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ABSTRACT. In this paper we study positive self-similar Markov processes obtained by (par-
tially) resurrecting a strictly a-stable process at its first exit time from (0, 00). We construct
those processes by using the Lamperti transform. We explain their long term behavior and
give conditions for absorption at 0 in finite time. In case the process is absorbed at 0 in finite
time, we give a necessary and sufficient condition for the existence of a recurrent extension.
The motivation to study resurrected processes comes from the fact that their jump kernels
may explode at zero. We establish sharp two-sided jump kernel estimates for a large class of
resurrected stable processes.
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1. INTRODUCTION

A [0, 00)-valued standard Markov process (see [2]) X = (X;,P,), t > 0, x > 0, is called
a positive self-similar Markov process (pssMp) if there exists a > 0 such that for any = > 0
and ¢ > 0, the law of (¢X.-a; : t > 0) under P, is equal to the law of (X; : ¢ > 0) under
P... One refers to a as the self-similarity index. We will say that X is a pssMp with the
origin as a trap (or that X is absorbed at the origin) if once X hits the origin it stays there
forever. Self-similar processes were introduced by Lamperti in [24] where he established a one-
to-one correspondence between pssMps up to the first exit time from (0, co) and possibly killed
Lévy processes. A detailed description of this correspondence, usually called the Lamperti
transform, is given in Section [2]

A canonical example of a pssMp with origin as a trap is an a-stable process in R absorbed
at the origin upon exiting (0,00). To be more precise, let n = (1:):>0 be a strictly a-stable
process in R, a € (0,2). Its Lévy measure has a density

v(z) =cy x_l_al(mo) +c_ |$\_1_a1(m<0), x € R, (1.1)

where ¢y, c. > 0and ¢, = c_ if a = 1. Let p := P(np; > 0) = P(1; > 0) be the positivity
parameter, and set p := 1 — p. The process n will be parameterized so that
cy = Fla+1) , .= li(a +1) —. (1.2)
I'(ap)(1 — ap) I'(ap)I'(1 — ap)
Throughout the paper, we will exclude the cases of only one-sided jumps. More precisely, the
set of permissible parameters (a, p) is given by

{(a,p) 1€ (0,1),p€(0,1)}Uf{(e,p) e (1,2),p€ (1 -1/, 1/a)} U{(e, p) = (1,1/2)},
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cf. 23] p.399]. We denote by P,, x > 0, the law of 7 starting at z.

Let 7 = T(0,0) 1= inf{t > 0 : 1, € (—00,0]} be the first exit time of 1 from (0,00). At
time 7, we send the process to 0 where it stays forever, and thus arriving at the process
X7 = nlg<r), t > 0. The process X* = (X}, P,) is a pssMp of index «, cf. [0, Section 3.1].
If Ty := inf{t > 0 : X = 0}, then Ty = 70,00y < 00 and X7, > 0 a.s. We denote by £* the
Lévy process associated with X* through the Lamperti transform.

In this paper, we introduce a large class of positive self-similar processes that can be obtained
by (partially) resurrecting the strictly a-stable process n at the first exit time 7. If z =1, < 01is
the position where 1 lands at the exit from (0, c0), we return the process into [0, c0) according
to a probability distribution p(z, ). If the process is returned to 0, it stays there forever. More
precisely, to ensure self-similarity, we consider probability kernels p : (—o0,0) x B([0,00)) —
0, 1] satisfying the scaling condition

p(Az,AA) = p(z,A) forall 2z <0,A € B([0,00)) and A > 0. (1.3)
All such kernels arise in the following way: Let ¢ be a probability measure on B([0,00)). Then
p(z, A) == ¢(|z|'A), forall z<0and A € B([0,0)) (1.4)

satisfies (1.3]). Conversely, if p(-,-) satisfies (1.3]) and if we set ¢p(A) = p(—1, A), then p(-,-) is
of the form (1.4)). We call p(-,-) the return kernel. Note that it follows from ([1.3) that

is independent of z < 0.
Let j(x, z) :== v(z — x) be the jump kernel of 7. Set

Gol, A) = / J( 2 p(z A dz, @ > 0,4 € B0, 00)), (15)
(_0070)
and note that
0

qo(, {0}) = / j(w, 2)p(z,{0}) dz = (1 - P)/ c-(z—2)" " "dz=(1- p)%—w‘“'

(—00,0) —o0

We define a resurrection kernel q as the restriction of go(z,-) to (0, 00):
q(z, A) = / j(x, z)p(z, A)dz, x>0,A¢€ B((0,00)). (1.6)
(700’0)

The idea behind the kernel gy(z,-) is that if x = n,_, then instead of sending 7 to the origin
at time 7 (thus obtaining the pssMp X*), with probability 1 — p we send 7 to the origin,
and with probability p = p(1, (0,00)) we restart (or resurrect) it according to the normalized
kernel g(x,-). If p € (0,1) we call the process partially resurrected, and when p = 1 we say
that it is fully resurrected (or just resurrected). By Lemma|3.1], ¢(x, -) is absolutely continuous
with respect to the Lebesgue measure, and its density will be denoted by ¢(z,y), =,y > 0.
By resurrecting according to the normalized density we arrive at a pssMp X absorbed at the
origin with jump kernel J(x,y) := j(z,y) + ¢(x,y). The precise construction will be carried
out in Section [3| by means of the Lamperti transform.

Examples of pssMp that can be obtained by such resurrection include the path censored
process from [23] (also called the trace process on (0, 00) of the stable process) in which case
the return kernel is equal to the Poisson kernel of n with respect to (—oo,0); the process from
[T, 29] related to nonlocal problems with Neumann boundary condition in which case the
return kernel is equal to j(z,y)dy/ [, j(z, u)du; and the absolute value process [n| = (7)o
in which case p(z, A) = §_,(A), see Subsection 2.3] In all three examples above p = 1 so we
have full resurrection of n. If p(z, A) = (1 — p)do(A) + pd_.(A), we recover the ricocheted
process from [5], 22].
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One of the key questions that we will address in this paper is the behavior of X at its
absorption time at 0. In case p < 1 it is clear from the Lamperti trichotomy (see Section
that the partially resurrected process X will be absorbed at 0 in finite time by a jump. In
case p = 1, the absorption time may be infinite or finite, and in the latter case it turns out
that X is Contlnuously absorbed at 0. We answer the question of finite or infinite lifetime by
studying the behavior of the Lévy process £=(£,P,), t >0,z € R, associated to X through
the Lamperti transform. Let ¥ denote the characteristic exponent of £. We will write Py as
P and denote expectation with respect to P by E. When p < 1, it is obvious that E§; = —oo.
Our first main result is about the finiteness of E|¢,| and provides an explicit expression of
E¢, when p = 1.

Theorem 1.1. Suppose p = 1. It holds that E|£,| < oo if and only if

/(0 ) | log y|é(dy) < oco. (1.7)

In this case

BE) = ') = (@)™ (reot(rap) + [

(0,00)

(log y)qb(dy)) . (1.8)

It follows from [19, Theorem 7.2} and the Lamperti trichotomy (see Section 2 2) that (i) If

[51] > 0, then limsup,_,, &, = +00, hence the absorption time of X is infinite, and (i) If

E[,] < 0, then limy ,o, & = —00, hence the absorptlon time of X is finite P,-a.s. and X is
continuously absorbed at 0. Therefore, since ap € (0,1), to deduce the long term behavior of
X it suffices to determine the sign of the expression in the parenthesis in , see Corollaries
BREI B

In case when X is absorbed at zero in finite time, we give a definitive answer on the existence
of its recurrent positive self-similar extensions.

Theorem 1.2. Suppose that X is absorbed at zero in finite time. If

Ko := sup{k € (0,00) : / u"(du) < oo} € (0, 00], (1.9)
(0,00)
then (1) X has a positive self-similar recurrent extension which leaves 0 continuously; and
(2) there exists k* € (0,a) such that, for any B € (0,x*), X has a positive self-similar
recurrent extension which leaves 0 by a jump associated with an excursion measure of the
form cBx'Pdx,x > 0.
Conversely, if does not hold, then X has no positive self-similar recurrent extension.

Positive self-similar Markov processes and their associated Lévy processes have been ex-
tensively studied in the last 15 years. We mention here the Lamperti stable processes [6], [7],
hypergeometric processes [21], [I§], double hypergeometric Lévy processes [22], and [-processes
[17]. The interest in those families of processes was mostly motivated by the Wiener-Hopf
factorization.

Our motivation for studying pssMps comes from our research program on the potential
theory of Markov processes with jump kernels degenerate at the boundary. In [14] [I5], we
introduced a large class of symmetric Markov processes in R? with jump kernels decaying
at the boundary and systematically studied their potential theory. The trace process of a
symmetric a-stable process on Ri is degenerate in the sense that its jump kernel blows up
at the boundary, see [4]. The same feature is true also for the process studied in [111, 29].
In [I6] we studied the potential theory of a large class of symmetric Markov processes in
Ri with jump kernels blowing up at the boundary. The main examples of such processes
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are rotationally symmetric a-stable processes resurrected upon exiting the upper-half-space.
The current paper concentrates on the one dimensional case, but we do not assume that the
processes are symmetric. The jump kernel J(z,y) = j(z,y)+q(x,y) of our resurrected process
exhibits unusual and interesting behavior when y — 0. Depending on the return kernel p(z, ),
J(z,y) may tend to oo at various rates as y — 0. Since j(x,y) is bounded away from the
diagonal, this explosion is due to the resurrection kernel.

In order to state the precise result about behavior of the resurrection kernel, we first need
a definition.

Definition 1.3. Let g : (0,00) — (0,00) and /3, B2 € R.

(i) We say that g satisfies the lower weak scaling condition at zero Ly (/) (resp. at infinity
LY(f1)) if there exists ¢ € (0, 1] such that

glr) = \r
(ii) We say that g satisfies the upper weak scaling condition at zero Uy (fs) (resp. at infinity
Ul(f3;)) if there exists C' € [1,00) such that

B
9(F) >c<§) forall r< R <1 (resp.1 <r<R).

B2
9(F) <C (E> forall r<R<1(resp.1<r<R).
g(r) r

Here is our third main result in which we assume that the restriction of the measure ¢ to
(0,00) is absolutely continuous with respect to the Lebesgue measure and, with slight abuse
of notation, denote its density also by ¢. The notation a < b means that ¢ < b/a < ¢~ for
some ¢ € (0,1).

Theorem 1.4. Suppose that the density ¢ is strictly positive. (1) If x <y < bz, then

—1l-a _ ,,—1—«

q(x,y) <qly,x) < =y

(2) Suppose ¢ satisfies the lower weak scaling condition Ly(By) at zero with f; > —1 — a.
Then for bx <y,

o [ dt . [ dt
o) = -0 [ e =y [ e

Further, if ¢ also satisfies the upper weak scaling condition Uy(Ba) at zero with By < 0, for
Sr <y,
—1l-« z —1—a (¥
q(y,z) < (y—x (—) =y “o(-).
) = (=0 o) =0l
(3) Suppose ¢ satisfies the upper weak scaling condition U'(ys) at infinity with vo < 0. Then
for bx <y,

ala,y) = (y — 1) / 1 p(t)dt =y /
0 1

Further, if ¢ also satisfies the lower weak scaling condition L' (1) at infinity with v < —1—a,
for 5x <y,

1 1o (t)dt. (1.10)

- o\l z “l-a Y~ Ty 10, (Y
q(z,y) < (y — ) (y_x) o(=——) == (2).

