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Abstract

Let Ay = > .., F(Xs—, X,) be a purely discontinuous additive functional of a
subordinate Brownian motion X = (Xy,P,). We give a sufficient condition on the
non-negative function F' that guarantees that finiteness of A, implies finiteness of
its expectation. This result is then applied to study the relative entropy of P, and
the probability measure induced by a purely discontinuous Girsanov transform of
the process X. We prove these results under the weak global scaling condition on
the Laplace exponent of the underlying subordinator.
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1 Introduction

Let X = (X;,P,) be an isotropic Lévy process in R¢, d > 1. For a non-negative, bounded
and symmetric function F' : R? x R? — [0, 00), define the purely discontinuous additive
functional A, = ) ., F(X,—, X). It is often important to understand when does
the finiteness of the additive functional at infinity, A, < 0o, imply the finiteness of the
expectation of A,. To be more precise, we will be interested in sufficient conditions on
the function F such that P,(A, < oo) for all z € R? implies that E,A,, < oo for all
x € R%. In the case of an isotropic a-stable process X this question was investigated in
[15], cf. Theorem 4.15. The result of that theorem was further used to study the relative
entropy of P, and the probability measure induced by a purely discontinuous Girsanov
transform of the stable process X, see [15, Theorem 1.2].

The goal of this paper is to extend the results of [I5] from the stable process to a
rather large class of subordinate Brownian motions. Instead of the strict scaling property
enjoyed by the stable process, we will impose as a substitute the weak global scaling con-
dition. More precisely, let W = (W;,P,) be a d-dimensional Brownian motion running
twice as fast as the standard Brownian motion, d > 1, and let S = (S;):>0 be an indepen-
dent subordinator with the Laplace exponent ¢. The process X = (X;,P,) defined by
X; := Wsg, is called a subordinate Brownian motion. It is an isotropic Lévy process with

*Research supported in part by the Croatian Science Foundation under the project 3526



the characteristic exponent 1(£) = ¢(|£]?). Since any Lévy process is completely charac-
terized by its characteristic exponent, we will, without loss of generality, throughout the
paper assume that the subordinate Brownian motion X = (Q, M, M, 0;, X;,P,) is de-
fined on the Skorokhod path space = D([0, 00), R?) of cadlag functions w : [0, 00) — R?
with X;(w) = w(t) being projections, M = o (Us>9M;), and the shift (G,w)(s) = w(s+1).

Our main assumption on the Laplace exponent ¢ is the following global scaling con-
dition: There exist constants 0 < §; <, < 1A g and ay,as > 0 such that

a Nt < p0Az) <ap)\2, A>1,2>0. (1.1)

()
Recall that the Laplace exponent ¢ is a Bernstein function satisfying ¢(0) = 0, which
implies the representation

d(N\) = bA —i—/ (1—eM)yu(dt), X>0,

(0,00)

where g is the Lévy measure of ¢. Under we have b = 0 and ¢(s) > a;'s® for
s € (0,1). The latter implies that X is transient, cf. (3.1). The function ¢ is called a
complete Bernstein function if pu(dt) = u(t)dt with a completely monotone density u(t),
cf. [14]. For simplicity, let ®(s) := ¢(s72)7 1.

Let F': R? x R? — [0,00) be symmetric and bounded. The next condition on F will
be crucial for our results: Assume that there are constants C' > 0 and g > 1 such that

O(|z —yl)?
1+ &(|z[)7 + @ (Jyl)?

In the context of elliptic diffusion, the analog of (|1.2)) is sometimes called the Fuchsian
condition, cf. [I]. The main result of this paper is the following theorem.

F(z,y) <C for all z,y € R% (1.2)

Theorem 1.1. Suppose that X is the subordinate Brownian motion via the subordinator
whose Laplace exponent is a complete Bernstein function and satisfies . Let > 1
and assume that F : RExRY — [0, 00) is bounded, symmetric and satisfies condition .
Let Af =3 oei F( X, Xy). IfP, (AL < 00) =1 for allz € RY, then sup,cpa E,[AL] <
00.

It is easy to see, cf. [15, Remark 4.16] in the stable case, that there exists F satisfying
such that E,[A.] = co. Of course, in this case it cannot hold that P, (A, < c0) = 1.
On the other hand, condition is almost necessary for the validity of Theorem .
We first need the following definition.

Definition 1.2. Let C' > 0 and let F : [0,00) — [0,1] be a bounded non-negative function
such that F(O) = 0. A bounded symmetric function F : R® x R — R vanishing on the
diagonal is in the class I(C, F) if

[F(a,y)| < CP( —yl) for all z,y € R, (1.3)

Theorem 1.3. Suppose that X is the subordinate Brownian motion via the subordinator
whose Laplace exponent is a complete Bernstein function and satisfies (1.1)). For every
B > 1 there exist a non-negative bounded function F € I(1,®(-)? A1) such that AL =
Yo F(Xso, X)) < 00 Py-aus., but B [AL] = oo, for all x € RY.
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Proofs of Theorems and follow the roadmap traced in [I5] in the case of the
stable process. Of course, due to the fact that neither the jumping kernel nor the Green
function are known explicitly in the current situation, and the lack of exact scaling, the
proofs are technically more involved and challenging. The main new technical contribu-
tion is the proof of Lemma [2.3 This lemma is used to prove a Harnack inequality for
F-harmonic functions with a uniform constant in the class of scaled processes. These
results are shown in Section [2 under weak scaling at infinity only. Proofs of Theorems
and [[.3] are given in Sections [3| and [4] respectively.

