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Chapter 1

Introduction

Almost everything is said, until now, about algorithms for calculating with poly-
nomial splines, but sometimes we need some properties of a curve that polynomial
splines can not satisfy. For example, polynomials are inferior to approximate expo-
nential growth of a curve, or sometimes polynomial splines have some unnecessary
inflections that can not be removed. Also, for solving some specific differential
[16, 17, 3] or integral [9] equations, certain minimization problems [12, 7], or finding
kernel of differential operators [39, 29], it is much better to use curves picewisely
spanned by other functions than polynomials. These, and some other problems can
be resolved by using splines described by Chebyshev theory [39, 38]. Although,
theoretically, we know a lot about them, there are relatively few algorithms which
are stable when applied on a computer. More is said about splines associated with
extended Chebyshev systems and extended complete Chebyshev (ECC)-systems
[39, 21, 24, 23], but we have more freedom with those associated with canonical
complete Chebyshev (CCC)-system. The main idea of this thesis is generalization
of some algorithms for polynomial splines, based on knot insertion, to CCC—systems.

In Chapter 2 we introduce Chebyshev splines: starting with the definition
of CCC-systems, then through determinants, Chebyshev divided differences and
Green’s function we arrive to B-splines. We gathered here only those parts of the
whole theory, that we need, and for some theorems we give slightly updated proofs.
We are interested in the properties of B-splines, and the most important property
for us is the derivative formula (2.27) for B-splines, which connects the B-splines
of certain order with the B-splines of one order less. This derivative formula is the
basis for the development of knot insertion, and further algorithms described in
Chapter 3. First, we examine the single knot insertion matrices, then Oslo type
algorithms, giving the recurrence for elements of knot insertion matrices, with ret-
rospect on special cases for order 3 and 4. We end this chapter by generalizing the
well known de Boor algorithm, and again emphasize specially rearranged variant for
order 3 and 4.

After this theoretical part, to show the practical value of the algorithms from
Chapter 3, we apply them on four kinds of splines. As the first and most simple
example, in Chapter 4 we develop algorithms for weighted splines [7, 2, 33]. First,
we treat, as a special case, weighted splines of order 4, and then the splines of
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order higher than 4. These are the only splines of higher order we calculate with.
In particular, we give our consideration to calculation of the integrals of B-splines
associated with reduced systems, needed for knot insertion matrices.

The next example, g-splines [12, 3, 1], are also Chebyshev—polynomial splines
and we give two simple ways of calculating with them in Chapter 5.

Maybe the most interesting case in this thesis are the tension splines [18, 11, 13,
37, 19, 16, 17, 9], due to their good properties and wide application. In Chapter
6 we elaborate three kinds of tension splines: C', C?, which are mostly used, and
Chebyshev tension splines. The algorithms for calculating with these splines, as
well as for calculating the first and the second derivatives of the C!' and C? tension
splines, are described in details, with special emphasize on numerical stability.

Finally, cycloidal splines [5, 14, 15, 28] from Chapter 7 are our last example.
Again, we discuss three cases: equidistant, equidistant Bezier and nonequidistant
Bezier cycloidal splines, and explain the reasons for the way we defined them.

In the last Chapter 8, to illustrate the practical computer use of algorithms
based on Chapter 6, we list program codes involved in calculating with C! and C?
tension splines.

I sincerely thank my supervisor prof. Mladen Rogina for the support, lot of
patience, care, and very motivating guidance in making this thesis.



Chapter 2

Chebyshev splines

In this chapter we will give the preliminaries, 7.e. the basic facts of Chebyshev
theory [39, 38, 32] needed for our algorithms.

2.1 Canonical complete Chebyshev systems

Let {u;} be a set of functions sufficiently differentiable on the set I C R, and let
t1,t9,...,t,, be points in I such that
1 <t < "'<tm:xla"'7x1a"'al‘da"'7'rda
—_——— —_———
h la
where each z; is repeated exactly [; times with Zle [; = m. Then we define the
matrix associated with {u;}7* and {¢;}1* by

uy (1) up(w1) .- U (1)
Duy(z4) Dus(zy) -+ Dy (1)
(i | P D) Bt

v 1, y bm — L
et n(ra) () ()
Duy(z4) Duy(zq) --- Dy, (4)
| D' tug(zg) D' rug(mg) o0 Dl (zg)

We denote its determinant by

D( ti, .. tm ) ::detM( ti, ... tm )
Uty ooy U Uty ooy U
Definition 2.1 Let I be a subinterval of R, suppose Uy := {u;}¥ is a set of functions

in CK=Y(I), and let U, := {u;}7 form = 1,...,k — 1. We call U, an Extended
Complete Chebyshev (ECC)-system provided that

oot
Uty oo oy U

Dy, (t1,...,tm) ::D( >>0 forall t; <ty <---<t,,in [

7
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and allm =1,2,...,k.
Definition 2.2 Let u; be a bounded positive function on the interval [a,b], and let

there be given a measure vector do = (doy, . ..doy)T, where o, . .., 0 are bounded,
right continuous and monotone—increasing functions on [a,b]. Let

ug(z) = uy(x) /j dosy (1),

uk(x);ul(x) /jd@(@)/;.../am_ldak(fk),

for x € [a,b]. We call Uy, = {u;}¥ a Canonical Complete Chebyshev (CCC)-system.

(2.1)

We are particularly interested in CCC-systems with u; = 1 (see Theorem
2.15 and Remark 2.5). We can also define the i restricted CCC—systems U, i
{uy, ..., u;} associated with the restricted measure vector do'l!l := (do, . .. ,dal)T for
i=2,.. . k—1.

If all of the measures do; possess smooth densities:

¢
oi(t) = / w;(s)ds, i=2,...,k

with wy, ..., wy positive functions and w; € C*¥~*1([a, b)), then {1,uy,...ux} is an
ECC-system.

Lemma 2.1 Suppose {u;}} is a CCC-system on an interval |a,b]. Then each of
these functions can be extended to form a CCC-system on any interval [c,d] con-
taining |a, b].

Proof: We only need to extend u; to remain positive and bounded on [c, d], and
then to extend each of the o;, i« = 2,... k, to be bounded, right continuous, and
monotone increasing. |

Theorem 2.1 If {u;}¥ is a CCC-system on |a,b], then there exists a function i,
such that (7,5”1} = {u;}¥ U {1} is a CCC-system of k + 1 functions on [a,b]
associated with extended measure vector dg'*+! .= (do,, ... doy, dGpe1)".

Proof: We simply choose, for example, doy1 = d\ (or any other measure that
satisfies properties from Definition 2.2), where d\ is the Lebesgue measure, and

define
ﬁk+1 = ul( / dO’Q 7'2 / / d0k+1 Tk+1 [ |

Of course, such an extension U} K11 s not unique. The bar in the notation of
the extended measure vector and CCC-system emphasizes that dogyq is, in fact,

arbitrary. It is also obvious that (U,Lkﬂ])[k] = Uy.
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The i*" reduced system is defined to be a Chebyshev system corresponding to
the reduced measure vector, that is

do¥(8) := (doi12(9), ..., dop(9))" € R =1,k 2,

for § C [a,b] measurable with respect to all do;. We write Ulgi) = {u”}f; for
1=1,2,...,k—1, where

UZ'J(.I') = 1,

uip(r) = doiva(Tiva),

a

: z Tk—1
ui,k_i(x) = / d0i+2(7—l‘+2) .. / dO’k(Tk).

We can also define do® := do, do*~V := () and ug; := u;(x) for j = 1,...,k, as
well as Uék_l) = {1}.

Definition 2.3 The linear space S(k,do,uy) := span{Uy} is called a CCC—space if
Uk is a CCC-system. If uy =1 then S(k,do) := S(k,do,uy).

Remark 2.1 We denote the Lebesque measure as d\, the measure vector with all
measures equal to the Lebesque measure as dX\ := (dX,...,d)\), and the space of
polynomial splines as Py := S(k,d\).

