in R? which is harmonic in D N B(0,7)¢ it holds that

h(Ar) < e(k/2) " TIRR(A gy nn), R =0,1,2,.... (4.1)

Proof. Fixr > R. Forn =0,1,2,...,let n, = (k/2)""r, A, = A, and B, = B(Ap,nn—1) (where
n—1 = (k/2)r). Note that the balls B,, are pairwise disjoint (cf. Remark 4.1 (iii)). By harmonicity
of h, for every n =10,1,2...,

n—1 n—1
h(Ap) =Ea, [MXrp )] =) Ea, [ Xry,): Xr, €BI] =) ; Kp, (An, 2)h(2)dz.
=0 =0 l

By the uniform Harnack inequality, Theorem 2.7, there exists ¢; = ¢1(d, k,¢) > 0 such that for
every | =0,1,2,..., h(z) > c1h(4;) for all z € B; . Hence

Kp, (Ap,2)h(2)dz > c1h(4;) | Kp,(Ap,2)dz, 0<I<n-—1.
B By
By (2.15) we have

Kp, (An, 2)dz > cap(n;?) " / J02(An - 2))dz, 0<i<n—1.

B B

For z € B;,1 =0,1,--- ,n—1, it holds that |z| < k= (k/2) "+ (k/2)" V1 = (k/2)"r(k ™ +1/2).
Since |A,| < k7 n,, we have that |A, — z| < |A,] + |2| < 2k71n,. Together with Theorem 2.3
and Lemma 2.1, this implies that j(|2(A, — 2)|) > c37(|nn|) for every z € Byand 0 <[ < n — 1.

Therefore,

d

. . . 0

Kp,(An, 2)dz > caj(|nal)o(n,*) " Bil = esmy, i = C57Tld’ 0<isn-1.
By n
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Hence,
n—1

neh(A,) > s Z?ﬁih(Al) , foralln=1,2,....
1=0
Let a, == nth(A,) so that a, > 5 Y7 a;. Using the identity 1+ c5 Y72 (1 + c5)! = (1 +¢5)"
for n > 3, by induction it follows that a,, > c5(1 + ¢5)" tag. Let v := log (1 + ¢5) /log(2/k) so
that (14 ¢5)" = (2/k)". Note that ¢5 can be chosen arbitrarily close to zero (but positive), so
that v < d. Thus, ag < (1 + c5)cs ' (K/2) " an, or n3h(Ag) < (1 + c5)cs  (k/2) ™ nlh(A,) . Hence,
B(AL) < (1 -+ e5)e (/27 (5/2) (A gy nr) 0

Lemma 4.3 Let D C R? be an open set which is k-fat at infinity with characteristics (R, k). There
exists ¢ = c(d, ¢, k) > 0 such that for every r > R and every non-negative function h on RY which
is reqular harmonic in D N B(0, (k/2 4+ 1)r)¢, it holds that

h(A;) > cr_d/ h(z)dz.
B(0,r)

Proof. Since h is regular harmonic in DN B(0, (k/2+1)r)¢ and B(A, %) € DN B(0, (k/241)r)°,

we have

h(A,) = Ea, h(XTBW%))} > /B o Kpa, ) (Ar, 2)h(z) dz. (4.2)
By (2.15) we have
) kry—2\ !
Kpa,ey(Ar,2) > e1j(2(4, — 2)[)6 <(2) > , z€B(0,r). (4.3)

Since for z € B(0,r) we have that |A, — z| < (k7! + 1)r, by (2.10) we have j(|2(A4, — 2)|) > c25(r)
for some constant co = c2(¢, k) > 0. Hence, combining (4.2)—(4.3) and applying Lemma 2.1, we get

h(A,) > C3/

B(0,r)

j(r)¢(r_2)_1h(z) dz > C4’I“_d/ h(z) dz

B(0,r)

which finishes the proof. O

Corollary 4.4 Let D C R? be an open set which is k-fat at infinity with characteristics (R, k).
There exists ¢ = c(d,¢,k) > 0 such that for every r > R with D N B(0,r) # 0 and every w €
D N B(0,r) it holds that

Gp(Ay,w) > cr_d/ Gp(z,w)dz. (4.4)
B(0,r)