As an application of Theorem[I.1we study the question of finiteness of relative entropy
of probability measure P, and the probability measure induced by a purely discontinuous

Girsanov transform of the process X. Recall that the subordinate Brownian motion
X = (Q,M, M, 0, X;,P,) is defined on the Skorokhod path space Q = D([0, 00), R%).

Definition 1.4 ([3,16]). (a) The class J(X) consists of all bounded, symmetric func-
tions F': R? x R? — R which vanish on the diagonal and satisfy

t
lim sup E, [ | e litx. = o ay ds] 0.
0 R4

t—0 rC€Rd

(b) The class I,(X) consists of all bounded, symmetric functions F : R? x R? — R
which vanish on the diagonal and satisfy for all x € R and t > 0

< 00.

E, {ZF?(XS,XQ] =K, [ /0 /R F*(Xom,y)j (1 Xe- — yl) dy ds

s<t

It is straightforward to see that J(X) C Io(X). It is shown in [I6] that for F' € I5(X)
satisfying inf, ,cpa F'(2,y) > —1 one can construct a martingale additive functional M* =
(MF)s>0 such that the quadratic variation of M is given by

(M= > F(X., X)),

0<s<t

The Dolean-Dade exponential of M* defined by LI := £(M]") is under each P, a non-
negative local martingale, hence a supermartingale. We refer the reader to [16, Section

2] for details. It is proved in [I3, p.474] that there exists a family (P,),ecra of (sub)-
probability measures on M such that

AP, g, = LI dP, py, forallt > 0.

Under these measures X is a strong Markov process. We will write X = ()Z't, M.M,, IF’_,E)
to denote this process and call it the purely discontinuous Girsanov transform of X. Since
Lf > 0, the measures P, and I?Dx are absolutely continuous on each M,;. The question
when these measures are absolutely continuous on the whole time interval [0, 00) was
answered in [I5, Theorem 1.1] (for general conservative symmetric right Markov process
in RY). In particular, the relative entropy of measures P, and P,, H(P,; I?P/’m) < oo if and



only if E, [Zt>0 F*(X,_, XS)} < 00. Recall that the relative entropy of two measures v
and p is defined as

d
/—log—d,u /logﬁdu if vy,

otherwise.

By using Theorems and we can prove the following analogs of [I5, Theorems 1.2
and 1.3].

Theorem 1.5. Suppose that X s the subordinate Brownian motion via the subordinator
whose Laplace exponent is a complete Bernstein function and satisfies ((1.1]).

(a) Let F' € I,(X) and inf, jcpa F'(2,y) > —1. Then either P, L P, or B, ~P,. If
P, ~ P, and if there exist C' > 0 and > 1/2 such that

|z —y|)?

0<F Z, S C )
< F@Y) < O g a + a])?

for all z,y € R?, (1.4)

then ’H(]P’x;]ﬁ’x) < 00
(b) For each ~y and (8 satisfying 0 < v < 1/2 < B there exists F' € I5(X) such satisfying

1 (e —y))?
21+ @(|a]) + o(lyl)

F(z,y) < for all z,y € R?, (1.5)

such that P, < P, and H(Py; P,) =

The proof of Theorem [I.5is given in Section [5]

We end this introduction by mentioning another generalization of [I5] that came to
our attention after finishing this paper. In his master thesis [12], the author studies the
situation when the additive functional is a sum of a continuous and a purely discontin-
uous additive functional, and generalizes [I5, Theorem 1.1] to this setting. Under two
additional conditions, unavoidable set condition and uniform Harnack inequality, he also
generalizes [I5, Theorem 1.2]. These results are disjoint from the ones presented in this

paper.

2 Harnack inequality for F-harmonic functions

As in the introduction, let W = (W}, P,) be the standard d-dimensional Brownian motion
and S = (5;) an independent subordinator with the Laplace exponent ¢, no drift and
the infinite Lévy measure p(dt). Without loss of generality we assume that ¢(1) = 1.
The subordinate Brownian motion X is defined by X; := Wjs,. It is an isotropic Lévy
process with the characteristic exponent (&) = ¢(|¢]?), € € R%, and the Lévy measure
v(dz) = j(x)dx where the radial density j(x) = j(|z|) is given by

j(r) = / " () e d).
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The process X has continuous transition densities given by

lz—y|2

p(t,@,y) = / (4ms) "% 5 P(S, € ds),
(0.00)

and is therefore strongly Feller.
We recall that for every Bernstein function ¢ it holds that

(1A Né(x) < d(Az) < (1V Nd(z), A>0,z > 0. (2.1)

In this section we assume that ¢ satisfies the following weak scaling condition at infinity:
There exist constants 0 < §; < 99 < 1 A g and ay,as > 0 such that

Az
a X < M <a\?, A>1,z>1. (2.2)
¢()
Note that this condition is weaker than the one in ((1.1). Furthermore, we assume that
X is transient. According to the Chung-Fuchs type criterion this is equivalent to

d
1 g4-1

o 9(s)
and imposes an additional assumption only in cases d = 1 and d = 2.
Recall that ®(s) = ¢(s72)"!. When ¢ satisfies (2.2)), then

ds < o0, (2.3)

d(s) < ay's®, forall se (0,1]. (2.4)

Let B, = B(0,r) be the ball of radius 7 > 0 centered at the origin, dp, (z) the distance
of x to the boundary 0B,, and let G, denote the Green function of the process X killed
upon exiting B,. Let further,