Definition 2.4 Assuming that each of the functions uy, oo, ...,0, have been ex-
tended to an interval to the left of a and to the right of b, i.e. to an interval
[e,d] D [a,b] with ¢ < a, d > b according to Lemma 2.1, then for f € S(k,do,u,)
and x € [a,b] we define generalized derivatives as

L(j,d0'7ul) = D]’"'DlDo, j :0,...,]{]— 1,

where
Daf(e) = 10,
D,f(z) == lim fleto)=f®) .y k-1

6-0t 0j1(2 +0) — 0 ()

[f Uy = 1 then L(j,da’) = L(j,da,ul)-
According to Theorem 2.1, we can also define

i fl@+6) - f(x)
Dkf(x) = 61—>0+ 5-k+1(1' + 5) — 5'k;+1(x)7

for z € [a,b], and Lk douy) = Lk azb+1 4y) = Dy -+ - D1Dg. Then we have

0, i=1,2,...,]

L = .
(j,dor yup ) Wi { Wi, T=J+ 1,..., ]%',

for j=0,1,... k.
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Lemma 2.2 The functions uq,us, . .

Proof: Let = € [a,b], and assume that

aru () + agua(x) + - - - + agpug(x) =0

for some aq,ao, ..

CHAPTER 2. CHEBYSHEV SPLINES

., uy are linearly independent.

(2.3)

ar € R If we apply general derivatives Lj jou,), for j =

1,...,k—1, on (2.3), we get a system of k equations
a1 L do un) 1 (2) + a2 L dor w2 () + - - -+ @k L douyue(z) =0, j=0,1,... . k—1.
Because of (2.2), the determinant of this system is

[ ui(z) up(z)  us(z) ug(x)

0 1 ULQ(JZ') Ulkal(l')
det 0 0 1 U |—2 =ui(x) >0

i 0 0 0 1 |

for each = € [a, b], so the only solution is a; =0 for j =1,2,..., k. [

The direct consequence of Lemma 2.2 and the equations (2.2) is:

Theorem 2.2 CCC-space S(k,do,u,) is k-dimensional linear space and L; 4o u,)
is liner operator S(k,do,uy) — S(k — j,doW)) = span{U,i])} forj=1,... k-1

Finally, given uy, ..., u defined as in (2.1), we define the dual CCC—system U} =

{uy ?:1 by

ui(y) =1,
u(y) = / dory (7).

ur(y) : /ay do () /;c . -/;3 doa(72).

Let do* := (doy, ...doy)T, then S(k,do*) := span{uj, u},...u}}. For a given dual
CCC-system, as for any CCC-system, we define do™) := (doy_;,...,doy) and
the it reduced system U~ .= O i

u;k,l(y) - 1a

Y
Uf,z(y) :/ dok—i(Tk—:)

: Y Thk—1i T3
wli(y) = / dor (i) / / dos(rs),
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fori =0,1,...,k—1. Associated with this CCC-system, we have the dual derivatives
Lijdo+ : S(k,do*) — S(k — j,do™W)) = span{U,i*’(]))}:

Ljio+ = Dj -+ Dy, j=1,...,k—1,

where by Lemma 2.1, for f € S(k,do*) and x € [a, b], we define

CEl) = T fy) — fly —9) o B
Djf(y)'—615&ak_j+1(y)—ak_j+1(y—6)’ j=1,... k-1

The dual derivatives act on dual CCC-systems like the general derivatives on classic
CCC-systems:

- O, Z:17277j
L doyu; = { u;iij, 1=74+1,...,k,

forj=1,....k— 1.

Remark 2.2 Further we will use notation Uk(;s’z) = (Up)? and do'®?) = (do*)*
where s and z are any of (i), [i] or *.

2.2 Determinants and Chebyshev divided differ-
ences

Further, we need a generalization of divided differences, which play a very important
role in definition of the local basis for Chebyshev spline spaces, but first, we have
to define determinants D in a CCC-system. Let Uy be the given CCC-system, and
Ui, ..., U € S(k,do,uy). Then, if

ty,..., 1 i
M( 1 ) = [L(di,da,ul)vj(ti)}i,jil7

Viy.. ., Vg
where t; <ty < -+ < ¢, and

di::max{j:ti:---,ti,j}, 7;:172,...,]{],

D( ty .ot ) ::detM( ty .ot )
Uly...,Vg Uly..., Vg
The next lemma is important to prove Theorem 2.3, and it is a variant of the

Newton—Leibniz formula for Chebyshev spaces, which is the basis of the whole
Chebyshev theory.

then

Lemma 2.3 (Chebyshev Newton—Leibniz formula) Let S(k,do,ui) be a
CCC-space on [a,b], f € S(k,do,uy) and a < c < d<b. Then

fld) — f(o)

ui(d)  wi(c)

d
_ / Lty F(£) dors(1). (2.4)
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Proof: We will prove that (2.4) holds for the basis functions in S(k, do, u,), i.e.

that (@ 0 ;

u;(d uj(c

- = | Lidewyu;(t) dos(t 2.

= U8 = [ Lo dot) (25)
holds for j = 1,2,..., k. For j =1 (2.5) is trivial. Let us prove (2.5) for fixed j,
J=2,..., k. We can show a stronger assertion:

wl(@) =) = [ Dl do (2.6

forv=2,...,7, where

v = | do(r) [ dmatma) [ " oy,

To do that, we proceed by induction on i. The function wf has few simple proper-
ties:

Yl(t) > 0 for > a, and 9! (a) = 0, (2.7)
wl(t) = [ vl (m) dor),
Di—lwzj(t) = zj+1(t)a (2-8)

and because of (2.7) and (2.8), 17 is an increasing function. The basis of induction
(i = j) is trivial, because ¢j(t) = f; do;(7;). Now, assume that (2.6) holds for
4,7 —1,...,14+ 1, and let us show it holds for 7. Let us start with the right hand
side of the equation (2.6):

d . d J §) —
/ D;_14](t) doi(t) = / élir& @?Ei 1 5§ — fl((tt)) doi(t)
[l (m) doy(n)
:/ LS 7o ey 9
_ /d Iim S doi(mi) [T 0 o (1) doa (7i)
c 0—07F O'Z(t—f-(S) —O'Z(t)

B /d . [ doi(m) [T Dbl (1) doi (1)
I oi(t+0) — oi(t)

dO'Z' (t),
and if we take into account the induction assumption for wg’ 41, We get

T ot W) — Yl (a) doy(n)

d 1 t+6
= li I () dos (T
/c ot (Ui(t+5) o ), () dein)

@) ) o0
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Then, we apply wf 1(a) = 0 to the equation above, and use the Mean value theorem
for Lebesgue-Stieltjes integrals (see [4]) applied on ¢/, ;, which says that there exist

&1 (0), VL (t) < &a(6) < ¥l (t+6), (¥, is increasing and, in general, only
right continuous), such that

t4+6
/ %H 7i) doi(7i) = €i+1(5)/t doi(7i),

and we get

/C dDi,lwf(t) do(t) = / dél_i)r& (Uz(t f;;(i)gi(t) /t”‘s do, (Ti))dai(t)

/ werl daz
= J(d) — ¥ (c),

so, the assertion (2.6) is proved. [
Lemma 2.3 also produces a generalization of Taylor expansion for polynomials:

Lemma 2.4 (Chebyshev Taylor Expansion) Let S(k,do,u;) be a CCC-space
on la,b], f € S(k,do,u;) anda < c<d<b. Then forl=2,-- k

fa) _ 1) CdUT CdUT T207'
Ul(d) = Ul(C) ‘I‘L(l,do',m)f( )\/C d 2( 2)+L(2,da,u1)f( )\/c d 2( 2)\/6 d 3( 3)

d T2
+-+ L(l,27d0-7ul)f(c) / dO’Q(Tg) s / dgl—l(Tl—l) (29)

d Ti—2 TI—1
+ / doa(73) - - / doy 1 (7i1) / Ltcrdouny f (72) don(m),

and there exist {(d), infyepeq La—1,douw)f < E(d) < SUDefe,d] Lg-1,dounf such that

d d d .

ufl((d)) _ ufl((CC)) L(l,da’,u1)f(c)/c d0'2(7'2)+L(2,do',u1)f(C)/c dUZ(TZ)/C dos(73)
d TI—2

bt Liaananf(© [ doam)e [ doa(n) (2.10)

e(d) / “dos(ra) / " dora (o) / o).