Proof. Let h(-) := Gp(-,w). Then h is regular harmonic in D N B(0, (x/2 + 1)7)¢ so the claim

follows from Lemma 4.3. O
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Lemma 4.5 Let D C R? be an open set which is k-fat at infinity with characteristics (R, k). For
r>0andn = 0,1,2,..., let By(r) = B(0,(k/2)7"r). There exist c; = ci(d,¢,k) > 0 and
co = co(d, ¢, k) € (0,1) such that for any r > R and any non-negative function h which is reqular
harmonic in D N B(0,7)¢ and vanishes in D¢ N B(0,7)¢ we have

E, |h(X e B(o,r)} <ecdih(z), €DNBu(r), n=012... (45)

( TDﬁBn(r)c) : XTDﬁBn(r)C

Proof. We fix r > R. For n = 0,1,2,..., let B, = B,(r), B, = Byn(r) and 0, = (x/2) "r, and
define
hn(x)::IEz[h(X )X eBO}, xeDNB..

T c ) Ty ~BC
DNBY, DNBS,

Then for x € DN EZH we have

Pt (2) = By [W(Xry o) T, = Toripes Xopy e € Bo| < ha(a).

Let A, = A,,,. Then

ha(Ap) =Ea, [R(X

™DNB

) X

TDNBE

e BO} <Ea, [h(XTE% )i Xpy € BO} = | K (An 2)h(z) d.
0

By Lemma 3.2, there exists ¢; = ¢1(¢, x) > 0 such that for all z € By and n > 1,
K (An,2) < 1 (140 = 27 (000,226 — [21) 7)) +0;)
For z € By and n > 1 we have that |A,, — z| < n, and n, — |z| < n,, thus
KEZ(AWZ) <cony?=co(k/2)"r %, z€By,n=1,2,3....

Therefore, by Lemma 4.3 in the second inequality below and Lemma 4.2 in the third, we get that
form=1,2,3...,

hn(Ap) < 02(14;/2)"‘17"_‘1/3 h(z)dz < Cg(ﬁ/Z)ndh(Ag) < cy(k/2)7"h(A,),

where v € (0,d) is the constant from Lemma 4.2. Now note that both h,_; and h are regular
harmonic in D N B;,_; and vanish on B¢, N D¢ = BS_,\ DN B, _;. Hence,

hn(x) < hn—l(:l:) <C2hn—1(An—1)

< 2)7(n=1) DNBS =2.34...
W) S ) S h(An ) < e4Cy(K/2) , reDNB, n ,3, ,

where the second inequality follows from Corollary 1.2. The cases n = 0 and n = 1 are clear by the

harmonicity of h. O
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Corollary 4.6 Let D C R? be an open set which is k-fat at infinity with characteristics (R, k).
Forr >0 andn =0,1,2,..., let B,(r) = B(0,(k/2)™"r). There exist ¢c1 = ci1(d,¢,k) > 0 and
co = ca(d, ¢, k) € (0,1) such that for any r > R with D N B(0,r) # 0, any w € D N B(0,r) and

n > 0, we have

Em GD(X © .

TDABR(r)

e W) : XTDmmC € B(0,r)| <c1eyGp(z,w), x € DN By(r)

The following lemma is an analog of [2, Lemma 16| for infinity. The proof is essentially the
same — instead of using the balls that shrink to a finite boundary point, we use the complements
of concentric balls with larger and larger radius (so they “shrink at infinity”). Lemmas 13 and 14
from [2] are replaced by our Corollary 1.2 and Lemma 4.5 respectively. Below we only indicate

essential changes in the proof and refer the reader to the proof of [2, Lemma 16].