Palw2)= [ Galow)ily—s)dy, w€BzeB

be the Poisson kernel of the ball B,.. We will need the following three estimates of the
Lévy density j(r), Green function Gp, and the Poisson kernel Pg_: If ¢ is a complete
Bernstein function satisfying , then there exist constants C7 > 1, Cy > 1 and C35 > 0,
depending only on dimension d and the constants ay, as, d1, 9 from , such that for
all r € (0, 1],

Crlr™%0(r) ™ < j(r) < Coro(r) ™, (2.5)
12z —yl) (35, (7))2 ® (05, () .
@ Ty (1 S TR} ) = Goley) 20

B(jz — y) (1 N @(5&2:()‘)5?(5?(1!))%) . zy€B,,

P(0,2) > Csj(]z))®(r),  z€B, (2.7)

See [8, Lemma 3.2] for (2.F)), [7, Theorem 1.2] for (2.6) (cf. also [10, Proposition 7.5]),
and [9, Lemma 2.6] for (2.7). Note that in those results it is stated that the constant
depends on ¢, but a closer inspection of the proof reveals that the dependence on ¢ is
only through the constants in . As a consequence of we have the following
estimates.



Lemma 2.1. There exists a constant Cy = Cy(ay,as,d1,92,d) such that for every r €
(0, 1],

Ci®(lz —yh)e(lz —w])  |v —wl|

9 x7w 6 ET?
Go(op)Ca () _ | ®r—ul)  feyiz w0
Gp, (7, w) B ! |z —w|?
O(jlz —y|)2P(|z —w|)2 E
Cy ("CE y’) (’Z w’) ]a:—y]d|z—w]d’ <x7w> ¢ T
(2.8)

where E, = {(z,w) € B, x B, : |z —w| < : max{dp, (2),dp, (w)}}.

Proof. We use the Green function estimates (2.6)). First, let (z,w) € E, and without loss
of generality let dp, (w) < dp,.(z). From (2.6) we get

G, (z,y)G, (2, w) O(lz — y))@(lz — wl) |z — w|

G w) = B — wl) A (@0 () 00 () ) [~y — 0]t

Since 20, (x) > |z —w| > dp,(z) —dp, (w), it follows that 65, (w) > 185, (x) and therefore,

[SIES

Oz — y)) < B(Lop. () < D65, (x))2 ®(5p, (w))?.

This implies (2.8) in the first case. On the other hand, if (z,w) ¢ E, then

[SIE
N|=

Therefore, by ([2.6))

12(0p, (2))20(dp, (w))?.

¢(5BT($))%®(5BT(U)))%‘

| — w|?

Furthermore, since dp, (y) < 2(dp,.(z) V |z — y|), (2.6) implies that

Gp, (x,w) > ¢

O(jz — y|)2 @ (35, (2))2
|z —y[? '

GB’V‘ (1’, y) S C3

and analogously,
O(lz — w[)2®(0p, (w))?
|2 — w|?

Using these three estimates of the Green function, we get (2.8)) in the second case. O

Gp,(z,w) < c3

Lemma 2.2. Let F : [0, 00) — [0, 1] be a non-negative bounded function such that F(0) =

0 and | =
F(s)
ds < 00. 2.9
e 2
(a) If A; = D o<s<t F(|X, - X,_|), then B A, = ct where ¢ = S F(y)i(ly))dy. Conse-
quently, lim;_,osup,cgpe E; A, = 0.

(b) Let C > 0, suppose that F € I(C,F) and define AF := Y oes<t F( X, Xs). Then
limy o sup,cre E.|AF| =0, ie., F € J(X).




Proof. (a) By the the Lévy system formula we have
o |3 PO~ X =B [ [ Pl = Xty = X s
R

N e[ [ wca]

bw)i= [ Flly==Dilly— =) dz = [ F(eD)iCel) dz

F(l21) / ,
<c ————dz+ z|)dz = ¢9 < 0.
1/z|§1 P(|2])|2] |z|>1j(| ) ?

Here the second line follows from (2.5)) and the assumption (2.9). Therefore, E, [flt] =ct

with c:= [zo F(ly[)i(lyl)dy.
(b) This follows directly from (a). O

where

By using (2.4), it is straightforward to check that for any 8 > 1, the function F(s) :=
®(5)? A1 satisfies the assumptions of the previous lemma.

Lemma 2.3. Let § > 1, C' > 0 and F(s) := ®(s)’ A 1. For every ¢ > 0 there exists
a constant ro = ro(d,ay,as,,9,0,C,e) € (0,1] such that for every r € (0,7¢] and
Fel(CF)

sup / / Gp,. (2,9)Gp, (z,w) |F(y,2)|j(Jly — 2|) dz dy < «.