Proof: We will prove (2.9) by induction. The basis is the Chebyshev Newton—
Leibniz formula (2.4). Let us assume that (2.9) holds for [ — 1:

fd) _ fle) d d -
wn(d)  w(e) +L(1,da',u1)f(c)/c daz(Tz)+L(2,da,u1)f(c)/C daz(TQ)/c dos(73)

d TI—2
P / doy(7s) - - / Litsdoanf(711) dors (i)



14 CHAPTER 2. CHEBYSHEV SPLINES
_ @
uy(c)
d TI—2
ot [Ldoam) o [ (Lo f (1) = Loczinan £(6)

+L(l—2,da,u1)f(c)>dal(Tlfl)a

d d T2
+L(1,da',u1)f(c>/ d02(7—2)+L(2,da',u1)f(C)/ dUz(Tz)/ dos(73)

then, again, by the Chebyshev Newton-Leibniz formula (2.4) applied on L2 go uy).f
this becomes (2.9). For proving (2.10) we need the fact that by the Mean value
theorem for Lebesgue—Stieltjes integrals we have

d d
/ f(7:)g(mi) doi(7;) = fz’l(d)/ g9(7i) doi(7;), (2.11)
for f and g right continuous, f bounded, g > 0 and

mifled) = inf (@) < 6a(@d) < M(Fled) = suwp fo). (212

ZEE[C,d J?E[C,d]

It is obvious that &;_; is also right continuous. Let

§ = L(lq,da,ul)fa
gll =1,

d Ti—1
g;(d) = / doi1(Tir) - / doy(n), forl=2,....1—-1.
Then by (2.11) and the inductive argument g! > 0, and
Ti—1 . Ti—1 .
| amdim donm) = 6atis) [ gl dontr,

with m(Lg-1,do.u) f, ¢, d]) < m(&, e, Tima]) < &ima(mim1) < M (&, [e, 7ima]) <
M(Lq-1,doum)f, [c,d]) and

dim & (7io1) = L-1.doun f(€)- (2.13)
For ¢ := & (2.10) is proved. [ |

Theorem 2.3 Let Uy be a CCC-system on the interval [a,b]. Then

D( t, .t )>0
Uty ..., Uk
foralla <t; <ty <--- <t <b.

Proof: The proof in [38] relies only on Lemma 2.3.
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Definition 2.5 Let a = t; < to < -+- < tpo1 = b, where each t; is repeated ;
times. Let Uyyy be a CCC-system and f a function for which all L;_y g1 ) f(ti),
j=1,...,1; exist. Chebyshev k'™ order divided difference with respect to CCC-system

Uk+1 1s a linear functional
D Ty ooy te
ULy - vy Uk, f

[tl,tz, . 7tk+1]Uk+1f = .
D( AR | )

Uty ey Ukt

(2.14)

Some properties of divided differences are listed in the next theorem:

Theorem 2.4
(i) Divided difference is a linear functional of the form:
d
[t ko, f = Z Z O‘i,jL(jfl,do-[k],ul)f(ti)a
i=1 j=1

where a; ; € R, oy, # 0, and the function f satisfies the smoothness conditions
from Definition 2.5.

(i)

[ty tert]ug,, v =0, for each u € S(k,do™ uy).

(i) If tis, ... tir1s i a sequence of points satisfying t; s — t when § — 0, then
for sufficiently smooth function f (as in Definition 2.5)

[tis, s terrsvea S — [t - ter]ug, f
for 6 — 0.

(iv) If t; # txy1, divided differences satisfy the recurrence:

[t27"'7tk+1](]][€’:]_1f_ [tl’“"tk]UIEk] f

—— ;o +1 . 2.15
g #1ltics [t tora] s wen — [E1, s k] ym U =)
E+1 k+1

Proof: The proof of (i) and (ii) is analogous to the proof for ECC-systems [39, 26];
the recurrence for divided differences in (iv) is the result of Miilbach’s recurrence
[25] and can easily be extended to CCC-systems [30].

Let us prove (iii). It is sufficient to consider the case where just one ¢ moves
with 6. Now suppose t; < -+ - < t; < tjy1 = =ty < tig1 < -+ < tgyq, and
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that ¢;115 — t;,,. Then

[ttt s, tiviats -+ thet] s, f
Uy (tiv1) - up(tiv1) f(tisa)
det N

Li-2douytr(tiv1) -+ La-2dou)te(tivi) La-2.dou)f(tiv1)
u(tigis) - uk(titis) f(tizis)

uy(tipr) -+ Upy1(tis1)

det N
Li-sdou)ytr(tiv1) - La-2.dou) e (tiv1)
w(tizes) - Upr1(tigrs5)

After applying Chebyshev Taylor expansion (2.10) on ui(titis)s- - - Ukt1(titrs),
f(ti+1s) and some simplifications, we get

[ttt tirs, Livigts - - tert) o f

uy(tiv1) -+ up(tiy1) f(tiva)
det N

Li-sdoumytr(tiv1) - Lu-2dou)te(tiv) La-2.dou)f(tiv1)
&1 (tivrs) -+ Ee(tivis) E(tivis)

wy(tipr) -+ W1 (tig1)

det N
Li-2deuyta(tiv1) - La-2.dou) et (tiv1)
&1 (tivrs) - Err1(tives)

for Lg—1deunti(tivi) < &(tivis) < La—1,dounti(tivis), @ = 1,...,k + 1, because
L1 dou)ui are increasing, and (see (2.12))

M(L-1.dou) fs [tivi, tivis]) < E(tivrs) < M(La—1,dou)f> [tivis tivis])-

By (2.13) &(tivi6) = La-1.dou)ti(tisi) and {(tivis) — La—1,dou)f (tivi) as tigs —
tf,, so by taking the limit, we obtain (iii). [

Remark 2.3 As we usually observe CCC-system Uy, then for Uy, from Defini-

tion 2.5, we take U,Lkﬂ]. In this case (UILHH)V‘“} = U,.
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2.3 Green’s function

Definition 2.6 For a CCC-space S(k,do,u1) the function G dou) (2, y) : [a,b] X
[a,b] — R defined by

Hkdoun)(T,y), T2,
G(k,da,ul)(%y) :{ 0, o otherwise,

where

x T2 Tk—1
H(k,da,m)(xa y) = Uz (l’) / d02(72) / o / dak(Tk)a
Yy Yy )

is called a Green's function with respect to do. If u1 =1 then Gk io) = G(kdou)
and H(k;’dg') = H(k,da,ul)-

The following theorems show some characteristic properties of the Green’s func-
tion:

Theorem 2.5 Fora<y<z<bandi=0,1...k—2 holds

k
G (h—isdor® ;) (T, Y) = Z (= 1) Mg gs(@)uf o (y)- (2.16)

l=1+1

Proof: To prove (2.16), let us define:

T Ti+2 Tk—1
VYi(z,y) = 5z‘($)/ d0i+2(ﬂ‘+2)/ d0i+3(ﬂ‘+3)"'/ do ()
Yy Yy Yy
fori=0,1,...,k—2, with

oy Ju(z) fori=0,
5z(x)_{1 fori=1,...,k—2.