Lemma 4.7 Let D C R? be an open set which is k-fat at infinity with characteristics (R, k).
There exist c = ¢(d, ¢, k) > 0 and v = v(d, ¢, k) > 0 such that for any r > R and all non-negative
functions u and v on R% which are reqular harmonic in D N B(0,7/2)¢, vanish in D¢ N B(0,7/2)¢
and satisfy u(Ay,) = v(A,), there exists the limit

. u(z)
I(U,U) N \x|ﬁéon,1x€D U(l’) ’
and we have
u(@) — I(u,v c @ - x B(0,r)°
o() I(u,v)| < (r) , € DN B(0,r)°. (4.6)

Proof. Let » > R be fixed. Without loss of generality assume that u(A4,) = v(4,) = 1. Let
no(d, ¢) € N to be chosen later, and let a = (k/2)7"0. For n =0,1,2,..., define

rn =a"r, B, =B(0,r,)°, D, =DNB,, M,=D,\D,,,, I_1=DB(0,r).
Fori=-1,0,1,...,n—1 let
i (z) = m{mX%Q:X%%eHJ, zeRY, (4.7)
ob(z) = &{mX%Q:X5;eHJ, z e R, (4.8)
Note that since II; C B(0,741), it holds that
ul (z) < B, [u(XTﬁz) : XTﬁ% € B(O,’I“H_l):| .

Denote the constants ¢; and ¢y in Lemma 4.5 by C and £ respectively. Apply Lemma 4.5 with
7 =r1. Then r, = (k/2)7"0" = (k/2) "0 —=D5 hence for n =0,1,2,... and z € D,,,
ub (z) < C(E™) " u(z), 1=-1,0,1,...,n—2.

n
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Choose ng large enough so that (1 — &™)~ < 2. Then since 27;31(5”0)”*1*1 =£no ZZ;%({”O)’“ <
£no(1 — ¢mno)=1 < 2¢m0 we have that for n =1,2,... and z € E:L,

n—2

3wl (2) < 206 u(a).

I=-1

Let € be anumber in (0, 1). We can redefine ng(e, d, ¢) so that forn =1,2,...,1=-1,0,1,...,n—2,
ul (z) < Ye), zeD..
By symmetry we can also achieve that forn=1,2,...,1=-1,0,1,....,n— 2,
ol (x) < (), x e Dy,
Now we claim that there exist constants ¢; = ¢1(d, ¢,x) > 0 and ( = ((d, ¢,x) € (0,1) such

that for all [ =0,1,...,
sup u(@) < (1 +e¢h inf
€D’ v(z) 2eDS U x)

u(z)

From now on the proof is essentially the same as the proof of [2, Lemma 16], hence we omit it. O

Remark 4.8 (i) Assume that u and v are nonnegative functions on R? which are regular harmonic
in DN B(0,7/2)¢ and vanish in D¢ N B(0,r/2)¢. Define 4, and v, by

Up(x) =

Then u, and v, satisfy the assumptions of Lemma 4.7, in particular u,(A,) = v,(A,). Hence, there
exists the limit
I(uy,v,) = lim —

|z| =00, xED UT(SL‘) ’

Therefore we can conclude that there exists the limit

w(@) _ u(4,)

I(uv, A,) = _
(U7 v ) |z|—o00, zED ’U(.’E) ’U(Ar)

1(, 7).

Suppose that p > R is another radius such that u and v are regular harmonic in D N B(0, p/2)¢
and vanish in DN B(0,p/2)°. Then the same argument using A, instead of A, would give that
there exists the limit

) ( o) 1~ ~
I A) = 1 = —"r7] .
(u, v, Ap) |a:\—>;on,lx6D v(z)  wv(4)) (itp, V)

This shows that the limit is independent of the point A,.
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(ii) It easily follows from (4.6) that there exist ¢ = ¢(d, ¢, k) > 0 and v = v(d, ¢, k) > 0 such
that for any r > R,

x—y|™"

Vz,y € DN B(0,r)°
”

— ’SC

for all non-negative functions v and v on R? which are regular harmonic in D N B(0,r/2)¢, vanish
in DN B(0,7/2)¢ and satisfy u(A,) = v(4,).

From now on D will be an open set which is k-fat at infinity with characteristics (R, ). Fix
zo € DN B(0, R)¢ and recall that

Gp(z,y)

M) = G o, v)

) ﬂUnyD»y?’éxo-

For r > 2(|z| V |zo|), both functions y +— Gp(z,y) and y — Gp(zo,y) are regular harmonic in
DN B(0,r/2)¢ and vanish on DN B(0,7/2)¢. Hence, as an immediate consequence of Lemma 4.7

and Remark 4.8 (i) we get the following theorem.
Theorem 4.9 For each x € D there exists the limit