T, wE B, GBT X U))

Proof. The ratio of Green functions in the integral above is by Lemma less than or

equal to the sum of two expressions on the right-hand side of . Hence it suffices to

separately estimate the integral when the ratio is replaced by either of the two expressions.
Let 0 < s <t < 1. First note that it follows from that for d > 2,

2

o(s7)s" <

52

and in case of d =1 it follows from ([2.2)) that

(t72)s? < p(t72)t, (2.10)

s¢(57%) < ags (é)% o(17%) < azs (é) $(t™%) = aste(t™?). (2.11)
Furthermore, ford > 1 and all 0 < s <t <1,

(s +1)72) (s + 1) < 2172t < 2%(p(s72) s + ()t (2.12)
By using first (respectively in case d = 1), and then we get

d
x—y Z—w T —w .
[ el P iy - )y

Oz —wl) |z —ylz -
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@ .
SCl/‘/ 20—y oy, 2) i1y — <1) dy d:
B, JB, w\
@I’— Z — W y_zd .
+c{/ /‘ | yDo(|z —wl) |y — 2] Ry, iy — o] dy
B, J By _wl

Iy—Zl) |z — y|¢|z

o(| .
ve [ [ SE il ) dyds =+ o+ )
B, JB,
for some ¢; = ¢1(d). By 1) for z,w € B,

O(|z — wl) (/ [F(y, 2)| )
I <c / _ dy | dz
! ’ B(w,2r) |Z - w|d B(z,2r) q)(ly - Z|)|y - Z|d

s d /0 (ID(s)sd

2r 2r
< —5(27‘)_2515@(27“)6/ g2t ds-/ g2 (B=1)=1 g
1 0 0

IN
&
h

Note that the same upper bound holds for 73. For the integral I5 it follows by ({2.5)) that

e ([ e 7)

Without loss of generality, assume 5 € (1,2). It follows that that

@z —yl) ®(]z — wl) .
I, < —_— —= oy —2)P2dz | d
saf, TS| T
\ |z|<r
z—w|<|y—z|
O(|lz —yl) / O(|z —wl) -
= JU T V@ (ly— 2P 2de | d
+C4/r ‘I—y‘d |Z—UJ‘d (|y Z‘) z Yy
|z|<r
z—w|>|y—2|
cof Mo fof e, )
= B(zx,2r) ’Z’ - y’d Blw2r) ‘Z - w‘d
Oz —yl) / O(lz — gy
_ ————dz | d
e /B(a:2r) |m_y|d |z_y|d : Y
’ B(y,2r)
<y /27’ (s) ds /% ﬂs—wds " L[H(I)(T)B‘
— o s 0 s T asi(B-1)

Furthermore, by using the inequality (s + )¢ < 2¢(s? + t?), we have

l b e .
| el = = bt = Pl )iy — <) du s



1 P(|lz —w 3 .
< e / / oz — ) 202 )y - 2l) dy d
B, JB, |z—w|

d
1 1 -z .
+c8//<1><\x—y\>2<1><\z—w\>2 iy, 2)lidy — 2Dy
By

B, |z = yl?z —w

d > ,
—l—cg/ / w|)2 (| ?J|L) |F(y, 2)|i(ly — 2|) dy dz =: cs(Is + I5 + I5).

Similarly as in the case of integral I; it follows that

®(|z — w|)2 d(|y — 2|)?
[ i) o= ) o
B(w,2r) |Z - w| B(z,2r) (1)<|y - Z|)|y - Z|

) 2r P % 2r ® B—1 @2
< c10P(r)2 / (5) ds - / 2™ ds < c;1®(r)?
0 s 0 S

N|=

I4 S ng)(QT)

and analogously Is < ¢1;®(r)?. Finally, since ® is increasing and 3 > 1,

|z —y|)2 O]z — wl)2
I5§09/ (|—?JL) / (‘—L)(I)(|y—z|)ﬁ_1dz dy
s . lE-w

2
2 B(s)2 22)
S 012@(7*)671 (/ & ds S 013q><7')ﬁ.
0

S

Combining the above inequalities, and by using the estimates from Lemma we get
that for r <1,

G, (z,y)Gp, (2, w) - Ci4
sap [ P2l — =) dzdy < () 'S L0,
T, WEDB . - GBT ) ay
(2.13)
where the constant ¢4 depends only on d, aq, as, 01,92, C' and 8. By choosing ry such that
€140 17‘3 18 €, we finish the proof. O

Let F : R?xR? — [0, 00) be bounded and symmetric and set A := >~ ___, F(X,—, Xy).
For z,w € B(xg,r), let P¥ denote the law of the h-transformed killed process X B@or)
with respect to the excessive function G gz, (-, w), i.e. the process X B(@or) conditioned
to die at {w}. By [3, Proposition 3.3] it holds that

By [ poen, xpoe)

s<t
mor G xo,T )
/ / 2)Coeon® W) epenn o)y dads| . (214)
B(zo,r)

B(xo,r) (I, U})

Let ¢ = TB(wo,r)\{w} denote the lifetime of X under the conditional probability P;’. Then
it follows from (2.14)) that

> F(Xe Xs)]

s<¢

E;




_ |:/TB(900 r)/ XS,Z GB zor)(Z 'LU) (|X _z|)d2d8
B(zo,r) GB (zo, T)(:B w) )

GmorxyG$orzw y
/ >/ o) (V)00 ey 2 iy — 2 ddy. (2.15)

GB (zo,r) (.l’ U))

Lemma 2.4. Let § > 1, and F(s) := ®(s)? A 1. Assume that F is non-negative and
F € I(C,F), let € > 0 and denote by ro = ro(d,ay,as, 61,02, 5,C,e) > 0 the constant
from Lemma . Then for v <ry and T = Tp(y,) it holds that

e <EY [e‘Af] <1.

Proof. Let r < rg. By (2.15) and Lemma we see that EV[Al] < e. By Jensen’s
inequality, it follows that

El[e47] > e B AT] > oe

Definition 2.5. Let F' be a non-negative, symmetric function on R? x R? and set Al :=
Soeser F(Xoo, X,). We say that a non-negative function u : R* — [0, 00) is F-harmonic
in a bounded open set D with respect to X if for every open set V.C V C D the following
mean-value property holds:

u(z) = E, [e Afvu(X )} , forallzeV.