As a consequence of this theorem we can deduce, see Corollary [5.3, that the jump kernel
J(z,y) of the path censored process goes to co at rate y~* as y — 0, and that the jump
kernel of the process with the resurrection kernel j(z,y)dy/ [;° j(z, u)du goes to infinity at
rate log(1/y) as y — 0.
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Stable process conditioned to stay positive and censored stable process can be regarded
as resurrected stable processes, see [I] and [23, Remark 3.3]. However, they do not fall into
the framework of resurrected stable processes of this paper. To cover these processes, we
introduce a larger class of pssMps in Section [6] of this paper. This larger class incudes stable
processes conditioned to stay positive, stable processes conditioned to hit 0 continuously, and
censored stable processes as examples. The jump kernel J(x,y) = j(z,y) + q(z,y) of our
resurrected stable process can be regarded as a modification of the original kernel j(z,y). The
jump kernels of the class of pssMps in Section [f] are of the more general form j(z,y)B(z,y)
where B : (0,00) x (0,00) — (0,00). In case of multidimensional isotropic stable process,
the analogous procedure is quite standard when B is bounded from below and above by
two positive constants, leading to the so-called stable-like processes. The situation when the
function B(z,y) decays and vanishes at the boundary of the state space was recently studied
in [14} [15] in the multidimensional case of the upper-half-space in R? and the symmetric jump
kernel j(z,y) = |z —y|~¢"®. The paper [16] deals with the multidimensional case in the upper-
half-space, the same jump kernel |z — y|~%~%, with B(x,y) exploding at the boundary. The
symmetric 1-dimensional case is also covered in that paper, but differently to the current paper
which is mostly focused on self-similarity, the main concern of [I6] is on potential-theoretic
questions.

Organization of the paper: In the next section we recall some preliminary results related
to pssMps and their connection to Lévy processes through the Lamperti transform, in partic-
ular the Lamperti trichotomy and the relationship between infinitesimal generators of those
processes. We also introduce two families of return kernels and show how some of examples
for pssMp from literature fit into these families.

Section |3|is central to the paper. Starting from the general return kernel described by the
measure ¢, we first look at the regular step process with the resurrection kernel ¢(z,y) as
its jump kernel, and its counterpart through the Lamperti transform — a compound Poisson
process x. We compute the Lévy measure of x and its characteristic function. For particular
examples given by ([2.13]) and - we obtain more precise expressions. Then we construct
the resurrected process X and_compute the characteristic exponent ¥ of the corresponding
Lévy process €. In Subsectlon we study the behavior of X by analyzing the derivative of
the characteristic exponent ¥ of ¢ at zero and give a proof of Theorem |1 . In Subsection
we prove Theorem [1.2] Finally, we provide several concrete examples illustrating the behav1or
of X at its absorption time.

In Section [4] we give a necessary and sufficient condition on ¢ making the resurrection
kernel symmetric, i.e., ¢(z,y) = q(y,z) for all z,y > 0, cf. Theorem If, in addition, the
underlying a-stable process 7 is symmetric, the resulting resurrected process X will be also
symmetric.

In Section [5] we provide a proof of Theorem [1.4 The key estimates are given in Lemma
where it is assumed that |z — y| = 1. By using scaling of the resurrection kernel, this suffices
to prove the theorem. A particular example of a slightly modified density from the family
(2.13) gives additional insight of possible behaviors at zero and at infinity, see Corollary

In Section [6] we put the resurrected process in a more general context of processes with
modified jump kernel. Given a process with jump kernel j(z,y), we multiply it by a function
B(z,y) which changes the behavior of the original kernel. We show that the jump kernel of
the resurrected process can be thought of as being modified by the function which explodes
at the boundary, namely at zero. We end the paper by looking at the symmetric a-stable
case modified by a function B(z,y), and establish the behavior of the modified process at its
lifetime.
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For the reader’s convenience, we summarize the known examples of resurrected stable pro-
cesses that can be included in our framework. Path-censored stable processes, the processes
studied in [111, 29], the absolute value of a stable process and the ricocheted stable processes are
examples of our resurrected stable processes. Censored stable processes, stable processes con-
ditioned to stay positive, and stable processes conditioned to hit 0 continuously are included
in the more general framework of Section [6]

Notation: We use “:=" to indicate definitions. Define a A b := min{a,b} and a V b :=
max{a,b}. We write f =< g if f,g are nonnegative functions, ¢ 'g < f < cg with some
constant ¢ € (0,00). We call ¢ the comparability constant. Lower case letters ¢;,i = 1,2, ...
are used to denote the constants in the proofs and the labeling of these constants starts anew
in each proof. I' denotes the Gamma function defined as I'(z) = OOO y*teYdy, 1 denotes the
digamma function defined as ¢ (x) = % logI'(x), and B denotes the beta function defined by
B(z,y) = D)0 (y)/T(z + ).

2. PRELIMINARIES

2.1. Lamperti correspondence. We start this preliminary section by briefly describing
the correspondence between positive self-similar Markov processes and 1-dimensional Lévy
processes, usually called the Lamperti transform. Let £ = (&, P,), t > 0,z € R, be a possibly
killed Lévy process sent to —oo at death. Define the integrated exponential process I = (I;)i>o
by

t
I = / e*ds, t>0,
0
and let ¢ be its inverse:
e(t):=inf{s>0: I, >t}, t>0.
For each z > 0, define P, := Pyoq, and
Xi = exp{&i <), t=>0.

Then X = (X;,P,), t > 0,2 > 0, is a pssMp of index « with absorption time { = I,. (See
[26] for an in-depth analysis of the absorption time.) Conversely, for a pssMp X = (X;,P,),

t >0,z >0, of index «, let
t
St = / Xu_adu
0

T(t):=inf{u>0:S5,>t}, t>0.

For any = € R, define P, := P.. and & := log X7,. Then £ = (§,P,), t > 0,z € R, is a
possibly killed Lévy process. Moreover, we have the following three exhausting scenarios (see
[19, Theorem 13.1]) that we refer to as the Lamperti trichotomy:

and let T'(-) be its inverse

(1) P.(¢ = 00) =1 for all > 0 in which case limsup,_, . & = oc;

(2) P,(¢ < 00, X =0) =1 for all x > 0 in which case lim;_,o, & = —o0;

(3) P.(¢ < 00,Xc- > 0) =1 for all z > 0 in which case ¢ is killed at an independent
exponentially distributed random time.

In case (2), we will say that X is continuously absorbed at 0.

Now we recall a few facts about 1-dimensional Lévy processes. Let £ = (£, P,),t > 0,z € R,
be a 1-dimensional Lévy process with characteristic triple (d, o, v). We will write Py as P and
denote expectation with respect to P by E. Then

E[e%] =0 9eR, (2.1)



where the characteristic exponent ¥ is given by

1 ,
\IJ(Q) = dif + 50292 + / (1 - 619&3 + i9$1(|z|§1)) V(dx), 0 € R. (2.2)
R

Recall that & has finite expectation if and only if f‘y|>1 ly|lv(dy) < oo, cf. [28, Theorem 25.3,

Example 25.12]. In this case, by differentiating (2.1)) we get that E[¢;] = ¢¥’(0).
If € is killed at an independent exponential time of parameter q=0 (when ¢ is sent either

to a cemetery 0 or to —o0), the characteristic exponent becomes ¥ (6) = ¥(6) + ¢q. Thus for
the killed Lévy process &, the killing rate is equal to W(0).

Let A be the infinitesimal generator of the semigroup of £ (possibly killed at rate ¢ > 0)
acting on Cy(R) (continuous functions vanishing at infinity). Then, cf. [28, Theorem 31.5],
CZ(R) C D(A), and for f € CZ(R),

Afl@) = =af(@) = @)+ 50°7"@) + [ (1o +) = £@) = F)tpen) v(d)

R

Let X be the pssMp of index « corresponding to the Lévy process £. Its infinitesimal
generator £ can be described as follows (cf. [6, Theorem 1], where we take the usual cutoff
function ((y) = y1;_1,1(y)): If f:[0,00] — R is such that f, zf’ and z*f” are continuous on
[0, 00| then it belongs to the domain of £ and

Lf(x) = —qu *f(z) +2'"° (_d + %JQ> f(x) + %02:020‘,7”"(&:)

e /< () = (&) — af () log u) sy (log u)) w(du). (23

where u(du) = v(du) ologu. By the change of variables y = log u, we get

L) = g fa) e (ko) Pl + o)

—|—x_o‘/R (f(ze¥) — f(z) — 2 f'(x)ylii(y)) v(dy), (2.4)

which corresponds to the formula in [25] p. 4]. In case v has a density (which we also denote
by v), the integral in (2.4]) can be (after a change of variables) written in the form

/OOO (f(2) = f(z) — 2 f'(z)(log 2/2)1[-11)(log z/7)) v(log z/x) &

z
showing that the intensity of jumps from z to z (i.e. the jump kernel of X) is given by
1

z 'w(log z/x).

2.2. Strictly stable process absorbed at 0 and censored process. Recall that n =
(n:,P,) denotes a strictly a-stable process in R, o € (0,2). Thus 7 is a Lévy process with
characteristic exponent given by , where o = 0 and the Lévy measure v has density given
by (L.1). Moreover, it holds that d = a := (c; — c¢_)/(aw — 1) when o # 1, and we specify
d=a=0 when o =1, cf. [23, p. 398].

Recall also that 7 = 7(g o) 1= inf{t > 0: 1 € (—00,0]}, X} = n1ycry, t > 0, and £ is
the Lévy process associated to X* through the Lamperti transform. Then £* is a killed Lévy
process. Its Lévy measure p was computed in [0, Section 3.1], see also [23], (6)]. It holds that
1 has a density

x T

e
pu(x) = c+( 130y +co r €R, (2.5)

—_— 1 (a0,
er — 1)1+a (1 _ er)1+cx (z<0)



8 PANKI KIM RENMING SONG AND ZORAN VONDRACEK

and &* is killed at rate
c_ I'(a)

— = . 2.6
o~ T@p)(—ap) (26)
The characteristic exponent W* of £* can be found in [19] (13.46)]:
Na—1 ['(z 1
w0 =®) T+ o, g (2.7)

T(ap—if) T(i6+1—ap)’

The infinitesimal generator of £* is given by

A fa) = =S @) =07 @)+ [ (o +) = F@) = @) wldn). ©3)

where b € R is a linear term which we will identify shortly. By (2.4)), the infinitesimal generator
of X* is equal to

£fe) = =S ) = b )+ [ (fee) = f(0) = af @) sty
= St -t ()

+a /0°° (f(z) = f(z) — zf'(z)(log z/x) 111 (log(z/x))) p(log(z/x))z""d=.
We have that

IS}
IS

z
W (log —) = C+ﬁ1(z>a:) + C—Wl(xw)
v ;-1 (1-3)
= x%% (C+|Z - $‘_1_a]—(z>x) + C*’Z - x|—l—a1(z<z))
= x2%%v(z —x).