So, we want to establish even more, that

k

viley) = D (1 i@ (y), (2.17)

l=i+1

holds for i = 0,1,...,k — 2 and all z,y € [a,b]. We prove this by induction on i.
For ©+ = k — 2 we have

(5k_2(ZL‘) /m dO’k(Tk) = (5k_2(ZL‘) /m dO’k(Tk) — 519—2(17) /y dO‘k(Tk)

= up_o2(2)ui(y) — up—2.1(z)us(y),

which is (2.17) in this case. Now assume that (2.17) holds for i +1,...,k — 2, and
we prove it for 2. We have

Vi(r,y) = 5z‘(l’)/ Vip1(Tive, y) doiya(Tiva) — 5z‘(l’)/ Viy1(Tive, y) doiya(Tira).
’ ’ (2.18)
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After applying the induction assumption to the first term of the right hand side of
(2.18), we see that it reduces to

k

Y D ui(@)ui (y):

l=i4+2

Now, a simple induction argument shows that

Yy
/ d0i+2(Ti+2)/ dUz+3 Tz+3 / dak Tk
a Y

(1) /dak(fk)/ dop 1 (e 1) - /aTi+3dai+2(Ti+2).

Since u; 1(x) =1 for i > 0, the second term of (2.18) is

(=" g1 (g (y),

and (2.17) is proved for i. |

Ti+2

Theorem 2.6
L do )G (k.dorun) (5 Y) = G oigon (5 Y)
fori=1,...,k—1.

Proof: If x > y, according to Theorem 2.5:

G(kdo-m T,y) :Z Uk;+1 1Y)

=1

From this, and (2.2), it follows that

k
Lii.doru) G (h,der ) (T, Y) = Z (—1)k_luz‘,z—i($)uz+1_z(y)-
I=i+1
The right hand side of the equation can be recognized as G ;_; 4o())- |
Theorem 2.7 Let r € Ly[a,b], and suppose fo,..., fr_1 are given real numbers.

Let u be the unique member of S(k,do,uy) such that
Lidouyu(a) = fi,  i=0,1,....k—1,

and let the measure doy,q1 be defined as in Theorem 2.1. Then
b
f(z) = u(z) +/ G (k,dor,un) (% T2 )T (Tho41) A1 (Tir1)

1s the unique solution of the initial-value problem

L(k7d&[k+1]’ul)f(l') = r(x), x € |a, b, (2.19)
L(i,do‘,ul)f(a) = fi, 1=0,1,...,k—1. (2.20)
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Proof: It is easily checked from Definition 2.6 and Theorem 2.6 that

b
L dorun) / G (k,dor ) (@, Tog )7 (k1) dOpg1 (Th41)|2=a = 0, 1=0,1,...,k—1,

and thus f satisfies the initial conditions (2.20). On the other hand, since

L, z2>y,
L(kfl,do',m)G(k,do',m)(xay) = { O, otﬂerwise,

we have
Lis-1,d0,u) (%) = Lk—1,doru)u(T) +/ 7(Tht1) dOpg1 (Tht1)-

After applying the differential operator Dy, with L1 4o, u(z) = const, we obtain
(2.19). |
As in the polynomial case, the function G 4o 4,) also plays an important role

in generalization of the Taylor expansion, and gives an alternative to the Lemma
2.4:

Theorem 2.8 (Generalized Taylor Expansion) Suppose L, gzik+1 ,,)f €
Ly[a,b]. Then for all a < x < b,

b
f(x) = us(x) +/ G (k.derur) (T, Thr1) Lk gz ten) gy f (Ter1) Ok g1 (Thgn),
where uy is the function in S(k,do,uy) such that
L(i,da’,ul)uf(a) - L(i,da’,ul)f(a)v 1= Oa ]-7 ey k—1.

Proof: Let

b
9(x) = uy(x) +/ G (h,doru1) (@ T 1) L a4 ) f (Tt 1) dOkgr (Thor)-

Theorem 2.7 implies that L, gzn+11 ) (2) = Ly azik11 4,y 9 (), for all a < z <D,
and thus f — g € S(k,do,uy). But, as Theorem 2.7 also asserts that L o u,)(f —
g)(a)=0,1=0,1,...,k — 1, we conclude that f = g. |

Analogously, we can prove the dual version of previous theorems:

Theorem 2.9 If do'*~1 = (doy, ... doy_;)" is the restricted measure vector, then

Lii,ao+) Gk dorun) (%) = (=1)'G oy ot ) (2, )

fori=1,... k—1.
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Theorem 2.10 Let r € Li[a,b], and suppose fo, ..., fr_1 are given real numbers.
Let u* be the unique member of S(k,do,uy) such that

L goyu”(b) = fi, i=0,1,...,k—1.

Then ,
fly) =u"(y) + / (_1)kT(Tk+1)G(k,da,ul)(Tk+1,y) df_TZH(TkH),

where do},, is the extension of do* according to Theorem 2.1, dg™ k1) .= (doy,
...dog, 5;§+1)T, 18 the unique solution of the initial-value problem

L(k,d&(*»[kﬂ]))f(y) = r(y), y € [a, b]’
L(i,da*)f(b) = fi, 1=0,1,...,k—1.

Theorem 2.11 (Dual Taylor Expansion) Let L 454y f € Lila,b]. Then
for all a <y < b,

b
f(?J)I“?(Z/)Jr/ G (ko) (Tt 1, Y) (1) L ageeterny f (Tisr) d0f oy (Tir), (2:21)

where doy,, is as in Theorem 2.10, and u} is an element of S(k,do™) such that

L(i,da*)u?(b) = L(i,da*)f(b), 1=0,1,...,k—1.

2.4 Chebyshev B-splines

For a partition A = {;}}T} of an interval [a,b], given multiplicity vector m =
(my,...,my), (0 < m; < k), and M := 22:1 m;, we shall denote by T'(am) =

{t1...taprn}, an extended partition in the usual way:
t1 < ... <t =29 = a,

tk—i—l < <tk+M:xla"')'rla"')xla"')xla (222)
—— ——

mi my
b= =t <o < lopgur
When it is obvious which partition and multiplicity vector the extended partition

is associated with, we will use shorter notation: T' := T'(a ). Most often, to avoid

that the first £ — 1 or the last k¥ — 1 knots lie outside the interval [a, b], we take
tl :...:tk:xozaandb:xlﬂ :tk—f—M—f—l:u':tQk-i-M'

Definition 2.7 Let S(k,do,uy) be a CCC-space. A set S(k,do,uy,T) of bounded
functions on [a,b] such that:

(i) foreachs € S(k,do,uy, T) and eachi =0, ...,l, there exists s; € S(k,do, uy)
such that s|ig, 2,1 = Silwiesii]s
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(ZZ) L(j,do‘,ul)si—l(xi) = L(j,da’,ul)si(l‘i) fO’f’j = O, ey k? —m; — ]_, Z = ]_, e ,l
is called the space of Chebyshev splines on extended partition T'. If uy = 1, then
S(k,do,T) :=S(k,do,uy, T).

It is clear that S(k,do,uq, T) is a linear space. It can be easy proved (see [38])
that
n:=dimS(k,do,u,, T) =k + M.

For our purpose, the most convenient basis for S(k, do, uy, T') are B-splines:

Definition 2.8 Given an extended partition T = {t;}7% as in (2.22), with t; <
tivk fori = k,...,n, and CCC-system U, we define the associated normalized
B-spline, or just B-spline T(’Z dour, ) @S

T(]Zda,ul,:r)(x) = Oéé,daw,[mm,ul,T)Ql(gi,daw,[mln,uhr) (@),
ngi,d&(*»[k+1]),u1,T) (l‘) = (—]_)k[t“ e 7ti+k]Ulg*’[k+1])G(kvdayul)(:L‘7 -)7 (223)

D(tia ooy ligk ) D (tiJrla cey tz'Jrkl)
* =k * *
. B uy, .., Uy ul, ..., Ul
Yl de b1y ) "
D lit1y - Ligk D Liy vy tivk—1
* * * *
/LLl’ e ey Uk, ul’ c ey Uk

Jor v = 1,...,n + k, with the extension u; ., of U; as in Theorem 2.1. The
spline Q’é’d&(&[kﬂp’%ﬂ is called unnormalized B-spline. If u; = 1 then T(";’dU’T) =

T(lz,do',ul,T)J Ql&,dc—,u,[kﬂl),:r) = Q’é’d&(*,[kﬂl)’m?T) and alé,dc—,u,[kﬂl),;r) = alé,dc—,w,[mm,ul,:ry
Theorem 2.12 B-splines T(’;dm%,_r), 1 =1,...,n from Definition 2.8 make a basis
for S(k,do,uy,T), and &’&7d&(*7[k+1])7u17T) > 0.