The function u is regular F-harmonic in D if u(z) = E, [e ATp w(X,p)| forallx € D.

We note that the standard argument using the strong Markov property shows that
any regular F-harmonic function u is also F-harmonic in D.
Next we prove the Harnack inequality for non-negative F-harmonic functions.

Theorem 2.6. Let D C R? be a bounded open set and K C D a compact subset of
D. Fiz 8> 1 and C > 0, and let F(s) = ®(s)° A 1. There exists a constant Cy =
Cs(d, ay,as,61,09,8,C, D, K) > 1 such that for every F € I(C, F) and every u : RY —
[0, 00) which is F-harmonic with respect to X in D, it holds that

Cstu(z) < uly) < Csu(r), =,y € K.

Proof. Set py = ro A M where 1o = ro(d, a, as, 61,02, 5,C,In(2)) is the constant

from Lemma[2.3] Let z E K, r € (0,p0] and 7 = 7p(z). By [, Theorem 2.4], for every
y € B(z,r),
uly) = E, [u(XT)e_Af } —E, [u(XT)E;“* [ —af H

where ( = T\ (v} and v = X,_. By Lemma 1 < EXr- [ Aﬂ < 1, implying that
for every y € B(x,r)

SE,u(X.)] < u(y) < By [u(X,)] (2.16)
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If y € B(x,%), then by [9, Proposition 2.3] for a = 3,

= ClEy [U(XT)]u

where the constant ¢, although not explicitly mentioned in the statement of the theorem,
depends only on d, ay, as,d; and d,. Analogously,

E,[u(X;)] > Cl_lEy[u(XT)]-
Combining the last two estimates with (2.16) yields
Lettu(y) < u(z) < 2culy), y € Blx,r/2). (2.17)

In particular, (2.17) holds for r = py.
Now pick z € K such that z € B(x,2)¢. Let B = B(x, %) and By = B(z,%) and
note that B; N By = (0. It follows that

3

u(z QEZ[U(XTBz)]
1
= 5/ U’(y)PBQ(Z7y) dy
1
> 5/ u(y) Pp, (2, y) dy
B
1
=" o) [ Paedy
C1 By

By (2.7) it follows that

Pp,(2,9) > 2j(|z — y))®(2), y e B(z &),

for some ¢y = ¢5(d, ay, as, 01, 02). Furthermore, since j is decreasing it follows that

u(z) = = (diam(K)) @ (Z2) 1B(0, 1)l (p0/4)u(a)
o (%)

® (diam(K)) 2&%2353(;())(1 u(z)
: (ﬁo(f& ul(z).

261+d
Analogously, u(z) > ¢4 <ﬁ0(1<)> 1 u(z). Together with ([2.17)) this proves the theorem.
O

o

Remark 2.7. It is clear from the proof that the dependence of Cs on K and D is only
through the ratio po/diam(K) = (rg A 3dist(K, D°))/diam(K).
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3 Proof of Theorem 1.1l

In this section we assume that ¢ is a complete Bernstein functions satisfying the global
weak scaling condition (1.1]). Note that (|1.1)) implies that

d
185_1

o 9(s)
so by the Chung-Fuchs type criterion it follows that X is transient. As in the previous

1
ds < a2/ 517021 s < 00, (3.1)
0

section, we assume that ¢(1) = 1.
For each R > 0 define

G(R7%s)
¢(R7?)
and note that the function ¢ is also a complete Bernstein function satisfying the scaling
condition with same constants. Also, for s > 0 let ®f(s) := (¢%(s72))"! and & :=
d!. Denote by X% the subordinate Brownian motion with the characteristic exponent
PR(E) = ¢(|€]?), € € RY, and note that

¢"(s) =

s >0,

(X0 2 (R_lXt/qS(R*?))tZO- (3.2)

Since the Laplace exponent of X satisfies (1.1)) with the same constants, the definitions
and the results of Section [2| apply to all X simultaneously. The notions related to the
process X ¥ will have the superscript R. For example, if F': R x R — [0, 00), we let

A?F: Z F(X£>X5R)v

0<s<t

so that AM" = AF. Similarly, for a Borel set D C RY, we let 75 = inf{t > 0: X* ¢ D}
be the first exit time from D, so that 7}, = 7p.
Further, for v : R? — [0,00), F : R? x R? — [0,00), D C R?, and any R > 0, set

ug(z) :=u(Rx), Fg(z,y):=F(Rz,Ry), Dgr:={Rx:xz¢€ D}.

The following lemma is a crucial result relating regular F-harmonic function with respect
to X with regular Fr-harmonic functions with respect to X%.

Lemma 3.1. Let D be a bounded open set in R, R >0, ¢ := 1p,, and n:=15. Assume
that u is reqular F-harmonic in Dy for X, i.e.

u(z) =E, [efA?u(XC)} for all x € Dg. (3.3)
Then ug is reqular Fr-harmonic in D for X%, i.e.
up(z) = B, [e—Af ’FRuR(Xf)} for all x € D.

Proof. Note that the P,-distribution of (RXtR)tZO is equal to the Pg,-distribution of
(Xto(r))iz0- From this identity it follows that the P,-distribution of the pair (1, RX])

12



is equal to the Pg,-distribution of ((/®(R), X¢). Using these scaling identities in the
second line and a change of variables in the third line we get

R,FR

E, o~ An uR(Xff)] —E, [e—zsgnF(RXf,,RXf)u(RXf)}
= Epg, [e* 2 os<¢/B(R) F(X‘I’(R)S*’X‘I’<R)S)U(XC)]
= ERx |:e_ ZSSC F(XS*’XS)U<XC)]

L3 u(Rx) = ug(x).