Therefore, with j(z, z) == v(z — x),
L) = —=a"f(x) = be' = f(x)

+/OOO (f(2) = f(2) — af'(z)(log 2/2)1-1,y (log(z/x))) j(x, 2)dz.  (2.9)

By comparing this expression with the form of the infinitesimal generator of X* given in [0,
Theorem 2], we see that

b=—a— /000 ((logw)1j—11(logu) — (u — 1)1y q(u — 1)) v(u — 1) du. (2.10)

Let ¥(0) := ¥*(0) — ¥*(0) = U*(#) — c_/a. Then V¥ is the characteristic exponent of
an unkilled Lévy processes £&. More precisely, £ is equal in distribution to £ killed at an
independent exponential time with parameter ¢_/a. The infinitesimal generator of £ is

Af(x) = —bf'(x) + / (fla+y) - f@) — F @yl () uldy). (2.11)

R

It is immediate from that f|y|21 ly|(dy) < oo, hence E|&;| < co. Let X = (X, P,) be the
pssMp of index « corresponding to € through the Lamperti transform. The effect of removing
the killing term from the generator of £* is to remove the killing term from the generator of
X*. Hence, the infinitesimal generator £ of X is given by the right-hand side of with
—(c_/a)x~*f(x) removed:

Lf(x) = —bx'="f'(x) + /Ooo (f(y) = fz) =z f'(x)(logy/z)1 -1 1 (log(y/x))) j(z,y)dy.
(2.12)



9

Considered on (0,00), X* is a stable process killed upon exiting (0,00). By removing the
killing term in the infinitesimal generator, we end up with the process X — the (not necessarily
symmetric) censored a-stable process on (0,00). The censored process X can be also regarded
as a resurrected process with the resurrection kernel ¢(x, A) = P,(n,. € A) — it is continued
exactly at the position from which 7 has jumped out from (0, 00) (thus effectively suppressing
this jump). Note that this type of resurrection does not fall into our setting. Censored
processes were introduced in [3] in a more general multi-dimensional context for rotationally
symmetric stable processes.

2.3. Examples of return kernels. An example of pssMp of index a related to 7 is its
absolute value process |1| = (|n¢])t>0. One can view |n| also as a resurrected process: at time 7,
if z = 7n,, we resurrect at —z > 0 according to the resurrection kernel ¢ with p(z, A) = 6_,(A).

We discuss now two families of return kernels with p = 1. First note that if the measure ¢ is
absolutely continuous with respect to the Lebesgue measure on [0, 00) with a density (which
we denote by the same letter), then the return kernel p(z,-) has a density p(z,y), y > 0, and

[E3)-(4) imply that
Y 1
p(z,y) = 6 (—) L
=) T

In the first family of return kernels the probability measure ¢ has a density which decays
polynomially at infinity: For § > 0 and v > (3, let

['(v)
L@y = B)

Motivation for this family comes from two particular examples. The first one is the path-
censored process introduced in [23]. This process is obtained from 7 by removing parts of the
path in (—o0,0]. More formally, define A; := fg 1), >0)ds and let 7, :=inf{s > 0: A, > ¢} be
its right-continuous inverse. The process 6 = (6;);>0, defined by 6; = n,,, is a strong Markov
process on (0, 00), called the path-censored process of n on (0,00). The part of the process 6
until its first hitting time of 0 can be described in the following way: Let z = 7, € (0, 00)
be the position from which 7 jumps out of (0,00), and z = 7, < 0 be the position where 7
lands at the exit from (0,00). The distribution of the returning position of 7 to (0,00) has
the density P_o )(,z y) called the Poisson kernel: If ¢ := inf{t > 0 : n, € [0,00)}, then
P.(n, € A) = [, Peoo0)(2,y) dy, A € B((0,00)). The exact formula for this Poisson kernel is
given by (e g. [20, Lemma 1.1} which contains a minor typo: the a there should be ap),

Femnleit) = i —agrriegy (f) 04 +97 =6 ()

In the second example the return kernel is equal to the normalized jump kernel, see [I1], 29],

O(t) = Pp(t) = 1+ )7 (2.13)

j(Z 3/) a dea y\ 1
pew) = L = e =oY@

2]

Here we used that j(z,y) = ¢, (y — 2) 7 for 2 < 0, y > 0.
In the second family, the probability measure ¢ has a density which decays exponentially
at infinity: For a, 8,y > 0, let

B

B(t) = bag(t) = %tﬂ—le—a”, t>0. (2.15)
Y
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Then ;
var y’!

e—aly/l2)"
INCINELE

p(z,y) =

3. RESURRECTED PROCESS

Let us go back to the strictly a-stable process 1. Instead of killing n upon exiting (0, 0o)
to get X™*, or restarting at n,_ to get the censored process X, we look at the exit point n, =
z < 0 and (partially) resurrect according to some probability kernel p(z, A), A € B([0,0)).

We assume that p(z,-) satisfies (1.3)). Recall from (1.4 that such kernels are in one-to-one
correspondence with probability measures ¢ on B([0, 00)) through the relation

p(z,A) = o(|[714), =<0

If the measure p(z,-) has a density with respect to the Lebesgue measure, we will denote it
by p(z,y), y > 0. It is immediate that

p(Az,\y) = A "!p(z,y) forall 2 <0, ae. y>0andall A > 0. (3.1)

Recall that v(z) is the Lévy density given in (1.1). For z,z € R, let j(z,z2) := v(z — z). If
x > 0 and z < 0, we have that

jlx,2) = c_(v—2)" 172, (3.2)
Further, j enjoys the following scaling property:
FOT,A2) = X% (2, 2), 2> 0,2<0,A>0. (3.3)

Recall that the resurrection kernel g(z, A) was defined in (1.6 as

' = e 4 (A z x 00
q(z, A) = /(Oyoo)j(x,z)p(z,A) dz = /(0700) = Z)1+a¢ (|Z|> d > 0,A € B((0, )()3 \

3.1. Compound Poisson processes corresponding to resurrection kernels. In this
subsection we study the pssMp defined through the resurrection kernel ¢ and the correspond-
ing Lévy process. From the scaling properties of p in and j in (3.3) we get that the
resurrection kernel ¢ satisfies

qg(Az, NA) = A" %(z, A), x>0,A4A€B((0,00)),A>0.
In particular, ¢(1, A) = %g(z, xA), implying that for any ¢ : (0,00) — R,

/g(y)Q(Ldy) = ﬂfa/g(y/ﬂf)Q(x,dy)' (3.5)
Lemma 3.1. For all x > 0, the measure q(x,-) has a density q(z,y) given by
Y —1l-« _
q(z,y) = c_/ <x + Z> tro(dt). (3.6)
(0,00)

Proof. By (3.4)), for any A € B((0,00)) we have

oo A) = c / T4z ( /(0,oo> 1A/z(t)¢(dt)) i

0
= c_ /Oo(x +2) 71 4 (2t) dz P(dt)
(0,00) JO

. /(O’OO) / h (e+ )" 1al) dy ot
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= /A ( /(o,oo> (w%)_l_at—l ¢<dt>) dy,

where in the second and last equalities we used Tonelli’s theorem and in the penultimate
equality the change of variables y = tz. O

We record here a simple consequence of (3.6)): For all y > 0,
g(ly) < c-(y~' 7+ 1). (3.7)

= e ([ 03T [ ()T

<o (i /() = (dt) + /[ N o) < e ).

Indeed,

Note that
0

4(z) = q(x, (0,00)) = / J(, 2)p(2, (0, 00))d= = pe._ / (o= =)z = p S,

—00 —00

0

so that

q(z, A)
Qx,A) = , x>0,A¢€B((0,00)),
(a4 = 12 ((0,50))
is a well-defined probability kernel satisfying
QAz,\A) = Q(z,A), x>0,A¢€ B((0,00)),\>0.
It follows from Lemma that both ¢(z,-) and Q(x,-) have densities q(z,y), resp. Q(z,y),
satisfying
gz, Ay) = X% y), QA y) = A Q(x,y),  xy >0,A>0.

We define now Il(x,-) to be the image measure of Q(e”,-) under the mapping y — €¥:
I(z, A) := Q(e*,e). In particular, for every g : R — R,

Jstmean = [ goznae. i (3.5
R 0,00
Note that II(-,-) is translation invariant, that is, for all u € R,

H(z +u, A+ u) = Q(e"e", e'e?) = Q(e, ") = TU(x, A).
Let

[(4) =110, 4) = Q(1,¢%), A€ BR),

and

m(A) = q(1,e?) = q()Q(1,e") = g(DII(A), A € B(R).
Clearly, II is a probability measure on B(R) and 7 a finite measure, hence a Lévy measure.

Both IT and 7 have densities (which again by an abuse of notation we denote by the same
letters) satisfying

II(y) = Q(1,e’)e’ and  7(y) = q(1,e")e’ = e"q(e™ 1). (3.9)
It follows from (3.7 that
m(y) < c_ (eI L 1)e¥ = c_(e7 4 ¢¥). (3.10)

In particular, 7(y) is bounded in every neighborhood of 0.
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Let x be a compound Poisson process with characteristic exponent ¥X(0) = [, (1—e™)7(dy).
The jump distribution of x is given by the measure II and the jump rate is ¢(1). The infini-
tesimal generator of x is given by

Af(z) = / (f(x +y) — F)m(dy).

Let Y = (Y}, P,) be the pssMp of index « related to y through the Lamperti transform.
The infinitesimal generator of Y is, according to ([2.4)), equal to

L f(x) = u"c‘_o“/R(f(fL“@“)—J‘(IE))W(dU)Zﬂc_(’“/(O )(f(17U)—f($))Q(17dU)

= [, U~ s (3.11)
0,00
where we used (3.8]) in the second equality, and (3.5)) in the third equality. This shows that

Y = (Y, P,) is a regular step process defined by the Markov kernel Q(z, A), A € B((0,00)),
and the holding function ¢(x), cf. [2 1.12].

Theorem 3.2. Suppose that p(z,-) is given by (1.4)). Then

o gy T +i0) [
7= [ iy = SR [ ot

Proof. We have for A € B(R),

m(A) = q(1,e*) =c_ /000(1 +2)7 <§) dz

= o [T [ Lua-(0)0(d) ) d:

= o [T /(Om) Lalog(:))ofdy) )
— /(O’OO) ( /O " Lallog(y2))(1 + z)_l_o‘dz) S(dy). (3.12)

Therefore, by using [13, 8.380.1-3),
#(0) = /R e"r(dy) = c_ /@,oo) ( /0 ei91°g<y2>(1+z)—1—adz) é(dy)
. /(Om) ([T aea) ot
= c_ < /0 z*’(1+z)1adz> ( /(0700) yi%(dy))

- T(a—i0)I(1 +if) 0
= - () /( oy ¢(dy).

O

This theorem allows us to rewrite the density of the jump distribution of x as a convolution
of a subprobability and a probability distribution on R, cf. [23] p.411, 2nd paragraph]. Define

aeY

T(A) = d(e?), A€ BR), and f(y):= e

y € R.
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Then f is a probability density on R and

foy = [ sy = SO w0y = [ o) = [ yotan

Corollary 3.3. It holds that

) = (e =ae [ o

p(dt), yeR.

Proof. The first equality is an immediate consequence of the equality Il = f 7. For the second
equality, we rewrite

e’ 1 e
M(y) = | 77 (du) = ae’ dt) = ae? _ s(db).
= | i = ac /m,oo) TEE=FIETA /m,oo) (5 a1

([
Corollary 3.4. (a) Assume that ¢ is given by (2.13]). Then
. c. T(a—i)[(1+0) (B +i0)T'(y — B —i0)
m(f) = — 3.13
=T W LA 6) 1)
(b) Assume that ¢ is given by (2.15). Then
—® i0
) c_T(a—i)T(1+i0)@ T (%)
7(0) = — : (3.14)
e ['(«) T (é)
5

(c) Assume that ¢ = 0,, a € (0,00). Then
#(0) = c- I'(a —i0)I'(1 +40) it
a INE)!
Proof. (a) It follows from Theorem [3.2| and [I3], 8.380.1-3] that
¢ D(a—if)r(1 +if) I'(7) /°° ufo+A=1 "
a [(a) PGy =6) Jo (1+u)
c-Dla—if)I'(1 +40) (B +i0)I'(y — B — i)
a [(a) LB (y = B)
(b) This follows from Theorem [3.2 by noting (after the change of variables v = au”) that

/°° WP lem o gy = 7—1a‘¥F (B + w) .
0

()

Y
(c) This is clear. 0

In case ¢ is given by (2.13), we can also compute the density I1(y) of the jump distribution
of . By using Corollary [3.3| and the change of variables u = t~!e¢¥ we have

_ O‘F(V) oY = V) Tlm o yBta—1 -y
H(y)_F(ﬁ)F(v—ﬁ) /0 (t+eY) P (1 4 t) T dt

—F(B;XIIT(SY)— 5 e_(V_/B)y/O WP (14 ue ) V(1 + u) " du
al'(v)B1+y—f.8—0a)

LBy = 5)
where the last line follows from [I3] 3.197.5]. Here 5 is the hypergeometric function.