Mp(xz,00):= lim  Mp(x,y).
yeD, |y|—oo

Recall that X P is the process X killed upon exiting D. As the process X satisfies Hypothesis
(B) in [16], D has a Martin boundary dy;D with respect to X satisfying the following properties:

(M1) DUy D is a compact metric space (with the metric denoted by d);

(M2) D is open and dense in D U dy/D, and its relative topology coincides with its original
topology;

(M3) Mp(z, -) can be uniquely extended to dpsD in such a way that
(a) Mp(z,y) converges to Mp(x,w) as y — w € Oy D in the Martin topology,

(b) for each w € D U dyy D the function x — Mp(z,w) is excessive with respect to X,

(c) the function (z,w) — Mp(z,w) is jointly continuous on D x (D U dysD) in the Martin
topology and

(d) Mp(-,w1) # Mp(-,we) if w1 # we and wy,we € Oy D.

In the remainder of the paper whenever we speak of a bounded or an unbounded sequence of

points we always mean in the Euclidean metric (and not in the Martin metric d).
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Definition 4.10 A point w € Oy D is called o finite Martin boundary point if there exists a bounded
sequence (Yn)n>1, Yn € D, converging to w in the Martin topology. A point w € Oy D is called an
infinite Martin boundary point if every sequence (Yn)n>1, Yn € D, converging to w in the Martin
topology is unbounded. The set of finite Martin boundary points is denoted by 8]{/[D, and the set of
infinite Martin boundary points by 03 D.

Remark 4.11 Suppose that w € 6]{/[D and let (yn)n>1 C D be a bounded sequence converging
to w in the Martin topology. Then (y,)n>1 has a subsequence (yp, )r>1 converging to a point y
in the Euclidean topology. It cannot happen that y € D, because in this case we would have
that limy, —, Mp(z,yn,) = Mp(z,y) implying by (M3)(d) that y = w. Therefore, y € 9D — the
Euclidean boundary of D. In particular, this shows that for every € > 0, the sequence (yn)n>1

(converging to w € 61{/[D in the Martin topology) can be chosen so that dp(y,) < € for all n > 1.

Proposition 4.12 Let D be an open set which is x-fat at infinity. Then 037D consists of exactly

one point.

Proof. Let w € 03D and let Mp(-,w) be the corresponding Martin kernel. If the sequence
(Yn)n>1 C D converges to w in the Martin topology, then, by (M3)(a), Mp(z,y,) converge to
Mp(x,w). On the other hand, |y,| — oo, thus by Theorem 4.9,

lim MD(gj)yn) = lim MD('xvyn) = MD($7 OO)
Hence, for each w € 933D it holds that Mp(-,w) = Mp(-,00). Since, by (M3)(d), for two different

Martin boundary points w? and w® it always holds that Mp(-,w™M) # Mp(-,w®), we conclude
that the infinite part of the Martin boundary can be identified with the single point. |

From now on we use the notation 933D = {0~} and, for simplicity, we sometimes continue to
write Mp(z,00) for the more precise Mp(z, 0so).

We now briefly discuss some properties of the finite part of the Martin boundary. Recall that
d denotes the Martin metric. For ¢ > 0 let

K. := {w € 8]]\0/[D td(w,0x) > 6} (4.9)

be a closed subset of dy;D. By the definition of the finite part of the Martin boundary, for each
w € K, there exists a bounded sequence (y)p,>1 C D such that lim,_,. d(yy,w) = 0. Without

loss of generality we may assume that d(y,’,w) < § for all n > 1.
Lemma 4.13 There ezists C3 = C3(€) > 0 such that |y»| < Cs for allw € K, and alln > 1.

Proof. We first claim that for any sequence (yp)n>1 in D, if |y, | — oo, then lim,_, d(Yn, 0sc) = 0,

i.e., (yn)n>1 converges to O in the Martin topology. Indeed, since D U 0y D is a compact metric
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space, (y,) has a convergent subsequence (yp, ). Let w = limy_ o0 Y, (in the Martin topology).
Then limy_yoo Mp(+,Yn,) = Mp(-,w). On the other hand, from Theorem 4.9 and Proposition 4.12
we see that limy_,oo Mp (-, yn,) = Mp(-,00) = Mp(-,0). Therefore, Mp(-,w) = Mp(-, ), which
implies that w = 0o by (M3)(d). Since this argument also holds for any subsequence of (yp)n>1,
we conclude that ¥, — 0 in the Martin topology.