The analog of the following lemma is proved in [15], so we omit the proof.

Lemma 3.2. [15, Lemma 4.10] Let D C R? be a bounded open set and assume that
FM F® are two non-negative symmetric functions on R x R? vanishing on the diagonal
such that

FO(z,y) = F®(x,y) foral (z,y)€ (D xRY)UR?x D).

Then u is (regular) FY -harmonic in D if, and only, if u is (regular) F® -harmonic in

D.

Lemma 3.3. Let 3 > 1 and R > 1. Assume that F : R x R — [0, 00) is symmetric,
bounded and satisfies (|1.2]).

(a) Then Fg is symmetric, bounded and satisfies Fr(z,y) < COE(|lx — y|)? for all
(z,y) € (B(0,1)° x RY) U (R? x B(0,1)°).

(b) For a bounded open set D C B(0,1) let

~ Fr(x, if (x,y) € (D xR U (RYx D
FRu,y):{ wle.y) if (2,y) € (DX R U R x D)
0 otherwise.
Then Fg is symmetric, bounded and satisfies ﬁR(x,y) < CO%(lx — y|)? for all
r,y € RY.
Proof. (a) Clearly, Fg is symmetric and bounded. Further, for |z| > 1 or |y| > 1, we
have
O(|Rz — Ry|)”
Fr(z,y) = F(Rz, Ry) < C
nlrsy) = U 0 = O g ey + 0 (R
7 (|lx —y|)”
=C < COf(|z —y])”.
B(R) 7+ o (Jal)? + o = T
(b) This immediately follows from (a). O

13



For a Borel set C C R? let T = inf{t > 0: X; € C'} be its hitting time. If 0 < a < b,
let V(0,a,b) := {x € R?: a < |z| < b} be the open annulus, and denote by V (0, a, b) its
closure.

Lemma 3.4. There exists a positive integer M = M (d,61,a1) > 2 such that for every
strictly increasing sequence of positive numbers (Ry)n>1 satisfying lim, . R, = oo il
holds that

P, (lim sup {130 g, M Rn) < oo}) =1 foral z€R"

n—o0

Let V, := V(0, R,, MR,). Lemma [3.4] says that P, ({Ty, < oo} infinitely often) = 1,
i.e. with P, probability 1, the process X visits infinitely many of the sets V,.

Proof of Lemma 3.4 By [5, Corollary 2], there exists ¢ = ¢(d) such that for all 0 < s <
r/2 and all x € B(0, s),

]P)CC(|X7’B(0,3)| > T) <c

o) _ <S)251
P(s72) —

where the second inequality follows from (|1.1)). Choose M > 2 as the smallest integer
such that M > (a;/2c)Y/?%. Then P.(| X7y, | > Ms) < 1/2 implying that for all s > 0
and all z € B(0, s),

P, (X € V(0,s,Ms)) >

N | —

TB(0,s)

In particular, for every n > 1,

P, (Tue_ v, < 00) > P(Ty, < o) > ]P)x(XTB(O,Rn) eV, >=, forallz e B(0,R,).

DN | —

Since the family of balls (B(0, R,,))n>1 covers R?, by using the same argument as in [6,
Proposition 2.5], we see that Py(Tux_ v, < 00) =1 for all z € R?.

Let Cy = U,~; V. From the conclusion above we see that P, (T, < oo) = 1 for
every € R? and k> 1. Obviously,

{TC,c < oo} = {TUnszn < oo} = U {Tvn < oo}.

n>k

Since this inclusion holds for all £ > 1, we get

ﬂ {Tck < oo} = ﬂ U {Tvn < oo} = hglj:jp {Tvn < oo}.

k>1 k>1n>k

Since P, (T¢, < 00) =1 we see

1= ]Pg:( N {Tc, < oo}) =P, (li::lri)s;ip {1y, < oo}> =P, ({Ty, < oo} i.0.).

k>1

a

Before proving Theorem , we need to collect several facts that were proved in [15]
Section 3].
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Lemma 3.5. Let Y = (Y;,P,) be a strong Markov process with values in R%. For a
bounded F : R? x RY — [0,00) let Af =37 .., F(X._, X,), and assume that P, (AL, <
00) =1 for all z € R Define u: R — [0,1] by u(x) := Ey[e~"%].

(a) ([15, Lemma 8.2]) P, (lim;_o u(Y;) = 1) = 1 for all x € RY;

(b) ([15, Lemma 3.4]) For every open D C R¢, w is reqular F-harmonic in D with
respect to Y,

(¢) ([15, Proposition 3.5]) If inf cga u(x) > 0, then sup,cpe E[AL] < oo;

(d) ([15, Proposition 3.6]) Assume thatY is strong Feller and that lim;_,o sup,cga E.[AF]
0. Then w is continuous.