UL Ry Ly = Bl b a+yl—e), (3.15)
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Example 3.5. (a) Recall that ap < 1. Take 8 =1 — ap and v =1 in (2.13)), we get
1 |21
I'(1—ap)l(ap) yor
Since II(y) = (a/c_)m(y), it follows from Corollary [3.4] that the characteristic function of the
jump distribution II of y is equal to
[a—i0)T'(1+1i0) (1 — ap+i0)(ap — i0))
I'(c) Il —ap)l(ap)
Since I'(1 — ap)'(ap) = sntrapy o [13], 8.334.3], we see that the characteristic function of the
jump distribution of x coincides with the one in [23, Proposition 4.2, (9)]. This means that
the return kernel given in (3.16]) corresponds to the path censored (or trace) process studied in
[23]. This can be also seen by recognizing p(z,y) from (3.16)) as the Poisson kernel P(_ (2, )
of the stable process 7 (see Subsection 2.3 above). By using (3.15]) with 3 = 1—ap and v = 1,

we find

p(zy) = (I +9) 7" (3.16)

al'(ap+ 1D (ap + 1)

II(y) = —ary 1 1; 2:1—e? R
(y) F(]_ _ OC,O)F(OCP)F(O( + 2) € QFI( 7ap+ Re + ) € )7 Yy € )
of. [23, (13)].
(b) Take =1 and v =1+ «a in (2.13). Then
F(l +Oé) o —l-a o —l—«
p(z,y)IW\ZI (2l +9) " = alz|*(Je] +y) 7, (3.17)

which is the normalized jump kernel in (2.14]). It follows from Corollary that the charac-
teristic function of the jump distribution of y is equal to
(o —i0)*T(1 +46)?

I(a)? ’

11(0) =

and the density is
M(y) =a’B(1+a,1 —a)e ™y Fi(1+a,1+a;2+2a;1—e7), yeR.
(c) Suppose that ¢ = d,, a > 0. Then

aOé

— y__ -
H(y) = ace (a+€y)1+a7

y € R.

We end this subsection with a necessary and sufficient condition for y; to have finite ex-
pectation.

Proposition 3.6. E|x;| < 0o if and only if (1.7)) holds true.

Proof. It follows from [28, Theorem 25.3, Example 25.12] that E|x;| < oo if and only if

Jiyiz1 [yl (dy) < oo.
We first assume (L.7). We will show that [, |[y|7(dy) < co. By using (3.12)) we have

[loietan) = e /(Om) ([ ostrala-+ 27z ) ot

< e /(O,Oo) ([ oesl + 10w i1+ 2)-2z ) ofa)

. /( oy ( / T+ z>—1—adz) o(dy)
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+c_/ (/00 |log z|(1 + z)_l_adz) o(dy) < oo.
(0,00) 0

Finiteness follows from the assumption and the fact that both integrals with respect to dz are
finite.

We now assume that f|y‘>1 ly|m(dy) < co. Then by (3.12)

o> [ omtin ze [ ([ 1onu)0+ 7 D) ol

> c_/ (/w(—log y)(1+ Z)_l_a]-logz<—1dz> o(dy)
©0,1) \Jo

1/e
=c_ 14 2)717%dz —1lo dy).
(/ (1+2) )/m< £ 9)(dy)

Thus, f(m)(—log y)o(dy) < co. Similarly,

50 > / yr(dy) > c. / ( / 1og<yz><1+z>—1—“110g<y2)21dz) o(dy)
y>1 (1,00) 0

> c_/ (/ log y(1 4 2) 1 1ypg.51 dz) o(dy)
(1,00) 0

. ( [Tas z)_l_adz) /( _ los)o(an)

Thus, f(1 (log y)¢(dy) < oo. We have shown that ((1.7) holds. O

700)

3.2. Resurrected process. Let ¥(0) = U*(0) — U*(0) = U*(A) — c_/a be the characteristic
exponent of the Lévy process ¢ corresponding to the censored a-stable process X through the
Lamperti transform. We will add to £ an independent compound Poisson process, denoted by
X, with characteristic exponent WX given by

UX(9) = /R(1 — e (dy) = % —7(0), 0€eR. (3.18)

The effect of this procedure is that, instead of completely removing the killing from &*, we
remove part of the killing (i.e., pc_/a) and add jumps according to IT at the exponential rate
7(0) = pc_/a. Let £ := &+ x be this new Lévy process. By ({2.7), its characteristic exponent
U is given by

T(a—if) T(>6+1)

v(o) = T(ap—i0) T(i0+1—ap) (). (3:19)
Note that -

If p =1, then ¥(0) = 0, implying that in the Lamperti trichotomy the case (3) does not occur.
If p < 1, € is a killed Lévy process with rate ¥(0) and thus E¢, = —oo.

Let X = (X, P,) be the pssMp of index a with origin as a trap corresponding to & through
the Lamperti transform. This process can be described as follows: Consider the strictly a-
stable process n = (n;,P,), and set as before 7 = inf{t > 0 : 1, < 0}. Then 7 < oo a.s. At
time 7, with probability p we resurrect according to the return kernel p(n.,y), y > 0, and
with probability 1 — p kill the process and send it to the origin. This amounts to adding
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the resurrection kernel ¢(z,y) to the jump kernel j(x,%) of n. The process X is a pssMp of
index o with origin as a trap and jump kernel J(z,y) := j(z,y) + q¢(z,y). Indeed, let A¢ be
the infinitesimal generator of ¢ and £¥ the infinitesimal generator of X given by . The
infinitesimal generator of € is obtained by adding 7 to the Lévy measure v of £, and taking
into account the killing term. Hence for g € CZ(R),

Alg = —%—(1 —p)g+ Ag + AXg.

By using the relation between generators of the Lévy process and the corresponding the
Lamperti transformed pssMp of index «, together with (3.11)), we see that the infinitesimal
generator of X is equal to

X~ C_

£H@) = =S =g+ L5+ [ (1) = S@ate iy

Assume that p(z,y) is given by (L.4). Then by (L.2), (3.19) and Theorem [3.2]

— o Dla—ifr@@+1) ¢ T(a—i)T(i0 +1) W o(du
Vo) = F(ap—i0)['(i0+1—ap) « ['(a) /(o,oo) #ldu)
. . 1 1 i
o= 064 (T~ o) o)
- Lo —#)0(0 +1) sin(m(ap — i0)) — sin(rap, up(du) ) . 3.20
P (sin(r(op — i0) singro) [ (i) (3.20)

In the third line we used the identity T'(2)['(1 — z) = «/sin(7rz) twice.

Remark 3.7. For the ricocheted stable process from [22], the measure ¢ determining the
return kernel is equal to (1 — p)dg + pd;. In this case

['(a—1i0)I'(i0 + 1)

T

U(f) = (sin(m(ap — i) — psin(mrap))

which recovers [22], (4.2)],

3.3. Behavior of X at absorption time. If p <1, it follows from the Lamperti trichotomy
that case (3) occurs, hence X is absorbed at 0 by a jump. In the remaining part of this
subsection we therefore assume that p = 1. Recall that E|¢;| < oo and, under assumption

(L.7), also E|x1| < oo, cf. Proposition . Therefore, under assumption (L.7), El¢,| < oo,
ﬁ/(O) exists, and E[¢,] = z@,(()). Thus, combining [19 Theorem 7.2] with the Lamperti
trichotomy, we get that if iE/(O) > 0, then limsup, . & = +00, hence the absorption time
of X is infinite; and if i@l(O) < 0, then lim,_,o &, = —o00, hence the absorption time of X is
finite P,-a.s. and X is continuously absorbed at 0.

Proof of Theorem [1.1; The equivalence of E| | < co and follows from Proposition
3.6l Put

£1(0) = Bla—i6, 1+ i6), ﬁ@p:%}SWMM)

sin(m(ap —i0))  sin(rap)

() i= 2L "L a(0),

where B denotes the beta function. Then by (3.20), ¥ () = T'(1+a) f1(0) f3(0). Since f»(0) = 1
and f53(0) = 0, we have

T'(0) = T(1+ @) (f1(0)f5(0) + f1(0)f5(0)) = T(1 + a) B(a, 1) f3(0) = T(e) f5(0).  (3.21)
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Using the assumption ((1.7)),
O =i [ (oguus(dulos =i [ (ogupoldu)
(0,00) (0,00)
and so

s1n(7rap) s1n(7rap)

74(0) = —i cos(map) — 22T p110) — i cos(map) -
Therefore by ((3.21])
sin(map)

iv'(0) = T(a) <cos(mﬁ) +— /( - (log u)¢(du)>
_ (o) 2(TP) ( cot(map) + /

T (0,00)

/ (logu)o(du).
(0,00)

™

(og o))

O

Since (v —1)4 < ap < 1, we see from the display above that the sign of i@,(()) depends on
the sign of

7 cot(map) + / (log u)o(du).
(0,00)
Note that f log u)p(du) may depend on «. For example, when ¢ is given by (2.13)) with
f=1and vy = 1 + «, it holds that f(o ) (logu)é(du) = (1) — (), where 9 is the digamma
function.
Let Ly := f(o (logu)p(du). Define arccot : R — (0,7) as a strictly decreasing and

1 L¢,
Qg = ;arccot ?

Corollary 3.8. Suppose p =1. (a) If o <1+ ay, then X is (continuously) absorbed at 0 at
an a.s.-finite time if and only if ap > ay. (b) If & > 1+ ay, then the absorption time of X is
always finite P,-a.s..

continuous function. Set

and note that a4 € (0,1).

Proof. (a) If @ <1, since 0 < ap < 1, we see that 7 cot(map) — Ly < 0 if and only if
1 L
p > —arccot ( ¢) %.
am T a
If 1 <a <1+ ay4, then
L
cot(m(a — 1)) > cot(may) = =
T
and so we also have that 7 cot(rap) — Ly < 0 if and only if p > 2
(b) If @ > 1+ a4 then cot(r(a —1))) < % and we always have
7 cot(map) — Ly < weot(m(a— 1)) — Ly < 0.
O

In case Ly = — |,

(0.00) (log u)p(du) is independent of «, we can be slightly more precise. Let

1 L
p(a) :=1— —arccot (—¢) ,

aTr ™
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so that 7 cot (ma(1—p(a))) — Ly = 0. Notice that p(as) = 0 (this need not be true in case Lg
depends on «). Since Ly does not depend on «, the function o — p(a) is strictly increasing,
hence a4 is the only zero of p(«).

Corollary 3.9. Suppose that p =1 and Ly does not depend on «.
(i) If a € (0,a4), then the absorption time of X is infinite;
(ii) If o« € [ag, 1 + ag), then the absorption time of X is finite if and only if p > p(a);
(iii) If a € (1 + ag,2), then the absorption time of X is finite.