Now suppose the lemma is not true. Then {y;’ : w € K¢, n € N} contains a sequence (y,,*)r>1
such that limg o || = oo. By the paragraph above, we have that lim o d(y;, %, 0s) = 0. On
the other hand,

Ayt Oc0) = d{wy, Osc) — d(yyip i) 2 e = 5 = 5
This contradiction proves the claim. O

Recall that an open set D is called an exterior open set if D¢ is compact.

Corollary 4.14 If D is an exterior open set, then O is an isolated point of OprD. Conversely,
if D is open and k-fat at infinity, and O is an isolated point of Oy D, then D is an exterior open

set.

Proof. Suppose that D is an exterior open set. Then D is k-fat at infinity, hence Oy D =
8]{4D U {0 }. Since D€ is compact we see that the Euclidean boundary 0D is bounded. We show
that 8]{/[D is closed in the Martin topology. This will imply that {0} is open in dp/D, hence
isolated. Let (wy)n>1 be a sequence in 8{4D which converges to w € 0y D in the Martin topology.
For each n > 1, there exists a bounded sequence (y,")r>1 such that y — w, in the Martin
topology. By Remark 4.11, we can assume that dp(y,") = dop(y,") < 1foralln > 1, k > 1. Since
9D is compact, the family {y," : n > 1,k > 1} is bounded. Further, because lim,, o d(wp,w) =0
and limy_,oo d(y, ", wy) = 0, we can find a sequence (yx)r>1 C {y," : n > 1,k > 1} such that
limy, o0 d(yx, w) = 0. Clearly, the sequence (yx)r>1 is bounded proving that w € 8]{/[D.
Conversely, assume that 0., is an isolated point of dy;D. Then there exists € > 0 such that
Ke={we 8{4D fd(w,0x0) > €} = 8]]:4D. Suppose that D is not an exterior open set. Then both
D and D¢ are unbounded, and therefore 9D is unbounded as well. Hence, there exists z € 9D
such that |z| > 3C3 where C3 = C3(¢) is the constant from Lemma 4.13. We can find a sequence
(zn)n>1 C D such that z, — z (in the Euclidean topology) and 2C3 < |z,| for all n > 1. Since
D U Oy D is compact, there exist a subsequence (2p, )k>1 and w € D U dy D such that z,, — w
in the Martin topology. Clearly, w € dy/D, and since (2, ) is bounded, actually w € 8}\}D. By
Lemma 4.13, it holds that |z,, | < Cs (for those z,, for which d(z,,,w) < €/2). But this contradicts
that |z, | > 2Cs. O

We continue by showing that Mp(-, 0 ) is harmonic in D with respect to X.

Lemma 4.15 For every bounded open U C U C D and every x € D, Mp(X;,,000) 15 Py-

integrable.
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Proof. Let (ym)m>1 be a sequence in D \ U such that |y,,| — oo. Then Mp(-,ym) is regular

harmonic in U. Hence, by Fatou’s lemma,

Eo[Mp(Xry, 0c0)] = Eal lim Mp(Xry,ym)] < liminf Eo[Mp (X, )]

m—ro0

= liminf Mp(z,ym) = Mp(x,0x) < 0.
m—r0o0

Lemma 4.16 For each x € D and p € (0, %51)(.%’)],
Mp(z,00) = Ex[Mp(Xryy(, )0 Oc0)] -

Proof. Fix z € D and p € (0, 36p(z)]. In this proof , the dependence of the constants on p may
not be mentioned explicitly. For m € N, let n,, := (k/2)"p. Let m € N be large enough so that
Nm > (2|z| 4+ 2p) V R. In case m > m, let A, := A,,,. Then for m > m, Mp(-, Ay,) is regular
harmonic in D \ B(Ap,, k1) and B(x, p) C D\ B(Am, k0m), hence

MD(Qf, Am) = E:p[MD(XTB(Lp),Am)] s m Z ?71 (4.10)

From now on we assume that m > m. To prove the statement of the lemma it suffices to show that

there exists m; € N, m; > m, such that the family {MD(X

TB(x.p)’
integrable with respect to P,. This will allow us to exchange the order of the expectation and the

Ap):m> ml} is uniformly

limit when we take the limit m — oo in (4.10), thus proving the statement.