Proof of Theorem. It follows from and that F(x,y) < 4°C(®(|z—y])’ A1),
hence F € I(4°C, ®(-)? A 1). Let u(z) := E,[e"*]. By Lemma (b) and (d), and
Lemma[2.2]it follows that u is continuous and regular F-harmonic for X in every bounded
open set D C RY. Furthermore, by Lemma (a), we have that lim; ., u(X;) = 1 P,-a.s.
In order to prove that sup,cga E.[AL] is finite, by Lemma (c) it is enough to show
that inf,cpa u(z) = ¢ for some ¢ > 0. Note that, since u is continuous, this is equivalent
to

lim inf u(z) > 0. (3.4)

|z|—o00

Let D = V(0,1,2M +1) = {r € RY : 1 < |z]| < 2M + 1} and R > 1. Since u
is regular F-harmonic in Dy for X, we get from Lemma [3.1] that ug is regular Fg-
harmonic in D for X®. Define Fg as in Lemma 3.3(b). Since FR(az y) = Fg(z,y) for all
(z,y) € (D xRYHU (Rd X D) ug is by Lemma also regular Fp-harmonic in D for X%,
Moreover, by Lemma [3.3) Fp € I (4°C, OF(. )ﬁ A 1). Hence it follows from Theorem .
that with ¢ = C5(d, a1, as, (51, 92, 3,C') > 1 it holds that

c tug(y) < ug(z) < cugr(y) forall z,y € V(0,2,2M).
Since R > 1 was arbitrary, we conclude that
ctu(y) < ulz) < culy) forall x,y € V(0,2R,2RM), (3.5)

for all R > 1.

Suppose that does not hold, i.e. that there exists a sequence (,),>; in R? such
that |z,| — oo and lim,,_, u(z,) = 0. Then there exists an increasing sequence (k;)n>1
such that x, € V,, := V(0, 2%, 2" M) for every n > 1. By Lemma , X hits infinitely
many sets V,, P,-a.s. Hence, for P,-a.e. w there exists a subsequence (n; = n;(w)) and a
sequence of times (¢, = #;(w)) such that Xy, (w) € V,,,. Therefore it follows from that

(X (@) < ulen,) < cu(Xy, (@),

which implies that lim; . u(X¢, (w)) = 0. But this is a contradiction with tlim w(X;) =1
—00
P,-a.s. Therefore, (3.4)) holds. O
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4 Proof of Theorem 1.3

In this section we assume that ¢ is a complete Bernstein functions satisfying the global
weak scaling condition ([1.1)). Recall that under this condition X is transient. Then X
admits the radially decreasing Green function G(x,y) = G(|x — y|), 7,y € R%. By [8
Lemma 3.2(b)], there exists Cs = C(d, ay, as, 01,92) > 1 such that

Cilr™d(r) < G(r) < Cer™@@(r), r>0. (4.1)
The invariant o-field Z is defined by
T={AeM:0;'A=Aforalt>0}

Since X has transition densities p(t, z,y), the argument at the end of [I5 Section 2] shows
that if Z is trivial under P, for some = € R?, then it is trivial under P, for all € R<.

Proof of Theorem|[1.3 Fix v and 8so that 0 < v < 1 < 3. Since the function r — ®(r)!=7
strictly increases from 0 to oo, we can choose a sequence (x,),>1 of points in R? such
that |x,| > 2" and ®(|z,|)!™" = 2" for all n > 1. Let r,, = 27"|z,| + 1 < |x,,|. Consider
the family of balls { B(zy,7,)}n>1. By [11, Lemma 2.5], and

_ —9\— d—26
|xn| d¢(|xn| 2) ! < ay ( Tn > :

L do(r,?) 7t |0

T d—25
_ (2 |2 | + 1> 2 < (277 4 gm0 _ o(i-n)(d-28)

]P)O(TB(mn,rn) < OO) S

Hence, >, -, Po(TB(x,,r,) < 00) < 00, implying by the Borel-Cantelli lemma that Po({T(z,.r,) <
oo} i.0.) = 0. Therefore, X hits Py-a.s. only finitely many balls B(z,,r,). Let C =

Un21 B(xp, ).

Define a symmetric bounded function F : R x R? — [0, 00) by
O(ly — 21)”

F(y,z) = O([y[)” + @(|=])7

0, otherwise.

Y,z € B(xp,m,) for some n, |y —z| <1

Note that F(y, 2) < ®(Jy — 2z])? A1 for all y, 2z € RY. Thus, F € I(1,D(-)°P A 1).

Let Al =Y ., F(Xs_,X;), t > 0. Then Eg[Af]| < oo implying that Po(Af < o0) =
1 for all ¢ > 0. Since X visits only finitely many balls B(z,, ), the last exit time from
the union |J,», B(xy,,,) is finite, hence Po(AL < 0co) = 1. Since {AL < oo} € Z, we
conclude that P,(AL < oo) =1 for all 2 € R

Further,

Ex[Afo] =E, ZF(XS—7XS)]

L s>0

5| [T PO i0x - 2 dsas
—. | [ as] =6nta) = [ Gty
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where
bw)i= [ Flo2)illy = =D s

Ify ¢ C, then F(y,-) = 0, implying that h(y) = 0. Let y € B(x,,r,—1). Then |y| < 2|z,|
and if z satisfies |z — y| < 1, then z € B(x,,r,) and also |z| < 2|x,|. Therefore, by use
of (2.5)) in the first line and (1.1)) in the second

d(ly — z])°
h(y) > c /
e mny et @YD)+ @(J2])

P . B—-11,, _ ~|—d
lz—y|<1 (I)(|xn’)’Y

In the last inequality we have used that 0 < jizfy| <

ly — 2 ®(ly — 2[) 7" dz

O(|ly—2z|)°ty—2|"¢dz < 0o. Hence,
for |x] <1 we have |z — y| < 4|x,], so

Z/ G(x,y) dy

n>1 (Tn,rn)