Proof. This is a direct consequence of Corollary and the discussion above. O

3.4. Recurrent extension. Recall that the origin is a trap for X. If X is absorbed in 0 at
finite time, one can ask if there exists a positive self-similar recurrent extension of X. The
general result is given in [I2, Theorem 1] and [27, Theorems 1 and 2]: (i) There exists a unique
positive self-similar recurrent extension of X which leaves 0 continuously if and only if there
exists k € (0, «) such that

E [eﬁgl] =1, (3.22)

and (ii) For B € (0, ) there exists a positive self-similar recurrent extension of X which leaves
0 by a jump associated with an excursion measure of the form cfz~'"?dx if and only if

E [eﬁﬂ <1 (3.23)
Note that E[e"1] = Ble!-&] = ¢~ ¥(=ir) for all k& > 0 for which the expectation is finite.
Let ¢ : R — (—00, +00] be defined by (k) := —V(—ik), so that
E [erzt} _ otelr).
Hence, (3.22)) is equivalent to the existence of x € (0, ) such that p(k) = 0, and (3.23)) is

equivalent to ¢(f) < 0. Note that, by Holder’s inequality, ¢ is convex.
Proof of Theorem [1.2k Let

h(k) := sin(m(ap — k)) — sin(rap) / uo(du).

(0,00)
Clearly, h(0) = (1 — p) sin(rap) > 0 since ap € (0, 1), and note that from ([3.20))

() = T(—in) = I'a— msz(/ﬁ +1)

If ko < a, then Ky + € < « for all small € > 0. Since f(o ) ut¢(du) = 400 by definition

of ko, we get that h(kg + €) = —oc.
Assume that (1.9)) holds true, i.e., kg > 0. If kg > «, then

h(K). (3.24)

ha—) = sin(m(ap — a)) — sin(rap) liTm up(du)
o e% (0,00)
= —sin(rap) — sin(rap) liTm u(du) < 0,
KTa (0,00)

where in the last inequality we used the assumptions ap € (0,1) and ap € (0,1). Therefore,
h((a A (ko +€))—) < 0 for all small € > 0. If k € (0, ko),

W (k) = —7 cos(n(ap — k)) — sin(rap) ( /( . (log u)u”qb(du)) , (3.25)

which is justified by (1.9).
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Assume that p = 1. Since by the assumption that X is absorbed at 0 in finite time, this
happens continuously, and therefore E[¢,] € [—00,0). If (1.7 holds true, since z@/(O) < 0, by
Theorem (1.1 and ([3.25)),

h'(0+) = —7 cos(map) — sin(ﬂaﬁ)/ (log u)p(du) > 0,
(0,00)
implying that h is strictly positive in some neighborhood of zero. Note that by (1.9)), we have
Jt00) log W)ure(du) < oo for k € (0, ko) and thus [, ,(logu)é(du) < [, ., (logu)u e (du) <
oo. Consequently, if (1.7) does not holds, then we have f(o,1)(10g u)p(du) = —oo. By the
monotone convergence theorem,

lim (logw)u"¢(du) = —lim (—logu)u"¢(du) = —o0.
w10 J(0,1) w10 J(0,1)

We now see from ([3.25)) that

limﬁ)nf h'(k) = —m cos(map) — sin(map) (lig)l/( )(log u)u“gb(du)) = 00,
K K 0,00
implying again that h is strictly positive in some neighborhood of zero.

If p < 1, then h(0) > 0, so again we see that h s strictly positive in some neighborhood of
zZero.

Together with h((a A (ko + €))—) < 0 for all small € > 0, this implies the existence of
k* € (0,a) such that h(k*) = 0, hence also ¢(x*) = 0. Thus X has a positive self-similar
recurrent extension. Furthermore, by the convexity of ¢, for every 5 € (0,x*) we have
©(B) < 0. This means that E[e’1] < 1. By [27, Theorem 1], there exists a positive self-
similar recurrent extension of X which leaves 0 by a jump associated with the excursion
measure cBx " Pdx,x > 0.

Assume that is false, that is kg = 0. Then h(e) = —oo for all € > 0, and we see from
that ¢() = +oo for all 3 € (0,a) and consequently E[e¢1] = +-00. Hence X does not

have a recurrent extension. O

Remark 3.10. It is easy to find examples of probability measures ¢ on (0, co) satisfying ([1.7))
but not ((1.9) giving rise to pssMp that are (continuously) absorbed at zero in finite time, but
not having a positive self-similar recurrent extension. One such example is the measure with

. O 2
density 1(200)(t) %'

3.5. Examples. In this subsection we analyze a list of examples. Recall that ¢ is the digamma
function.

Example 3.11. We look at our main example in which ¢ is given by (2.13). Let f(t) =
(1 4+¢)~7 with v > 0. The Mellin transform of f is, by [13 p.1131, 17.43.7], equal to

My(s) = /Ooo fyetdt = —F(S)Il:(%_ 5)
Since i,
/0 F()Jog )=t = Mj(s) = o (P = 9) =T = ).
we get that

> _ T oAy il
| omtyoteyin = e by (5) = 0(3) = vl = B).
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Hence by ((1.8)),

sin(mrap)

i7'(0) = I(a) (m cot(map) +1(8) — (v — B)). (3.26)

(a) Suppose that v = 1 in (2.13). Then g € (0,1), and by the reflection formula for the
digamma function, ¥(1 — 8) — ¥(8) = wcot(nf), see [13, 8.365.8]. Elementary calculation
gives that

™

sin(r(ap - §))

sin(wfg) '
and the sign of i¥ (0) depends on the sign of sin(r(ap — 3)).
Case 1: a = 1. Then p = 1/2, and sin(n(ap — 3)) = sin(n/2 — 73) = cos(wf). Therefore,
iU'(0) > 0if B e (1/2,1), W (0) =0if 8=1/2, and i¥ (0) < 0 if B € (0,1/2).
Case 2. « € (0,1) U (1,2). Since ap € (0,1), we have that ap — f € (—1,1). Thus,
sin(m(ap— f)) =0 if and only if p =1 — g Since we must have that p > 0 and p < 1/a, we
get two critical values: «, = 8 and o* := 1+ «a, = 1 + 3, see Corollary . If a € (0,u),
then i (0) > 0; If & € [cv,, a*], then iW (0) > 0if p > 1 — 5 W0)=0ifp=1- 5 and
W(0)<0if p<1—2;Tfa e (ar,2), then i¥ (0) < 0.

i (0) = —I'()

P o
1.0 1.0
0.8F 0.8+
0.6f 0.6f
0.4+ 0.4+
0.2 0.2 /
- . - L — ‘ L e L
0.5 1.0 1.5 2.0 0.5 1.0 1.5 2.0

FIGURE 1. Example (a): Left: 8 =1/3,v=1, a, = 1/3, o = 4/3; Right:
B=2/3,7=1,a,=2/3, a =5/3;i¥ (0) > 0 in the shaded region, i¥ (0) = 0
on the red line.

We further assume that 3 = 1 — ap. The pssMp X is then the part (until the first hitting
of zero) of the trace process of the a-stable process 7 in (0, 00) (or the path-censored a-stable
process). We have that ap— =ap+ap—1=a—1. Thus, if « < 1, then ap— € (—1,0),
and therefore i¥'(0) > 0. If @ = 1, then ap — 8 = 0, and therefore i0'(0) = 0. If a > 1, then
ap— B € (0,1), and therefore i’ (0) < 0. This shows that X has infinite absorption time in
case a € (0,1] and hits zero in finite time when o € (1,2). Of course, since X is the trace
process, this fact is well known.

(b) Let us now consider the case f =1 and v = o + 1. In this case

(o) = MDD corrap)) + (6(1) ~ (o). (3.27
The equation 7cot(m(aw — 1)) = () — 9(1) (obtained by formally taking p = 1/«), has a
unique solution a* in (1, 2) which can be numerically computed. It turns out that a* ~ 1.44386
with corresponding p* = 1/a* & 0.692588. Further, solving 7 cot(ra(1—p))+ (¢(1) —(a)) =

™
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0 for p, we get a unique solution

p(a) = 1 — —“arceot (M) |

QT ™

It is easy to see that lim,jop(a) = —o0, limyge p() = 1, hence by continuity there exists
a, such that p(a.) = 0, and consequently, p(a) > 0 for a € (0, ay). Numerically we obtain
o, ~ 0.596051.

Therefore, we conclude that (i) If a € (0, ], then i¥(0) > 0 for all p € (0,1); (ii) if
a € (au, a*), then iU (0) > 0 for p > p(a), i¥(0) = 0 for p = p(a), i¥(0) < 0 for p < p(a);
(iil) if a € [a*,2), then ¥(0) < 0 for all admissible p.

1.0

0.8¢

0.6

0.4

0.2¢

. . - — a
0.5 1.0 15 2.0

FIGURE 2. Example [3.11] (b): o, & 0.596501, a* ~ 1.44386; i¥'(0) > 0 in the
shaded region, i (0) = 0 on the red line.

Example 3.12. In case ¢ = d,,

sin(mwap)

i(0) =T () (7 cot(rap) — loga) . (3.28)

™
If @ = 1, the corresponding pssMp X of index a is the absolute value of the strictly a-stable
Lévy process. The sign of 2@,(0) depends on whether ap is less than, equal, or larger than
1/2. Similar analysis can be done for any a > 0.

P
1.0
0.8f
0.6
0.4
0.2

L 2 . L 2 ~ a
0.5 1.0 1.5 2.0

FIGURE 3. Example 3.12} a = 1; i¥ (0) > 0 in the shaded region, i¥'(0) = 0
on the red line.
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Example 3.13. We now look at the example in which ¢ is given by (2.15). Then ¢ is a
probability density on (0, 00). Its Mellin transform is given by

o0 é o0
5— ar s+B—-2 —atY
o)t 1dt:—/ P20t gt
/0 0 () Jo

s+58—1
yav | _sts <s+ﬂ—1> F( p ) 1-s
I'(%) gl F(é)
S
s+8—1

/OOO ¢(t)(log t)t*~1dt = M (1) = % <¢ (W%) B loga) =

2™

Thus we have

and finally,
> / 1 B
o(t)(logt)dt = My(1) = — (| — | —loga .
0 v v
Therefore,
— i 0 1
7T(0) = T(a) S2TP) (w cot(rap) — ~ (w (é) ~log a)) .
n Y Y
p p
1.0 1.0
0.8} 0.8}
0.6 0.6
0.4} 0.4}
02} 0.2}
- v/l : *—— ® - @ : - a
0.5 1.0 15 2.0 0.5 1.0 15 2.0

FIGURE 4. Example Left: a =1, 8 =01, v =1, a, ~ 0.906821, o* ~
1.906821; Right: a = 1, 8 = 100000, v = 1, a, ~ 0.0847945, a* ~ 1.0847945;
iU'(0) > 0 in the shaded region, i¥ (0) = 0 on the red line.

We end this subsection with the analysis of the behavior at lifetime (absorption time) of
the censored process. To the best of our knowledge, this has not been completely done before,
but see [6, p.976].