Proof: See [38, 39]. |

Although unnormalized B-splines QZ 4O 41 4y ) in (2.23) depend on extension

by measure doj,,, in the extended CCC-system U é*’kﬂ)

chosen, for normalized B-splines this is not true:

, which can be arbitrarily

Lemma 2.5 The B-spline T(k. do ur T) does not depend on the function uj_ ,, i.e. on
1, ,U1,
the measure doy, ., by which we extend the CCC-system.

Proof: From Definition 2.8 follows that

D(tia ooy Ligk ) D (tiJrla cees tz'Jrkl)
UL, ey Uy uy, ..., Up_q
Tty () = (~1f e e J At o

D( i+15 e i+k)D( iy e i+l<:—1>

* * * *

/U/17 ey uk /U/17 ey uk

D tis ooy Ligk—1,  ligk
* * G
Upy - ovy  Up, (k,do,u1)

)
D tia "'7ti+k
* %
Upy ooy Upyg

(2.24)
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so determinants which depend on uj_ , cancel. n
We now continue with some properties of the B-splines:

Theorem 2.13 Let T = {t;}}"* be an extended partition of [a,b], as in (2.22). Let

T(Ij dorur T) (x) be the B-spline associated with t;,... tivk, t; < tivg, i1 =1,2,... n.
Then

nga’uhH (x) =0, x <t;and x> t;p,

T(Ig,da,ul,T) (.’L’) > 07 ti << tiJrka

1=1,2,...,n, and
n

T(lz,da,ul,T) (7) = uy ()
i=1

2

foralla < x <b.

Proof: See [38, 39] [ |

Remark 2.4 Direct consequence of Theorem 2.13 s that for uy = 1 B-splines make
a partition of unity:

ZT(Iz,da,T)(x) =1 (2.25)
i=1
for all z € |a, b].

Theorem 2.14 (Peano representation of Chebyshev divided differences)
Let L(k dal(:,[kﬂ]))f S Ll[ti, tz’+k]- Then

titk
k —
[t s bl f = ) Qa1 ) (T 1) Ly, g et F(Th1) A0y (T,

with doy_, as in Theorem 2.10.

Proof: We simply apply the divided difference to the dual Taylor expansion (2.21)
and use Definition 2.8. |

Lemma 2.6 B-spline is equal to the difference of divided differences of Green’s
function:

T3 e (%) = (_1)k<[ti+1> s tink]ur Gkdor ) (T, 0) —

[tia cee 7ti+k71]U;G(k,da,u1)(x7 )) .
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Proof: The well known Sylvester’s identity, which is very important in total posi-
tivity theory (see page 8 in [10]), gives us

D bit1y o tivk—1 D Uiy ooy bivk—1,  tivk _
* * * * -
uy, ..., Up_4 uy, ooy un, Grdou)
D bit1y - oo tivk—1,  tivk D biy ooy Lig—1\
* * * *
uy, ooy Uiy Glrdou) uy, ..., uj
D Liy « oy tivk—2, tiyk—1 D lit1, - bitk
* * G * * )
Ul, ey Uk_l, (k;,da',ul) Ul, ey /U/k,

and the proof follows from (2.24) and (2.23) when we divide both sides of the
equation above with the product of positive determinants

D Lit1s - bitk D Liy ooy tivk—1
* * * * Y
ul, 0oy uk ul’ LR ] uk

and use the definition of divided difference (2.14). |
Theorem 2.15 The B-splines T(";?da’uhT) € S(k,do,u,,T), T(lz,da',T) € S(k,do,T)
satisfy:
T(Ig,da',ul,T)("L‘) = Ul(ZL‘) ’ T(lz,da-,T)("L‘% i=1,...,n,
for x € [a, b].
Proof: The proof follows directly from (2.24) and Theorem 2.9. [

Remark 2.5 Because of Theorem 2.15 from now on we can assume, without loss
of generality, that u; = 1.

With u; = 1, B-splines have one more important property: the continuity of B-
splines as a function of their knots, or to be precise:

Theorem 2.16 Let

Tﬁda(x; li, ti+17 <. 7ti+k) = T(I;do-,T) (.’L’), (226)
forx € [a,b] and i = 1,....,n. Iftis,... . tisks 1S a sequence of points satisfying
tj,5_>t;r:j:ia---,’i+]€, when 6 — 0, then

Tﬁda(% tigs o tiks) — Thae(@itis - tigk)
when 6 — 0.

Proof: The proof of Theorem 2.16 follows from Lemma 2.6, and Theorem 2.4 (iii).
|

Remark 2.6 The use of different font in the notation ofo’da emphasizes that func-
ida and T(";’dU,T) have different arguments: Tida s a function of v, t;, tiiq, ...,

tivk, while T(lz,da',T) is a function of x, i.e. t;, tiy1, ... tix are fived.

tions T
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It is known that the de Boor-Cox type recurrence does not exist for the general
Chebyshev splines [40], so we will use the derivative formula (2.27) [31, 32] when

applicable.

Theorem 2.17 (Derivative formula) Let L(1,46) be the first generalized deriva-
tive with respect to CCC-space S(k,deo), and let the multiplicity vector m = (my,
.,my) satisfy m; < k fori=1,...,1. Then for x € [a,b] and i = 1,...,n, the

following derivative formula holds:

! (x) 1 (x)
(i,do) T (i4+1,de (V) T)
L(l,da’)T(lz,do-,T) (z) = -

Y

k—1 k—1
C(Z,dO',T) C(Z"l‘l,dﬂ',T)
where

b1 titk—1 1
O(i,do’,T) ::/t T(i,da(l),T)(TQ) doy(T2).

Proof: According to Lemma 2.6

Tt aomy(@) = (~1F (Itiss - tisnlig G () -
[tir - tiek 1) G (2, .)).
After applying derivative L 40y on (2.29), we conclude that
Lio) T oy (%) = —(wis1 — wi),
with (see Theorem 2.6)
wi = (=DM, ... stivk—1)ur G e—1,400) (T, 7).
The order of the divided difference can be reduced by Theorem 2.4 (iv):

(_1)k—1
Wi = ” ([ti+1, - ,ti+k—1]U]£*,[k—1]>G(k_l,dau))(90, )

— [ti, - 7ti+k72]Ulg*7[k—1])G(kfl,do-(l))(xa ))7

Vi i = [tivts - tipra] ooty = [ty oo tipk—a] e - U
k k
It is trivial to see that U,g*’[kfl]) = U,g(l)’*), which implies

(_1)k—1
wi= <[ti+17~--atiJrkfl]U]g(l)v*)G(k;—l,da-(l))(xa’)

= [t stk @0 G140 00) (2, '))»

and
P * *
Vi = [tiv1, .- ,tiJrk,l]Ulgu),*)uk — [ts, ... ,tHk,g]Ulgu),*)uk.