Choose m even larger so that (k/2)"™p > 2|zo|, and let m > m. Let w € D N B(0,7,,). Then
Gp(w,-) is regular harmonic in D N B(0, n,,)¢ and vanishes on D N B(0,7,,)¢. The same is valid
for Gp(zo,). Since A, € DN B(0, (k + 1)n,,)¢, Corollary 1.2 implies that for w € D N B(0,ny,),

o GD(waAm) < C GD(w7y)

M Ap) = = CyMp(w,y), forallyec Dn B(0, 1)nm )¢ .
bl A) = GRS < B G,y for aly € DOTO, (14 1)
(4.11)
Hence, by letting |y| — oo,
Mp(w, Ap,) < CoMp(w,0s), w € DNB0,ny,), m>m. (4.12)
Let € > 0 be arbitrary. By Lemma 4.15 and (4.12), there exists Ny > 0 such that
Eo[Mp(Xry, o Am) : Xrg ) € DO B0, 1), Mp(Xoy,, , Am) > No]
€ €
< Oy [Mp(Xrp, 5 000) : CaMp(Xop, 15 000) > No| < 022—02 =3 (4.13)
On the other hand,
B [Mp(Xrp, 0 Am) + Xry, ) € DO B0, 1))
= / B MD(U,Am)KB(:C’p)(x,v) dv
DNB(0,nm )¢
<af o Mpe Al - ol - o) i, (4.14)
DNB(0,nm )¢
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where the last inequality follows from the uniform upper estimate of the Poisson kernel in (2.14).
Choose mg > m large enough such that for m > mg and v € DNB(0, ;)¢ it holds that |v—z|—p >

|v]/2. Then j(|v—=|—7) < j(|v]/2) < c2j(|v]) by (2.10). Hence, by treating ¢(p~2)~! as a constant
(depending on p, but note that p is fixed), we get that

Eo[Mp(Xry, ), Am) : X € DN B0, 1m) ]

TB(x,p)

< e / C Mp(v, An)i(lv]) do,
DﬁB(O,nm)C

_ C3GD(x0,Am)_1/ G Al dv, m = me. (4.15)
DNB(0,mm )¢

By Lemma 4.2 (applied to = 7,,,) we have that
Gp(x0, Am) ™" < ca(r/2) NG (3, Apny)

where v € (0,d). Now we estimate the integral in (4.15):

/ C Gp(o, An)i(u]) dv
DﬁB(O,nm)c

<

G0, Am)j([o]) dv + /

/DﬁB(Am,(n+1/2)77m) DNB(Am,(5+1/2)0m)¢NB(0,7m )¢

= L +1I.

Gp(v, Am)j(Jv]) dv

To estimate Iy, note that if v € B(Ap, (k + 1/2)ny,), then |v| > |Ap| — [v — Ap| > (K + 1)ny —

(k+1/2)0m = (1/2)nm = (1/2)(k/2)"™p, hence j(|v]) < ¢55((k/2)"™p) by (2.10). Therefore, by
Theorem 2.3 and (2.3),

1
Il S CGj( K/2 _mp / — dv
w2 B(Am, (/24 1)) [V = Am|?9(Jv — A |2)

) m (“/2+1)77m 1
eri ((/2) ™) /0 et
< esi (/2 )B(((5/2) ™) D) < eol(w/2) ™)

IN

In order to estimate I, let v € D N B(Ap, (k + 1/2)n,)° 0 B(0,7,)¢. If [v| > 71 — &) "o,
then [0 — A > [0] — [An| = Aol 16 5 < Jo] < 5711 = K) U, then [0 — Ayl = (5 4+ 1/2)m 2

k(1 — k)(k + 1/2)|v|. Thus, in any case, Gp(v, Am) < g(Jv — Am|) < c109(|v]) by (3.1). Therefore,
by Theorem 2.3,

I, <

cro / (i) d
DNB(Am,(k+1/2)nm)cNB(0,1nm)°

. <1 _ “m -
010/ g(lo])i(lv)) dv < 611/ —7 ds = ciony,” = cia((k/2) ") 7
B(0,mm)° Nm s