Example 3.14. In this example we consider the Lévy process with characteristic exponent
() = [« —i0) F(iQ—i—l)A_c__.
F(ap—10) I'(i0+1—ap) «

The corresponding pssMp X is the (not necessarily symmetric) censored a-stable process. It
is straightforward to calculate that

i (0) = (@)sin(map) (B(1) - B(a))). (3.29)

t D) —
- (7 cot(map)
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Notice the similarity with the expression in Example (b) and the difference being the sign
in front of (1(1) — ¢ (a)). The equation 7 cot(m(a — 1)) = (1) — () (obtained by formally
taking p = 1/a), has a unique solution «* in (1,2) which can be numerically computed. It
turns out that a* ~ 1.56735 with corresponding p* = 1/a* ~ 0.63802. For every a € (0, )
equation 7 cot(ra(l — p)) = (1) — ¥(«) has a unique solution given by

v() - ¢(a))

1
p(a) = 1 — —arccot (
T

aT

which is strictly increasing in a.. Moreover, it can be shown that p(«) > 0 for every a € (0, 2),
and lim, o p(ar) = 0 (so formally we can take av. = 0). When p > p(a) we have i¥'(0) > 0,
for p = p(a) it holds that ¢¥’(0) = 0, while for p < p(«), i¥'(0) < 0. When « € [a*,2), for
every admissible p we have that i¥’(0) < 0. Note also that for every p € [p*,1) it holds that
iw'(0) > 0.

1.0

0.8¢

0.6

0.4

0.2

. p .
0.5 1.0 15 2.0

FIGURE 5. Example a* ~ 1.56735; iﬁl(O) > 0 in the shaded region,
iU’ (0) = 0 on the red line.

4. SYMMETRIC RESURRECTION KERNELS

The goal of this section is to find a sufficient and necessary condition for the resurrection
kernel to be symmetric, namely that it holds ¢(x,y) = ¢(y,x). When the resurrection kernel
is symmetric and the strictly a-stable process 7 is also symmetric (that is ¢, = ¢_, or,
equivalently, p = 1/2), the jump kernel J(z,y) = j(z,y) + q(z,y) of the resurrected process
X is also symmetric. In particular, the process X is symmetric with respect to the Lebesgue
measure in (0, 00).

We first give a necessary and sufficient condition for symmetry in terms of the Lévy measure
7 of the compound Poisson process Y.

Proposition 4.1. Let w be the Lévy measure of the compound Poisson process x. Then
q(z,y) = q(y,x) for all x,y >0, if and only if,

m(—y) = e Vr(y). (4.1)

Proof. Recall that 7(y) = e “Yq(e™¥,1). Suppose that ¢ is symmetric. Then by symmetry
and scaling

Ry = eg(e, 1) = eVg(L,e’) = V(e og(e, )
—_ efyq(eiy7 1) — efyeayﬂ.(w — e(afl)yﬂ_(y)‘

The converse is similar. O
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Recall from Lemma [3.1] that
11—« d
(0700) v v

The proof of the next technical lemma is given in the appendix.

Lemma 4.2. Suppose that m is a signed Borel measure on (0,00) such that
/ (14 zu)""¥m|(du) < oo, for allx >0
(0,00)
and

/ (14 zu) " *m(du) =0, for allz > 0.
(0,00)

Then m is the zero measure on (0, 00).
Theorem 4.3. [t holds that q(x,y) = q(y,x) for all z,y > 0, if and only if
¢, (dt) = t*1p(dt), on (0,00),

(4.2)

(4.3)

where ¢, is the pushforward of the restriction of the measure ¢ to (0,00) under the map
x — 1/x. In case when the restriction of the measure ¢(dt) to (0,00) has a density ¢(t) with
respect to the Lebesque measure, the measure equality above reduces to ¢(t71) = t*T2¢(t) for

almost every t > 0.

Proof. We have that

v

= c_ /(0700) (% + x) o u” “pu(du).

If (4.3) holds, then the last integral in the display above is equal to

v

aw2) = c /(O’Oo) (y+2) A /(Om)<yv+x)-1-%a¢<dv>

c_ /(0 . <% + 33) o uu p(du) = c_ /(0 . (93 + %) o ¢(ZU) = q(z,y).

Conversely, assume that ¢ is symmetric. Then we must have that

Y e B y . —1-a ¢(du)
[ Gre) e = [ (%)

0,00 u

I

u

for all z;y > 0. By taking y = 1 and rewriting, we get that

/ (14 zu)"""ug, (du) = / (14 zu)"""u¢(du), for all & > 0.
(0,00)

(0,00)

The claim now follows from Lemma (4.2l

Corollary 4.4. Let ¢ : (0,00) — [0,00) be such that [;° ¢(t)dt = 1. Then ¢ satisfies ([4.3) if

and only if
Cflt+th)
o(t) = e

for f:[2,00) — [0, 00).

(4.4)
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Proof. Assume that ¢ is given by (4.4). Let g(¢) := f(t +¢~"'). Then g(t™') = g(t) implying
that ¢ satisfies .

Conversely, if ¢ satisfies (4.3)), define g(t) := ¢(¢)(1 +¢)'**. Then g(t~') = g(t). For s > 2,
solving t+¢~! = s, we get two solutions: ¢t = (s++v/s2 —4)/2 > land t ' = (s—v/s? —4)/2 <
1. Define f(s):=g(t) = g(t'). Since s =t + ¢!, we see that g(t) = f(t +t71). O

Proposition 4.5. Suppose that p = 1 and q is symmetric. Then E[{] < 0 if a > 1 and
pe(l/(2a),1/a), E[§,]=0ifa=1and p=1/2, and E[§,] >0 if p € (0,1/(2a)].

In particular, if o > 3/2, then the absorption time of X is finite Py-a.s. and X is continu-
ously absorbed at 0. Also, if o < 1/2, then the absorption time of X is infinite.

Proof. By Theorem [4.3]
| togwotd = [ (togustdn)+ [ (toguyotan)
(0,00) (0,1)

(1,00)

/ (log 1/u)g (du) + / (log w)(du)
(1,00)

(1,00)
- / (log w)(—u® + 1)(du),
(1,00)

which is negative for o > 1, zero for a = 1, and positive for v < 1. It follows from (1.8]) that
the sign of 1%’ (0) depends on the sign of
7 cot(map) — / (logu)(u®! — 1)¢(du).
(1,00)

This expression is negative for &« > 1 and p € [1/(2«), 1/«), zero for « = 1 and p = 1/2, and
positive for « < 1 and p € (0,1/(2«)].

The absorption claim for av > 3/2 (which is equivalent to 1 — 1/a > 1/(2«)) follows from
the assumption p > 1 —1/a. O

1.0

0.8¢

0.6

0.4

0.2¢

. . .
0.5 1.0 15 2.0

FIGURE 6. [llustration of Proposition In the shaded region z@/(()) > 0, in
the white region i@l(O) < 0, in the yellow region the sign of z@/(O) is undeter-
mined.

Example 4.6. (a) Let ¢ be as in (2.13)):
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Imposing condition on ¢ implies that v = a+25—1. Since v > 3, we get that 8 > 1—a.
Thus
o(t) = MNa+26-1) -1
Fr(a+p-1)

Note that if 5 = 1 then symmetry requires that v = o + 1, so we get Example (b). In
this case, the regions for the sign of z@,(O) are completely determined, see Figure .
(b) If ¢ is as in , then it cannot lead to a symmetric resurrection kernel.
(c) Let ¢ = 64, a > 0. Then the measure ¢ satisfies if and only if a = 1.

(14 t)to=258,

5. SHARP TWO-SIDED ESTIMATES OF THE RESURRECTION KERNEL

In this section we establish sharp two-sided estimates of ¢(x, y) under minimal assumptions.
First notice that it follows from (3.6 that ¢ enjoys the following scaling

g\, \y) = X %(2,y), x,y >0, A>0.
This implies that for all 0 < z < y we have

%ﬁw:@—$)1%< L +4) (5.1)

y—r y—=x

Q@Jﬂz@—x)1%<y . ). (52)

Thus it suffices to get the estimates of ¢(x,z + 1) and ¢(z + 1,z), x > 0.
We first look at the simple case when the measure ¢ has compact support in (0, 00). Then
it is easy to see that

x )\~ g(dt)
1) =rc_ 1+ - — <1
P A
and )
1\ “ odt
q(m—l—l,x):c_/ (x—i—x+ ) Mxl.
(0,00) t t

Thus in this case by (5.1)-(5.2)), we have
q(z,y) < |z —y|"7%  z,y€(0,00).

In the remainder of this section, we assume that ¢ is absolutely continuous and has a strictly
positive density.

Assume that |y — | = 1 so that either y =2+ 1 or y = 2 — 1. Then by Lemma3.1]

q(z +1,2) :c/OOO (x+1+§)_l_a¢(t)%

q(x,:}c—l—l):c_/o <x+x1—1) gb(t)ﬂ.

t

and

Lemma 5.1. (1) If x > 1/4, then q(z + 1,2) < q(z,x + 1) <z~ 17
(2) Suppose ¢ satisfies the lower weak scaling condition Ly(B1) at zero with 51 > —1 — a.
Then for x < 1/4,

oo dt
oo+ 10)= [ o) (5.3)
Further, if ¢ also satisfies the upper weak scaling condition Uy(f32) at zero with By < 0, then
gz +1,2) < ¢(x). (5.4)
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(3) Suppose ¢ satisfies the upper weak scaling condition U' (o) at infinity with v < 0. Then

1/x 1/z
qlr,z+1) < / t*o(t)dt < / t*P(t)dt. (5.5)
0 1
Further, if ¢ also satisfies the lower weak scaling condition L' (1) at infinity with v < —1—a,
gz, x+1) <o 17%(1 /). (5.6)
Proof. Without loss of generality, we neglect the constant c_ in the proof. First note that
(o.9] ta¢
0< 2.7
[ o s e

(1) Case 1: 1/4 < x < 4. Then

1 1 1 x 1 1
1 > 14+ — 14+ - d 1+—-<44+14+-=5(1+-).
x + +t +4t 4<+t) and x + +t_ ++t (+t>

Also,

Thus, by (5.7) we get
o N\ dt (¢
1,2) = 1) = 1+ = H—=[ ———dt=1
o) =aar = [T (1e3) oG- [T

Case 2: x > 4. Then we have that

x+%§x+1—l—§§2x+2%,

and hence
T 1
14 -x 14 -
x4+ +t :L'(—l—t)
Also,
1 1 1
r+——<(x+1)(1+- and :c+x+ _x+ 1+ -
t 2 t
imply
1 1 1
o4+ EF ($+1)(1+ ) x(l—l——)
Thus, by (5.7)

> 1\t
gz +1,2) <q(z,xr+1) < x_l_o‘/ (1 + %) qﬁ(t)? =g
0

(2) Assume z < 1/4 and let

T 1 o
q(m—i—l,x):/—i-/ +/ = 1+I1I+1III
0 T 1

For 0 <t < x, we have that

t(r+1)

r+1=

SHRS)

<(z+1) <2%,
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hence z + 1+ 7 < 7. Since ¢ satisfies the lower weak scaling condition at zero L;(53;) with
51> —1—a, We have

/0 Ct(t)dt = o(a) / "1 (6(t) St < i) / "0 (1)) dt = e (),

0
Thus,

I= /0 ' (%)_1_“ gzﬁ(t)% _ gl /O 1ot < ero(x).

For x <t < oo, we have

H
—_

1< 1+-<-+1+1,
_x++t4++

Loy
o= /qﬁ(t)?t.

IIIV/ o(t) /¢ )dt < 1.
Since

2x¢() 1 thﬁll
[ o0z o) [TU0 [ otz o) [k o)+

we get . Moreover, if ¢ also satisfies U; ( 52 ) with By < 0, then
1
dt
cstta) = o) [ 0/ 5 < [ o0 < o) [ t/ap % = ot
so we get ((5.4)).