(2.27)

(2.28)

(2.29)

(2.30)
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As in (2.29), we conclude that

so it only remains to prove that v; = C’éfdir ) The recurrence for divided differences
(2.15) in S(k, dg (M=) with dg((W*F) = (doy, ..., dos,dot)T (see Remark 2.3),
applied to uj gives

. [ti—i—l) e ,ti+k_1]U]£(1),*)uz — [tl, e ,ti+k_2]U]£(1),*)uZ
[ti, Ce 7ti+k71] ’Ig(l),*,[k])uk = [t : ] o — [t n ] i 9
i+1y -y bi+k—1 U}i(l),*) k iy Vi+k—2 U}i(l),*) k
(2.31)

where @} is the element from the extended reduced system (see Theorem 2.1):

i) = [ dntm) [ [Cdotm) [ doi)

From equations (2.30) and (2.31) follows:

%= [t il g - ([tiJrla s tipka] ot = [t tz’+k72]UIg<1>,*>ﬂZ>-

By using the Peano representation of Chebyshev divided differences (Theorem 2.14),
we conclude that

titk—1
* k—1 * — %
[tiy. s tigh—1] *ém,*,[k])uk = / (i,d (D)=, [K) 1) (7-2)L(kfl,dﬁ((l%*v[k]))uk(TQ> doy(72),
t;

(2.32)
and by trivial calculation we get

B y
Lo vam iyt (y) = Dy / dors(rs),

with

~ . fly) = fly—9)
Dy f(y) := lim — —
W= i) — doiy - 9)
for f € S(k,do*,T). If we choose do; = doy, then do* = d&'(V*k) and once

more, the Sylvester identity gives

k-1 . ,*
U do T) = ([ti+1, e ati-i-k—l]U]i(l),*)Uk — [t, ... 7ti+k—2]Ulg(1),*)U]g)a

where a](“ifdla* ) 18 the normalizing constant from Definition 2.8. Also

Li—1,a6@= 00y (y) = Lg-1,d0u5(y) = 1,
then from (2.32) follows

titk—1
[tia s 7ti+k71](jlg(1)»*v[k])uz = / I&le,,*@) (72) dUz(TQ)-
t

With this we accomplished (2.27). If some m; = k — 1 or m; = k, then in (2.27) we
just have the right continuity. ]
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Corollary 2.1 Let f € S(k,do,T), f(z) =) 1ajT’; i) () for x € la,b], with
S(k,do) and m the multiplicity vector as in Theorem 2.17. Then

L(l,do‘ Z a’jT(‘k]‘ dlo.(l) T) ) (233)
where 0 —a
aj = é«kiljl (2.34)
(j,do, T)
forj=2,...,n

Proof: When we apply L (1.dor) on f(z), use Theorem 2.17, and the fact that for
. € [a,b], T1da<1>)( x) = T(nJrldo'( ))( x) = 0, we get (2.33) with coefficients (2.34).

Corollary 2.2 Let the CCC-space S(k,do) and the multiplicity vector m be as in
Theorem 2.17, and = € [a,b]. Then

JETEL 4 gy (72)doa(72) ftm 1o ) (72)d02(T2)
C«k 1 Ck; 1 :

(¢,do,T) (i+1,do,T)

T(’?,da,T) (z) — T(lz,da,T)(tz‘) =
(2.35)

Proof: If the multiplicity of every knot contained in the support [t;,¢;1x] of the
B-spline T( dor.T) is less then k, or the multiplicity of the ¢;, is equal to k, then by
integrating the derivative formula (2.27) from t; to x, we get our assertion (2.35).
In this case T( dor T)( ;) = 0. When the multiplicity of ¢; is equal to k, the derivative
formula (2.27) gives

k—1
T(Hl do M), T) (3:)
C«k 1

(i+1,do,T)

L(lsz)T(lg,da,T) (ZL‘) = -

By integrating this equation, together with T(’;?’da ) (t;) =1, we get

s doy(72)

t z+1d )(72) 2\12

T(l;,da',T) (l‘) —1= = C;: 1 )
(i+1,do,T)

what is again equal to the assertion (2.35), upon which the de Boor’s maxim is
applied: anything multiplied by zero is zero, in fact, in our case, zero divided by
anything is zero. ]

Corollary 2.3 Let the CCC-space S(k,do) and the multiplicity vector m be as in
Theorem 2.17, t; < tiyr_1 and x € [a,b]. Then

/ T(]j;l w1y (12) doa(12) = Cf; o T Z T, dom)( (2.36)
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Proof: For x € [t;,t;1r_1] by consecutive use of Corollary 2.2 on T(I;‘,da,Ty j =
i,...,1+k—2, and because T(’;.vme)(x) =0,j=i+k—1,....,nforx € [t; tirx_1],
we have

. ith—2
/ T(Iz;z;uw)(@) doy(7s) = C(kijd}J',T) Z (T oy (2) = T(; 4 (1))

j=i

but as {t; };i’j’l contains only the points of multiplicity less than &, because of the
assumption t; < t;4x_1, the previous equation gives (2.36). For x < t;, both sides
of the equation (2.36) are equal to zero, while for z > ¢; ;1

Y Thaom (@) =1,
j=i

so the assertion holds for this case also. [ |

2.5 Integrals of B-splines

Theorem 2.16 assures that B-splines are continuous functions of their knots. To
prove the same for the integrals of B-splines, we need a theorem from the measure
theory:

Theorem 2.18 (Lebesgue dominated convergence theorem) If (f;) is a se-
quence of measurable functions on a measure space (X, M, ) such that lim; f; = f
(a.e.), and if |fi| < g for all l, where g is integrable on X, then

li}n/Xfld,u:/de,u.

Proof: See [4]. |
Theorem 2.19 Let
Cﬁ;ol_(tz, N ,tiJrk,l) = C(kz',_di',T)’
fori =2,....n. Iftis,... . tizk—1,5 1S a sequence of points satisfying t;s — t;r,

j=i,...,i+k—1, when § — 0, then

Choaltisn - tisho1s) — Chad(tiy. . tivni)

when § — 0.

Proof: The proof is a direct consequence of Theorem 2.18. First, let us fix ¢+ =
2,...,m, letagté < ---<t§+k71 <banda<t; <--- <tiyp1 < bsuch that

1ilm (ot ) = ().
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We have to check that

ek ! ! R
/ Ti,;o'(l) (72;tl',~~~,ti+k,1)d02(7'2) — / Tz do(D) (Tg;tz‘,...,tz‘+k_1)d0'2(7'2),
ti t;

(2.37)
when (¢t ) — (&, ..., t ;) for Tk ', defined in (2.26), because

tz-Hc 1
Cfd;(tl "‘7ti‘+k—1> :/ Tk ! (T2ati7'--7t§+k—1)d02(72>‘
t

Let
fl( ) —Tk 1(1)(xatﬁ7"'7tli+k71>

for x € [a,b]. We have to check if the conditions of Theorem 2.18 are fulfilled.
Because of Theorem 2.13 we have

[fil@)] < 1= g(x)

for z € [a,b] and each [, and from Theorem 2.16 we get
hpﬂ@:f()—ﬁﬁm(t.”@qu

for each z € [a, b], so (2.37) holds. |
Here, again, we apply the same arguments for using the notation Cﬁg; as in Remark
2.6.

Remark 2.7 [t can be easily shown that Tf;(l) (;ti, ..., tiyk—1) and Cfd;( e
tivk—1) are continuous functions of their knots, if each o; is a continuous function

on la,b] for j=2,... k.

Because of Theorem 2.19 and Remark 2.7, it will be sufficient to calculate only
the integrals of B-splines associated with the extended partition with all interior
knots of multiplicity one for which we will usually have explicit formulse. For all
other cases of extended partitions, we just take the limits of the knots.



Chapter 3

Knot insertion

There are a lot of algorithms for calculating with polynomial splines based on knot
insertion [8]. Our attempt is to generalize some of these algorithms to a general class
of Chebyshev splines. In this chapter we introduce the knot insertion for Chebyshev
splines, and algorithms based on it [34, 36]. This topic has already been elaborated
in [21, 22, 23, 27, 24], but from a different point of view. Although geometrical
approach they offer is very nice and more theoretical, practical realization, as well
as numerical stability, are not discussed. As we will show in this chapter for the
general case, and for the special cases of CCC—systems in chapters 4, 5, 6 and 7,
we manage to avoid the problems with numerical stability in our algorithms.

In the previous chapter we have introduced a very important equation: the
derivative formula (2.27), so the first idea that occurs is to build an algorithm
which calculates a spline by recursive use of integral version of the derivative formula
(2.35). It is very easy to see that (2.35) can lead to an error caused by catastrophic
cancellation for some values of x. To confirm this assertion, we use such an algorithm
to calculate the most simplest splines: the polynomial splines.