IN

Hence,

/ C Go(o, Ao do < exs(5/2) ), m > mp. (4.17)
DNB(0,mpm )¢
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By combining (4.14)—(4.17) we get that

Eu[Mp(Xry, 0 Am) + Xrg, ) € DN B(0,7,)°]
< e(r/2) 0 TTTOG L (20, Ag) T (R/2) 7 p)
< e15Gp(xo, Amg) " (k/2)4m0 (1/2)7(M=m0) (4.18)
where in the last line we treat p as a constant. Since v > 0, we can choose my = my (e, mg, d, ¢, p) >
mo large enough so that the right-hand side in (4.18) is less than €/2 for all m > m;.
Finally, for m > m; we have

]ECC[MD(X’TB<LP>7A’WL) : MD(XTB(z’maAm) > NO]
< Ex[MD(XTB(I’p),Am) t Xrpo €D N B(0,1)°]
+ Eo[Mp(Xrp, s Am) © Xeg,,) € DOVB(O,0m), Mp( Xy, ), Am) > NoJ
€ €
< - — = €.
= gtgTe
Hence {MD(XTB(W) JAp) s m > ml} is uniformly integrable with respect to P,. o

Theorem 4.17 The function Mp(-, D) is harmonic in D with respect to X.

Proof. The proof of the theorem is exactly the same as that of [12, Theorem 3.9]. a

Let z € D and choose r > (2|z| V |zo|). By Corollary 1.2 we have that for all y € D N B(0,r)¢

GD(x7y) < 02 GD(vaT> )
Gp(wo,y) — ~“Gp(xo, Ar)

By letting |y| — oo we get that

GD(SU’ Ar)

< .
Mp (2, 8c0) < C» Gp(zo, Ay)

Suppose that z € 9D is a regular boundary point. Then lim,_,, Gp(x, A,) = 0 implying also that

lim Mp(xz,05) =0, for every regular boundary point z € 9D. (4.19)

T—z

Lemma 4.18 Suppose that u is a bounded nonnegative harmonic function for XP. If there exists
a polar set N C 0D such that for any z € 0D \ N

Dggzu(x) =0
and
lim wu(z)=0,

€D, |z|—00

then u is identically equal to zero.
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Proof. Take an increasing sequence of bounded open sets (Dj,)n>1 satisfying D, C D1 and
Upz1Dy = D. Then limy, . 7p, = 7p and by the quasi-left continuity, lim, oo X7, = X if
Tp < 00, and lim, s |X7Dn| = oo if Tp = 0.

Since N is polar, we have P, (X,, € N,7p < 00) =0,z € D. By harmonicity we have for every
ze€Dandalln>1

uz) = Eg[u(Xrp,)]
= E, [u(XTDn),TD = oo} +E, [u(XTDn),TDm = 7p for some m > 1]

+E, [u(XTD"),TDm < 1p < oo for all m > 1] .
By using bounded convergence theorem we get that

nh_)ngoEx [u(XTDn),TD = oo] =E, [nh_{)ca)o w(Xrp, ), TD = oo} =0,

since | X, | — 0o on {7p = oco}. Next, since u =0 on D¢,

lim E, [u(XTD ), Tp,, = Tp for some m > 1]
n—o00 "

= E, [ lim w(X;, ),7p,, = 7p for some m > 1}
n—00 n
= E;[u(X;,),p,, = Tp for some m > 1] =0.

Finally, if 7p,, < 7p < o0, then lim,_,o Xrp, € 0D\ N P,-a.s. Hence

lim E, [U(Xfpn)aTDm < 1p < oo for all m > 1}

n—oo

n— o0 "

= E, [lim w(Xrp, )1(x,, coD\N}> TD,, < TD < 00 for all m > 1} =0.
Therefore, u(x) = 0 for every = € D. O

Recall that a positive harmonic function f for X is minimal if, whenever g is a positive

harmonic function for X with ¢ < f on D, one must have f = cg for some constant c.

Proof of Theorem 1.4. It remains to show that OJ,, is a minimal boundary point, i.e., that
Mp(-,0~) is @ minimal harmonic function.