(3) Assume z < 1/4.

hence x + 1+ z/t < 1. Therefore,

Finally,

1/x eS)
q(x,x+1):/ +/ = I1+11.
0 1/x

For 0 <t < 2,

1 1 1
x—i-%SiU—Fl—l-x:_ Szxj + (z + 1)t,
hence

+x+1 r+1 1
x = = —.
t t t

For 2 <t < 1/z,
+1‘+1<1+2 3
x -t - ==
t —t ot ot

hence x + (x + 1)/t < 1/t. Therefore,

1/x 1 —1l-a dt 1/z .
I= /0 (;) o) = /0 16 (1)t

1 1 2
S N
t z 1 T t
Thus, x + (x 4+ 1)/t < 3z, hence z + (z + 1)/t < x. Moreover, using that fact that ¢ satisfies
the upper weak scaling condition at infinity U'(v,) with 75 < 0, we have

h dt _ x = o) x h 1‘72@26 x
o =os) [ < coufe) [ G = esoti/)

When t > 1/z,




29

Therefore,
I =< g @ gb(t)@ < st o(1 /).
1/z t
Now, using
1/x 1/x ¢(t> 1
“o(t)d 1 ——t%d “o(t)d
[ eewazonm [ B0 [ o
1/z
> C'_l<b(1/x)/ (wt)2t%dt + cg < 2~ 1o(1/z) + 1,
1/(2x)

we get (5.5). Finally, if ¢ also satisfies L(y;) with 74 < —1 — «, then
1/x 1/x
e 9(1/2) < co(1/x) / 1t dt < / 16 (1)t
1 1

1/x
< Cgb(l/x)/ t(tz)2dt < ey~ to(1/x),
1
and so we get (5.6)). O

Proof of Theorem [1.4f The result follows immediately from Lemma [5.1] and the scaling

relations ((5.1)—(5.2). O

As a consequence of Theorem [1.4] we can get estimates of the Lévy density 7(u) = ¢(1, e*)e".
We state the next corollary in its simple form.

Corollary 5.2. Suppose that ¢ satisfies both the lower and upper scaling conditions at zero
and infinity as in Theorem[1.4. Then

_ |1 lu| <log5,
m(u) = { eto(e”), |ul > logh.

We first apply Theorem to a generalization of the function ¢ given in [2.13] For g > 0,
v > [ and 0,,0_ € R, let

6(t) < (log(e +))°* (log(e + )" 71 (1 + 1), (5.8)
and fooo ¢(t)dt = 1, which implies that 6_ < —1if 8 =0 and §; < —1if vy = 5. Then
_ [y e (log(e + 1) (log(e+ 7)™
4(@y) “/0 (2+ t> 251+ 1) .

It is straightforward to check that the function ¢ satisfies the scaling conditions assumed in
Theorem [I.4, Hence we have the following result.

Corollary 5.3. Suppose ¢ is a probability density on (0,00) satisfying (5.8)). If v <y < bz,
then

q(z,y) < qly, ) < a " =<y
If 5x <y, then
(y/x)' P (log(y/x))°-, p<1,
(log(y/x))**0-, 6_ > —1,
qly,r) <y 1™ log(log(y/x)), o6_-=-1, pB=1, (5.9)
1, o- < -1,

1, b6>1,
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and
(y/z)*+F(log(y/x))°*, v-B<a,
(log(y/x))**o+, 6. > —1,
q(z,y) <y '™ log(log(y/x)), o0+=-1, ~v—pF=a, (5.10)
1, 0y < —1,
1, v—05>a.

Note that in the case y —a < < 1, orin the case y —a = =1and 6, Ad_ > —1, both
q(z,y) and q(y, z) explode when = — 0. This leads to the following path interpretation: The
intensity of jumps to and away from points near 0 is much higher than in case of the stable
process. Thus, on average, large jump to and away from points near 0 are more probable.

In the symmetric case, we have v = a+ 28 — 1 and 0, = d_, see Example (a). Hence
—a—fF+v=—(1-p), and the estimates for ¢(x,y) and ¢(y, x) coincide.

Now we apply Theorem to the function ¢ given in ([2.15)).
Corollary 5.4. Suppose ¢ is a probability density on (0,00) satisfying
p(t) <t~ e >0 (5.11)
where a,y > 0 and B > 0. If x <y < bx, then
q(z,y) < qly,r) <x~~

If 5z <y, then
(y/z)~P*, 0< B <1,

qly,x) <y 7 ¢ log(y/z) =1, (5.12)
L, B>1,
and
(](ZE, y) - y—l—a /T ta—l—ﬁ—le—aﬂdt — y—l—a. (513)
1

Proof. For the second comparison in ((5.13)), see (1.10) and

4 Yy_1 00
0< / totBle=at” gt < / toth=le=at” gy < / o lem Mt < 00, Br <.
1 1 1

In case 5 < 1, we see that ¢(y, x) explodes as x — 0, but ¢(x,y) stays bounded. This means
that the process will have tendency for big jumps to points close to the origin.

As a consequence of Corollary we can derive that, when a probability density ¢ on
(0, 00) satisfies (5.11)), m(u) < 1 for |u| < logh, m(u) < e * for u > log 5, and

e, 0<p<1,
m(u) < lule*, B =1,
e, g >1,

when u < —logh.
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6. MODIFIED JUMP KERNEL

6.1. General case. Stable process conditioned to stay positive is a pssMp that can be re-
garded as a resurrected stable process. However, it does not fall into the framework of resur-
rected stable processes of this paper. In this section we introduce a larger class of pssMps by
modifying the jump kernel of the pssMp X = (X;,P,) of index « defined in Subsection [2.2]
Thus, X is a not necessarily symmetric censored process. Let j(x,y) = v(y — x), where v is
defined in . We define a new jump kernel by

J(xay) = B(xay>j($ay): x,y >0,

where B : (0,00) x (0,00) — (0,00) is a function satisfying the following properties:

(B1) Homogeneity: B(Ax, \y) = B(x,y) for all z,y > 0 and all A > 0.

(B2) Integrability: (a) y — e~ *¥B(1,¢Y) is integrable at oo and y — e?B(1,¢Y) is integrable
at —oo; (b) y — B(1,e¥)|y|'~* is integrable at 0; (c) For all z € (0,00), y — B(x,y) is locally
integrable in (0,00) \ {x}.

(B3) Regularity: If a € [1,2), there exist # > o — 1 and C' > 0 such that

o =y’
B(x,x) — B(z,y)| < C | —
(o) - Bl < ¢ (2
for [x—y| < (zAy)/4. If a < 1, there exists C' > 0 such that B(z,y) < C for |[z—y| < (zAy)/4.
Without loss of generality, from now on, we assume that B(1,1) = 1.
For any B(-,-) satisfying (B1)—-(B3), we will construct a pssMp with the jump kernel .J
above via the Lamperti transform of a certain Lévy process.

We first show that the jump kernel J(z,y) = j(z,y) + q(z,y) of the resurrected process X
is of the form introduced above. Indeed, J(z,y) can be rewritten as

. . a\r,y .
) = stea) + o) = iGo) (14 522~ Bla i),
J(z,y)

where we define B(z,y) := 1+ q(x,y)/j(z,y) for y # z, and B(z,z) = 1. Clearly, B(x,y)
satisfies (B1). Next, by (2.5) and (3.9)),
q(Le’) _ my) .7
T N N + AN
j(1,ev) evv(ev —1) 1Y)
so that B(1,e¥)u(y) = p(y)+m(y) is a Lévy density, i.e., [ (1AYy*)B(1, e¥)u(y)dy < co. Indeed,
since u(y) < e=* at +o0, u(y) < e ¥ at —oo, and u(y) < |y|~17* near zero, we know that
(B2) holds. Finally, it follows from Theorem [1.4| that for z <y < (5/4)z or y < x < (5/4)y
it holds that q(z,y) < q(y, ) < 27 17* < y~17% Hence, if |z — y| < (z A y)/4,

B(1,e¥) =1+

C](I‘,g) 1+o
B(x,y) — B(x,z)| = = <(cyVe)lxr— x,
1B(z,y) — B(x,z)| ) (cy Veo)|z —y| " q(z,y)
< Clz— ’1+a( —l-ay, flfa)_C ly — | e
< x—y x Y = —x/\y .

Thus (B3) holds with § = 1 + a.

As examples of this general setting we also mention the a-stable process conditioned to
stay positive and the a-stable process conditioned to hit 0 continuously, see [9] [10]. The jump
kernel of the former is ~

ap
J($7y):x_j(xay)a x7y>0

ap
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and the latter
ap—1

J(z,y) j(x,y), =,y >0.

It is straightforward to show that for every v € (—1,a), the function B(z,y) = (y/x)"
satisfies conditions (B1)-(B3). In fact, (B1) and (B2)(b)—(c) clearly hold. For (B2)(a),
B(1,e¥) = e, so e"B(1,e¥) = e~ (®=¥ and is integrable at oo if and only if v < a. Also,
eVB(1,e¥) = e1+1Y and is integrable at —oo if and only if v > —1. For (B3), without loss of
generality assume that v # 0 and consider z,y € (0,00) with |y — z| < (z Ay)/4. Then

- rop—1

y\? Y[y — 2]
Ble,y) ~ Ble,a) = |(2) - 1] = T2, (6.1)
where u is between z and y. If z < y, then + = z Ay and y < (5/4)x. If v > 1, then
the right-hand side above is less than (5/4)""'v(y — z)/z. If v < 1, then we estimate the
right-hand side with |y|(y — «)/z. Thus in both cases (B3) holds with § = 1. If y < z, then
we replace x7 with y7 in and argue as before.

See Proposition for more on this example.

Given an arbitrary B(z, y) satisfying (B1)-(B3), and the jump kernel j(z, y) of the censored
process X, we now construct a a pssMp X = (X4, P,) of index a corresponding to the jump
kernel J(z,y) = B(z,y)j(z,y) via the Lamperti transform of a certain Lévy process. Define

e¥ e¥
o y) = B(1,e)uly) = B(L,e) (@Wlmm + C—ml(yw)) :

By the assumptions (B2)(a) and (c¢) we have that f‘y|>1 1B (y)dy < oo, while by (B2)(b) and

(c) we get that f|y‘<1 y?uB(y)dy < oo. Thus p® is a Lévy measure. Further, let € denote the
Lévy process with infinitesimal generator

Af(x) = =bf'(x) + / (fle+y) = f(z) = F(@)ylan(y) 1 (y)dy, (6.2)
R

where b € R. Let X = (X;,P,) be the pssMp of index o obtained from ¢ through the

Lamperti transform. By using a calculation similar to the one we used to obtain £* in Section

, together with the homogeneity of B and (B1), we see that the infinitesimal generator of X

is

Lf(x) = —ba'™f'(x) + I‘“/ (f(we?) = fz) = af (2)yLi1,y(y)) 1 (y)dy (6.3)

R

B @)+ [ (f(2) = fa) = o (@)oo log(e/0)) Bl 2, 2)

This shows that the jump kernel of X is precisely J(z,y) = B(z,y)j(x, ), see the last sentence
of Subsection [2.2]

6.2. Symmetric case. In this subsection we assume that 7 is a symmetric a-stable process.
Then p = 1/2, ¢, = c_ =: ¢, and a = 0. For simplicity, we will assume that ¢ = 1. We first
consider the case that B(x,y) is identically 1. Recall that X* is the process n killed upon
exiting (0,00), and the constant b in the linear term of its infinitesimal generator in ([2.10))
equal to

b= = [ (tomu)1icslog ) = (= D)1= 1) ju = 17"
0
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Lemma 6.1. [t holds that

1
—b = lim Yl (y)u(y)dy = p~v./ yu(y)dy.
-1

=0 R,|le¥—1|>€

Proof. We first note that by using symmetry, for e € (0,1) we have

/<0 ), u—1]> (4= Dl (= Dlu — 1770 = /R“1(6<|v§1)\v\_1_adv — 0.
0),|u €

Therefore

ey

I(e) ¢=/ Yyl yu(y)dy = / Yyl dy
R,jev—1|>e o R,jev—1|>e Ly ey — 1f1te

:/ (logu) 11 1j(log u)|u — 1|’1’adu
(0,00),|lu—1|>€

:/ ((logu)1i-1y(logu) — (u— 1)1y y(u—1)) Ju— 1|7 "du,
(0,00),lu—1|>€

By letting € — 0 we obtain that lim._,o I(¢) = —b which is the first equality in the statement.