Example 3.1 Let us observe Bezier splines of order k = 8, with extended partition

T where ty = -+ = tg = 0 and tg = --- = t1¢ = 1. The integrals in (2.35)
are calculated by Gauss—Legendre quadrature formula. The Table 3.1 shows relative
errors of the values of B-splines T(i’dA’T) (x) fori=1,...,8, at the points x given

at the top of the table. B-splines are calculated with the recursive use of derivative
formula, and compared to the de Boor algorithm. According to the table, the biggest
error is for T(S1 IAT) (x) when x approaches 1.

3.1 Knot insertion matrices

Definition 3.1 Let A and A be arbitrary partitions of [a,b], m and m their mul-
tiplicity vectors, T := T' A m) and T := T(A ) associated extended partitions, such
that S(k,do,T) C S(k,do,T). Let T = {t;}"2F and T = {£;}71", with n < m,

and let T(’j.’da’T), T(’:’daj) be B-splines in S(k,do,T), S(k‘,da,'f) respectively. If

29
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| d\z || 0.75000000 | 0.87500000 | 0.93750000 | 0.96875000 | 0.98437500 |

1 [ -0.7731D-11 [ 0.3783D-08 | -0.2012D-06 | -0.1621D-04 | 0.2808D-02
2 | 0.1516D-12 | -0.3409D-09 | 0.1490D-08 | -0.3076D-06 | -0.3681D-04
3 ]| 0.1853D-12 | 0.2495D-10 | 0.3311D-10 | 0.1323D-07 | 0.1640D-06
4| -0.1684D-13 | -0.7127D-12 | 0.8389D-11 | -0.7683D-10 | 0.4101D-08
5 || -0.7860D-14 | -0.1358D-12 | -0.1119D-11 | -0.9500D-11 | -0.1193D-09
6 | 0.5347D-14 | 0.3463D-13 | 0.9157D-13 | 0.5219D-12 | 0.2009D-11
7 || -0.2673D-14 | -0.3393D-14 | -0.1682D-14 | -0.8596D-14 | -0.3905D-14
8 || -0.2287D-14 | -0.2544D-14 | -0.2616D-14 | -0.1941D-14 | -0.2603D-14
| d\z || 0.99218750 | 0.99609375 | 0.99804688 | 0.99902344
1 ] 0.1250D+00 [ 0.4300D+02 | -0.1791D+04 | -0.2294D+06
2 || -0.2215D-02 | -0.9020D-01 | -0.1957D-02 | 0.2893D+03
3| 0.1098D-04 | -0.6664D-04 | -0.4245D-02 | -0.5551D+00
4] 0.2899D-07 | 0.1484D-05 | 0.2532D-04 | 0.7497D-03
5 || -0.9730D-09 | -0.7426D-08 | -0.7057D-07 | -0.7397D-06
6 || 0.9616D-11| 0.2937D-10 | 0.1420D-09 | 0.6090D-09
7 || -0.7448D-14 | -0.4001D-13 | -0.8627D-13 | -0.1197D-12
8 || -0.2815D-14 | -0.1940D-14 | -0.1913D-14 | -0.2236D-14
Table 3.1: Relative error of Bezier splines calculated with recursive use of the

derivative formula

f eS8k, do,T) is given with

k
then m X n matriz F(d )

with ¢ := (cq, .. .,
order k fromT to T.

CE)T

n

f(l‘) :ZC] jdch)

j=1

d=r*

and d := (dy, . ..

(do, T, T)©

Zd (i,do,T) :L‘

[/sz,j]:‘r:?,j:b such that

,dm)T, is called the knot insertion matrix of

The next theorem is an alternative definition of the knot insertion matrix:

Theorem 3.1 Let S(k,do,T) C S(k,do, T) as in Definition 3.1, and let T(’;da’T ,

Tk

(i,do,T)

T(_] do T

be B-splines from these spline spaces respectively. Then

Z’y@] zdaT

Proof: Follows directly from Definition 3.1 and the linear independence of B-splines
(see Theorem 2.12).

j=1,...

, 1.
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Theorem 3.2 The knot insertion matriz is unique.

Proof: The uniqueness follows from Theorem 3.1 and the linear independence of
B-splines. |
For each row of knot insertion matrix we have:

k

Theorem 3.3 The elements of knot insertion matrix F(da T satisfy:

> k=1, i=1,...m.
j=1

Proof: From Definition 3.1 we have

n

k .
d; = E CiV%i g0 1=1,...m,

J=1

and the rest follows from partition of unity (2.25).

3.2 Single knot insertion matrices

Our goal is to calculate explicitly the nontrivial elements of the knot insertion
matrix. We start by considering the knot insertion matrices for inserting just one
knot.

Let T = T am) = {tj}?if be the extended partition as defined in (2.22), and
let t € (t;,ti11) C [a,b]. Let us denote T :=T U {t} = {fj};‘i{““ with

fj:tijI'j:]_,...,Z., 7?1‘4_1:{, fj:tj_lforjzi—l—?,...,n—I—k:—I—l,

and let S(k,do, T) and S(k, do, T) be the spline spaces associated with T and T.
Then, we will denote the B-splines in these spline spaces, as well as in the reduced
spaces, with:

k=l . k=l k-l ._ k-l

for l =0,...,k — 1, and their integrals:

titk—1
N k—1 ) k—1
Cr(j) = C(j’da(l—l)yT) = /t Tj’da.(l)(Tl—l—l) doi1(Ti41), (3.2)
i
A - k—1 ikt Fk—1
Ckfl(]) = C(j’da(lfl)yf) ::/t Tj’da.(z) (Tl+1)dal+1(7—l+l)7 (3-3)
j
forl =1,...,k — 1. We will also use new notation for the single knot insertion
matrix Fl(da<k—l>,T,E) = Fido'(k—l),T,T) and for the multiplicity vector

mb = (1,...,1). (3.4)
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Theorem 3.4 Let T := T (5 ) = {tj}?if be an extended partition of [a,b] with
all interior knots of multiplicity one. Let Uy, = {1, us, ..., ux} be the CCC-system
associated with the measure vector do = (doy,...,doy)". Fort € (a,b), and i
such that t € (t;,tiy1), let T =T U{t}. Then the nontrivial elements of the knot
insertion matrix Fl(da(k,l)ﬂ,@ = [vi,] of order | from T to T are:
7]1”. =1 forj <i,
’y},jfl =1 forj>i+1,

forl=1, and
’Yé’,j: 1 for j <i—1+1,
L a1Cia() : o
Yii = Vi () fore—1+2<j5 <4,

l -1 Cia(y + 1) (3:5)

Yii-1= Vj+1j Cl_l(j) fori—i+2< j =1

7§7j_1 = 1 fOI‘j > 1+ 1,

forl =2 ...k, where C;_1(j) and C_’l_l_(j), forl =2 ...k, are defined as in (3.2)
and (3.3). B-splines T;’;}r(,@,m) and T]Z},w—m) are associated with the extended
partitions T and T, respectively.

Proof: We will prove Theorem 3.4 by induction and Theorem 3.1. The knot

insertion matrix of order 1, F(lda(k_l) 7)) is trivial. Let us assume that the theorem

holds for [ — 1. By (3.1), let us define

f(z) = ;,dg(k—w (),

_ 1C0)
— /y]’j Cl_l(j) j,do'(kfl)

Cra(j+2) -

-1 1-1\J !

g(x) (z) + 7j+2,j+1m j+1,do (k=D (z).