>Z/ Gl — yl) dy

n>1 B(zp,rn—1)

> 0 3 0(wal) / L Oy

n>1

> c5 ) (|anl) a1 @ (Afn]) (r — 1)1

n>1
> g Y B(|z,|)' 727
n>1
=y 227 = oo,
n>1
This implies that Gh = oo. o

5 Proof of Theorem [1.5

In order to prove Theorem [I.5] we first collect several auxiliary results from the literature.
Let j(z,y) := j(|x — y|). The Dirichlet form (€, F) of X is

z{fGLQ(Rd,dﬂf) . Rd(f(x)—f<y>>2j<x,y>dxdy<oo},

and

e.n= [, [ (@ -rPit ) dady, feF

Let F' € I,(X) such that inf, ,cpe F'(z,y) > —1, and let X = (X,, M, M,,P,) be the
corresponding purely discontinuous Girsanov transform of X. It follows from [16, Lemma
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2.1 and Theorem 2.5] that the semigroup of X is symmetric (with respect to Lebesgue
measure), and that the Dirichlet form (£, F) of X in L2(R%, dz) is given by F = F, and

&0 = [ [ (@ = r)P0+ Pl dedy, e F

We read that the jumping density j(z,y) of X is equal to (1 + F(x y)j(z,y). Let ¢; :=
inf, yera F(2,y) < suD, yepa F2,y) = &. Then (1+61)j(w,y) < j(z,y) < (1+6)j(w,y).
Hence, there exists C' > 1 such that

C~Yi(x,y) < jlx,y) < Cj(z,y), z,yeR?. (5.1)

Since the killing measure of X is zero and 1+ F(z,y) is bounded from below and above
by positive constants, we conclude that X is conservative. It follows from ([2.5)) and (5.1
that there exists a positive constant C'; > 1 such that

(I’,y) §C7|x_y|_dq)(|m_y|>_l7 ZE,yGRd,
(.T,y) SO7|x_y|_dq)(|x_y|>_l7 xa?JGRd-
It is now straightforward to check that the conditions of [2, Theorem 1.2] are satisfied
for both j(z,y) and j(z,y) (with ¢, from [2] equal to our ® and ¢ = 1). Hence, it

follows from [2, Theorem 1.2] that X has transition densities p(t,z,y) satisfying the
sharp two-sided estimates: For all t > 0 and all z,y € R,

B 1 [ L 1 ¢
5 (g e —an) <7e9 <& (g0 pmym o)

with Cg > 1 and ¢ > 0. Here ®~! is the inverse of the strictly increasing function .

We note that the fact that the same constant ¢ appears on both sides of the estimate
is a consequence of the scaling of ®. The same sharp two-sided estimates are valid for
transition densities p(t,z,y) of the process X. As a consequence, with Cy = CZ we have
that

Cy'plt,z,y) <Pt ,y) < Coplt,z,y), t>0,2,y€R™. (5.2)

By integrating over (0, 00) with respect to time t we arrive at
Cy'G(z,y) < G(z,y) < CoG(x,y), x,y€R?, (5.3)

where G (z,y) denotes the Green function of the process X.

It follows from [11, Lemma A.1] that if h : RY — [0, c0) is harmonic in R? with respect
to X, then h is a constant function. This implies that the Martin compactification of R?
consists of a single point. This is equivalent to the fact that

- G(z,y)
oo G(0,y)

(5.4)

Recall that the invariant o-field was defined by Z = {A € M : 6, A =Aforallt>
0}. With (5.4) and (5.3) at hand, the proof of the next lemma is exactly the same as the
one of [I5, Lemma 5.1].
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Lemma 5.1. The invariant o-field I s trivial with respect to both P, and @x for all
r € RL

Proof of Theorem . chhotomy IP’ 1 P, or Iﬁ’x ~ P, follows directly from [I5]
Corollary 2.13] and Lemma . Further, the assumption P, ~ PP, implies by [15, Theorem

1.1] that
P, (Z FY(X,_, X)) < oo) =1.

t>0

Next, by the assumption (|1.4)),

Oz —y)* e Oz —yD*
(L+e(z)? +(ly)?)? = 1T+ S(lx)? + 2(jy)*

F?(x,y) < C?

implying that F? satisfies with 26 > 1. By use of Theorem we conclude
that sup,epa B [D,00 F2(Xi—, X;)] < oco. Finally, [15, Theorem 1.1(¢)] implies that
sup,epa H(Py; P,) < 00
(b) By assumption 2y < 1 < 28. Denote by B(z,,,) the balls constructed in the proof
of Theorem [L.3] and let

Oz —y)*
H(z,y) = ¢ @(z))*" + @(ly)*>

0, otherwise.
Define F(x,y) \/ (x,y). Then
O(|z —y|)° 1 Oz —y])’

1 (-’ 1 1
8 /o ([z))2 + (Jy[)2 — 4 @(|z)7 + (yl)r — 21+ (|z[)” + D(|y)”

x,y € B(xy,,r,) for some n and |z —y| < 1,

F(z,y) =

since we can take |z, [y| > 1. As 3, o F*(X,—, X;) = g7 > o0 H(Xi—, X;), we see from
Theorem that >, o F*(Xi—, X;) < oo P, as. and E, D i F (Xt ,Xt)] = 00. By
[15, Theorem 1.1(b) and (¢)] it follows that P, < P, and H(P,;P,) = O
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