For the second,
log(1—e) 1
/ y) dy + / yu(y) dy
log(1+€)

10g (1—e¢) 1 —log(1—e¢)
p(y) dy + / yu(y) dy | + / yu(y) dy
—log(1—e¢) log(1+¢€)
( )+ Ix(e).

Suppose « € [1,2) (for o € (0,1) the integral I5(e) is convergent). For y € (0,1/2) it holds
that yu(y) < ¢y~ for some ¢ > 0, hence

—log(1—e¢)
I(e) < 01/ y “dy
log(1+e€)
(log(1 + €)1 — (= log(1 — €))}7) < 3™ for a € (1,2)
1 —log(1—¢) f -1 —0
08 log(1+€) or a =

as € — 0. Since we have already proved that lim._,o I (€) exists we can conclude that

lim 7 (€) = p.v./ yu(y)dy.

e—0 1

Remark 6.2. The existence of the principal value integral p.v. f yu(y)dy can be alterna-
tively proved in the following way. First note that

/ yiu(y)dy =/ y(u(y) — p(—y))dy.
R,e<|y|<1 €

Secondly, p(y) — u(—y) = y=*((1 — a) + O(y?)) as y | 0, showing that the right-hand side
above is convergent.
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Let £ be a Lévy process with Lévy density x5(y) = p(y)B(1, e¥) and linear term

F=b- / y(B(L, e") — 1)u(y)dy. (6.4)

1

cf. (6.2). Note that the integral is convergent because of (B3). Let X be the corresponding
pssMp of index a. The jump kernel of X is J(z,y) = B(z,y)|z —y|~'~* and the infinitesimal
generator of X is given in (/6.3)). The following is an analog of Lemma .

Lemma 6.3. It holds that

1
—b = lim yl_10(y)eP(y)dy = p.v. / yu (y)dy.
0 JR jev—1|>¢ -1
Proof. We have
B eV
ey = [ @B dy
/]R,ey1>e [ } R,|e¥—1|>¢ [ ! |€y - 1|1+a

ey
= Yl (W)B(L ) e dy
/R,|eyl|>e [ ] |ey - 1|1+a
ey

1 1,eY) - B(1,1)) ——————d
F L B0, e) — B )y
=: Ji(€) + J2(e).
By Lemma [6.1], and since B(1,1) = 1, lim._, Ji(¢) = —b. On the other hand, by using (B3)

if & > 1, we conclude that

ey !
; — vy _ — vy _
ing 2(0) = [ 1) (B1.e") = D=y = [ (B(1.e) = Doy
This proves the first equality in the statement. For the second statement, note that for u —
B(1,u) is by (B3) bounded in a neighborhood of 1. Hence, yu®(y) = yu(y)B(1,e¥) < c1y™2,
and we obtain the conclusion in the same way as in Lemma . In the case o € (0,1), since
the integral is absolutely convergent, we use the dominated convergence theorem. O

In the context of pssMps it is natural to write the generator in the form (6.3) which involves
a cutoff function. On the other hand, in the multidimensional setting of regional non-local
operators, such as the infinitesimal generator of a censored a-stable process, generators are
usually written as principal value integrals. In the context of jump kernels decaying at the
boundary, such operators were studied in [14, Section 3.2] when B is symmetric (see (B4)
below). In the next result we reconcile these two approaches in the current setting. Let

Lf(z) = pv. /Ooo(f<z>—f<:v)>J<:c,z>dz=g% et (f(2) = f(2))B(x, 2)|x—=2 " d=.

Lemma 6.4. If f € C2((0,00)), then Lf(x) is well defined and Lf = Lf.
Proof. By (B2)(c), for any compact set K C (0,00) and € > 0,

/ B(x,z)dz < c(z, K, €) < oc.
z€K,|z—x|>€

Using this and (B3), one can follow the proofs of [14, Lemma 3.3 and Proposition 3.4] and
show that Lf is well defined for f € C?((0,0)).
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By the change of variables z = ze¥ we have:

/(0 o UE) @) e

-/ e ) Bl e dy
—o | o ) = @) B ey
e )~ J) ) dy

e (L (e = 1) = ) )

i ,ZL’ ~1.1 B d
@) [ o))
=27 J1(e) + xf'(x) J2(€)).

By the dominated convergence theorem,

g 7(6) = [ (#(ae?) = £(@) = af (@tian(o) o)

e—0

Since Lf(x) is well defined, we see that there also exists

. o B .
lim J5(€) = lim S Yl (y)p (y) dy = —b.
Thus
£ita) = =Bt @)+ a7 [ ($eer) = fla) = o @ptesn) Jn(0) dy
R
By Lemma [6.3] we sce that b = b and thus £ = L. O

Now we turn to the question of the behavior of the pssMp X at its absorption time. We
assume that

-1 o0
/ lyle? B(1, e¥)dy +/ ye “B(1,e")dy < oo. (6.5)
—00 1
Then fR W>1 ly| 1B (y)dy < oo, hence &, has finite expectation given by
E¢, = b+ / yn® (y)dy, (6.6)
R,|y[=1
cf. 28, Theorem 25.3, Example 25.12].
For v € R let
(147)z —(1+y)x 7:1:( (v—a+l)z _ 1)
e e e "(e
- _ = > 0.
0, (2) (er —1)i+a (1 —e-v)ita 1—eo)ita "

The next lemma follows immediately from the second expression of o, above.

Lemma 6.5. For every x > 0 it holds that o,(z) > 0 fora < 1+7, 0,(z) =0 fora =1+,
and o,(x) >0 for a > 1+7.

In the next result, we will also assume that, in addition to (B1)-(B3), B satisfies
(B4) Symmetry: B(z,y) = B(y,z) for all z,y > 0.



36 PANKI KIM RENMING SONG AND ZORAN VONDRACEK

Proposition 6.6. Let X be a pssMp with the infinitesimal generator L given in where
the jump kernel is B(z,y)|x — y|™=* and the linear term given in (6.4). Assume that B
satisfies (B1)-(B4) and (6.5). Let & be the corresponding Lévy process through the Lamperti
transform. Then B, >0 if a € (0,1), B§, =0 ifa =1, and E€, < 0 if a € (1,2).

Proof. Note that by Lemma and the fact that B(1,e¥) = B(e¥,1) = B(1,eY), it holds
that

1 1 1
—bzp-V-/ yu®(y)dy = lig%/ y(uB(y) — pP(—y))dy = lin%/ yoo(y)B(1, e")dy.
-1 € € e €

Similarly,

[ wf@dy= [ @) - iy = [ voo)BLendy.
R,|y|>1 1 1
The claim now follows from and Lemma O

We can also cover some cases with non-symmetric B(z,y).

Proposition 6.7. Let X be a pssMp with the infinitesimal generator L given in where
the jump kernel J(z,y) = (y/z)"|x — y|™' = with v € (—1,a) and the linear term is given in
. Let € be the corresponding Lévy process through the Lamperti transform. Then E€, > 0
ifa € (0,1+7), B, =0ifa=14+7, and B¢, <0 ifa € (1+7,2).

In particular, if v € [a/2,a) then EE, > 0.

Proof. Since B(z,y) = (y/x)” with v € (=1, ), we have that (6.5]) holds and that u?(y) —
pB(—y) = e uly) — e Wu(—y) = o,(y) for y > 0. By Lemma [6.3] it holds that

1
~b=puwv. / yu® (y)dy = hm/ 5(—y))dy = 1133/ yo,(y)dy
Similarly,
/ yp® (y)dy = / y(1P(y) — 1P (—y))dy = / yo-(y)dy.
RJyl>1 1 1
The claim now follows from Lemma [6.5] O

We end this subsection with a class of examples of modifying functions, satisfying (B1)-
(B4), which appeared in our papers [I4] [15] on the potential theory of Dirichlet forms with
jump kernels decaying at the boundary. For § > 0 and v > 0 with v = 0 if 8 = 0, we define

Blx,y) = (i@g)ﬁ (1 og <1+%)> . (6.7)

It is easy to check that B(x,y) satisfies (B1)-(B4). Since |§AZ| N1 = i—/v\z and |zvz| ANl =1,

E(m,y) is comparable to the l§($, y) in [14, (1.8)] with 8 = (1, v = B3 and B2 = 54 =0
When B(z,y) is equal to cB(x,y), we have that the Lévy measure 1®(y) of € is equal to ¢

times
ey 1Aer\”? ! 1+1Vey v
0
lev — 1|1+ \ 1V ev & 1AeY
"
= i (<@’ (log(1+ ™))" + Lgsope ™ (log(1 +¢”))”)
ey — 1|1+
ey

= fa e " (log(1+ M)
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If v = 0 (so there is no logarithmic term), we see that ;i is the Lévy measure of a Lamperti
stable process in the sense of [7].

Clearly, if B(x,y) is comparable to E(a:, y), then the corresponding Lévy measure p? satisfies
pE(y) =< 1Py), yeR\ {0},
7. APPENDIX

Proof of Lemma 4.2 We claim that for any 0 < j < k,
/ w (14 zu) " Fm(du) =0, z>0. (7.1)
(0,00)

(7.1]) is valid for k = 0 by assumption. Note that, for k =1,2,...,

k

0
W(l + I‘U)_l_a| S (1 + .Z'U)_l_a, €T > O,U > (.
Xz

Combining this with the integrability assumption of the lemma, we can exchange the order of
the differentiation and integration when we take the derivative of the left hand side of (4.2)).
Taking derivative with respect to x in (4.2]) we get

/ u(l+zu) " m(du) =0, x>0, (7.2)
(0,00)
and so ([7.1]) is valid for k = j = 1. Since

/ (1 +zu) "' m(du)
(0,00)

= / (14 2u) " m(du) — / zu(l+zu) 7" Im(du) =0, x>0,
(0,00)

(0,00)

(where the last equality follows from the assumption and (7.2))), we get that ([7.1)) is valid for
k =1 and j = 0. Now suppose that (7.1]) is valid for 0 < j < k. Taking derivative with
respect to z in (|7.1]), we get

/ W 4 zu) TR i (du) = 0, @ > 0.
(0,00)
Thus ([7.1)) is valid for 1 < j < k4 1. Noting that

/(0 )(1 + zu) " i (du)

= / (1 + 2u) " Fm(du) — / ru(l +2u) 7" m(du) =0, x>0,
(0,00) (0,00)
we get that (7.1]) is valid for 0 < 7 <k + 1.
Taking x = 1, we get that for any 0 < j <k,

/(0 ) m(l +u)” " m(du) = 0.

Since the linear span of the set { # : 0 < j < k} is an algebra of real-valued continuous

functions on (0, 00) which separates points of (0,00) and vanishes at infinity, by the Stone-
w

Weierstrass Theorem, the lincar span of the set {75 : 0 < j < k} is dense in Cg(0, 00)

with respect to the uniform topology. Thus for all g € C (0, 00),

/(0 (L4 () =0,
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which implies (14+u)~'~*m(du) is the zero measure on (0, 00). Therefore m is the zero measure
on (0,00). O
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