Let h be a positive harmonic function for X” such that h < Mp(:,0). By the Martin
representation in [16], there is a measure on dy/D = 8]]\}D U {0} such that

h@)= [ Mp(w)utdw) = [ Mp(e.w) () + Mp(r. 0.0u({0<)).

In particular, h(zg) = u(On D) < Mp(zp,0s) = 1 (because of the normalization at x¢). Hence, u
is a sub-probability measure.
For € > 0, K, is the compact subset of dj;D defined in (4.9). Define

u(x) == /K Mp(z,w) p(dw).
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Then u is a positive harmonic function with respect to X and bounded above as
u(z) = h(x) — p({o0}) Mp(z,900) < (1 — p({oo})) Mp(z, 9s0) - (4.20)

We claim that lim|, o u(x) = 0. By Lemma 4.13 there exists C3 = C3(€) > 0 such that for each
w € K, there exists a sequence (y¥),>1 C D converging to w in the Martin topology and satisfying
ly?| < C5. Without loss of generality we may assume that C5 > R. Fix a point z; € DN B(0,2C3)¢
and choose an arbitrary point yo € D N B(0,C3). Then for any x € D N B(0,2C3)¢ and any
y € DN B(0,C3) we have that

GD(Jf,y) _ GD(LL',Z/) GD($17y) <Cl GD(m7y0) GD(xlay) <c1 G(l’,yo) GD(I'l,y)
Gp(xo,y) Gp(z1,y) Gp(zo,y) —  Gplxi,y0) Gp(zo,y) ~  Gplx1,y0) Gp(zo,y)’

where the first inequality follows from the boundary Harnack principle, Theorem 2.8. Therefore

for each w € K, we have

Gp(@,yy) _ . G@y) . Golyy)

Mp(x,w) = lim <
PlE ) = G0, = Colan ) o Goleo,u)
G(z, o) G(x, yo)
cg———— Mp(z1,w) < cg—=——"""" sup Mp(z1,w) = coG(x,
'Gp(r1,y0) p(@,w) "G, 10) wek. p(@,w) = &G vo)

by continuity of the Martin kernel (M3)(c). Now we let |x| — oo and use that G(x,y9) — 0 to
conclude that lim, . zep Mp(x,w) = 0 uniformly for w € K. By Theorem 4.9, this and (4.20)
immediately imply that lim . u(z) = 0.

From (4.19) we see that lim,_,, u(x) = 0 for every regular z € dD. Since the set of irregular
boundary points is polar (cf. [1, (VI.4.6), (VI1.4.10)]), Lemma 4.18 implies that v = 0. This means
that v = px, = 0. Since € > 0 was arbitrary and 8]{/[D = Ueso K¢, we see that Kol p = 0. Hence
h = ({0 })Mp(+,0) showing that Mp(-,0x) is minimal. Therefore we have proved Theorem
1.4 O

At the end we briefly discuss the Martin boundary of the half-space H = {z = (z,24) : T €
R4=! 24 > 0}. Let V(r) be the renewal function of the ladder height process of one-dimensional
subordinate Brownian motion X{ = W4(S;). It is known that the function w(x) := V((x4)") is
harmonic in H with respect to X (see [11]). Moreover, for every z € 0H := {z = (Z,z4) : T €
R4=! 24 = 0} it holds that lim, ., w(z) = 0. Therefore we can conclude that w is proportional
to the minimal harmonic function My(-,00). In the next corollary we compute the full Martin

boundary of H.

Corollary 4.19 The Martin boundary and the minimal Martin boundary of the half space H with
respect to X can be identified with OH U {oo} and My(x,00) = w(x)/w(xo) for x € H.

Proof. By Theorem 1.4 and the argument before the statement of this corollary, we only need to
show that the finite part (‘ﬁ\}H of the Martin boundary of H can be identified with the Euclidean
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boundary OH and that all points are minimal. This was shown in [12, Theorem 3.13] under the
assumption that ¢ is comparable to the regularly varying function at infinity. Even though this
assumption is stronger than (H1), using results in this paper and [15] (instead of using properties
of regularly varying function) one can follow the same proof line by line and show that under the
assumption (H1) and d > 209, the finite part of Martin boundary 8]{/[H can be identified with the
Euclidean boundary JH and that all points are minimal. We omit the details. O
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