We need to prove that f = g, because from that we directly get (3.5). We will do
that by using the fact that two splines are equal if and only if they have equal gener-
alized derivatives and the same value at the same point, what follows from Cheby-
shev Newton-Leibniz formula (2.4). Obviously, f(t;) = ¢(t;), then by derivative

formula (2.27) and the use of Fi;(k—lﬂ),T@’ we have

[—1 -1
Ly jo-nf = ijd”(kf”l) o Tj+1,da(’“*l“)
(1,der5) Cia(j)  Ca(+1)

1 ( _ _
I—1pl—1 -1 -1
= < \ V5.4 T (k—1+1) T V11, ik (k—l+1)>
Cl—l(j) 13 T jdo J+L17 j+1,do

1 < _ _
-1 -1 -1 -1
- 4 Vi+1 L sy T Vi1l (k—z+1>>
Cl—l(] + 1) J+1J j+1l,do JT4] j+2,do

-1 -1 -1
_ i st <’Yj+1,j Ui )—1_1

= lel(j) §,dor(k=1+1) + lel(j) lel(j + 1) j+1,do(k=1+1)
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-1
i1 g1
Ci_1(j 4 1) d+2dot=tte
N 51

I g ,-Yl*l Cl*l(]) 7_Yj7do.(k—l-%-1) 7}+17da(k—l+1)

k=-0)g =V} : 7 iy T

a2 =0 L)\ Gal) GG+ 1)

-~ . -1 51

-1 Gl +2) <Tj+1,da<k—l+l) Tj+2,da<k—l+1>>

+A5Ts ; ~ . O ]
VRO LGH D\ GLG ) G +2)

VAR VIS S e/ PR L¢)
Cr_1(j) 3o T G (1) Cr-1(7)
ibinCaG+2)Y 2o e g
Cia(j+1) N T () A

If we integrate equation (3.1) and apply it to the knot insertion matrix

-1
F(do.(k—l+1)7T7a7 we get

Croa(r) =7, Cia(n) + 9,51, Cra(r +1), - r=5.5+1,
and therefore Ly jot:-0)f = L1 go-0)9- |

Corollary 3.1 Let T = T'(a m) be an extended partition of [a,b] associated with an
arbitrary multiplicity vector m = (my,...,my), t € (x;,xi41), and let A = {y;}33"
where M := Z§'=1 m;, and

Yo = Zo,

J
ysj71+1 = .I'j, So ‘= 0, Sj = Zmr,
r=1
y8j71+1 < y8j71+2 <0 K ij < y8j+17
Ys; < t,

Ym+1 = Ti+1,

forg=1,...,1 ]fi:' = T(ﬁ,m(l)y then forl=1,....k

I !
F(daw—l),’f@ ’ F(da““‘”,T@’

when ys,_yr — x; forj=1,...landr=2,...,m,.

Proof: This Corollary is a direct consequence of the application of Theorem 2.19
on Theorem 3.4. [ |

Remark 3.1 According to Remark 2.7, single knot insertion matrices are con-
tinuous functions of (ti,...,tn+x) if each o; is continuous function on [a,b] for
j=2,...,k.
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Corollary 3.2 For T as in Corollary 3.1 and 1 =1,...,k, it is valid that

l
F(da(kil) 7T7ti) ’

hm F(da(k Drp =

Proof: Again, Theorem 2.19 applied to Fl(da(k,l)m@ in Corollary 3.1 proves the
assertion of Corollary 3.2. |

Corollaries 3.1, 3.2 and Remark 3.1 show how to calculate the single knot inser-
tion matrix on arbitrary extended partitions.

3.3 Oslo type algorithms

3.3.1 General knot insertion matrices

Next, we are interested in the more general knot insertion matrices, when more
than one knot is 1nserted Let, again, S(k,do, T) C S(k,do, T), with T = {t; }"H‘C

and T = {3+ where m = n +r. Let
T=170 7l ... cplr—t il = '_:[1’
where T = T!=1' U {f;} for some f; € T Then, also,
S(k,do,T) C S(k,do, TV) C --- c S(k,do, T" V) C S(k,do, T),

and we can observe the algorithm in r steps, where in the i step we insert one
knot, forming new extended partition T, which stops when we finally get T. Let

for f € S(k,do,T) and T]d[a} = T(l;',do-,T[l])
r k; r
f Z [0 ]do' Z [1 ]do' - ZC ]d[a]
7j=1

Then for ¢ := (!, . .. ,cz}“) and T'* [Vf][l]]?+1l Jn+1l ! the results in the

previous section imply that

(do, i1 i)

cll = LA Tm)c[l_l]~ (3.6)
Applying (3.6) for [ =1,...,r we obtain
o =T0, gir-1 2o i1 i1y *** D 0 iy €°

The uniqueness of the knot insertion matrices (see Theorem 3.2) finally implies
that:

k _ Tk k
F(da T,T) F(da Tlr=11 7l T])F F(dU,T[OLT[l])'

(3.7)

(do‘TT 2] T[r 1])
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m,n

Theorem 3.5 The elements of the knot insertion matriz F(d T8 = [yF 1t o

satisfy
v, 20 i=1,...m, j=1,...,n

Proof: From Theorem 3.4 and accompanying two Corollaries, every single knot
insertion matrix has nonnegative elements, and from (3.7) the same is true for
every general knot insertion matrix. |

Remark 3.2 Theorem 3.5 and Theorem 3.3 say that elements of a knot insertion
matriz in each row make a partition of unity, similarly to B-splines (2.25).

3.3.2 Recurrence for elements of knot insertion matrices

In the general case, we can also find a different algorithm from the one in the
previous subsection, based on multiplying single knot insertion matrices (3.7). Let,

again S(k,do, T) C S(k, da,'f), and let

k—l _ k-l Tk—1 . k—l
Tjda O] T( do),T)’ T]dcr(l) T(j,dg-(l)j")’

for  =0,...,k — 1 be the B-splines associated with T and T,

vkt
Cra(f) = Clriot=0 ) :/t~ T oo (T141) do (1),

J

Then, according to Theorem 3.1

zdo‘ ZW]Z j,do (k= l) ) (38)

forl=1,...,k and = € [a, b], where Fl(do-(’“*l),T,’f") =[]
Theorem 3.6 Let Uy, = {1,ug,...,ux} be the CCC-system associated with the

measure vector do := (doo,...,doy,)T. Let Tjkd;(l), Tk l(l) be the B-splines and

Cr1(9), 5k,l(j) the integrals of B-splines associated wzth extended partitions T, T,
respectively, where S(k,do, T) C S(k,do,T). Then

! I ~ IS Vi Viat1
Vi = Vj—1,; T Ci1(J) (Cl—l(i) - Crali+ 1)> , (3.9)
and
D1 Calr) Y Ciar)
WS (3.10)
with F(d ) 1 7 =[yi,] forl=2,... k.
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Proof: The proof is based on (3.8), the derivative formula (2.27) and induction.

The knot insertion matrix Fé do k- 1) is trivial to calculate since

1 _ 1 if EZ < Efi+1 and [l?i,l?zqu) C [tjathrl)a
Tii T 0 else.

By using the first general derivative on (3.8), we get

Jst

Til,;;(’“—l“)(x) Tz'lJ:ll,da(’@—“rU(x) _ Z l (j—j,;i'(k—l-‘rl)(x) B j—j;ido-(k—l-kl)(x))

Ci1(7) Cia(i+1) Cr1(4) Cra(j+1)
(3.11)
After applying the induction assumption, i.e. Fl(d_i(k_l s the left hand side of

(3.11) becomes

L 1 -1 ) -1
S (G~ e i) Tabeent)

J

while the right hand side of (3.11), after rearranging, equals
1

j C’l—l(j )

Because of the linear independence of the B-splines, we get (3.9), and just by
iterating (3.9), we get (3.10). [

The recursive formula (3.10) for 752 is like a discrete integral version of derivative
formula (2.35) for B-splines. As it is shown in this chapter, vél has some analogous
properties as the discrete polynomial splines [6, 39, 8]. One of this properties is the
Oslo type algorithm from Theorem 3.6 which is the generalized Oslo algorithm for
polynomial splines. The recurrence (3.9) for polynomial splines equals

-1 -1
Vi i )
b

Livicr — 6t — tiga

(Véz o 7j'fl,z') T;,;i—(k—wrl) (@).

y;=ﬁ1¢+@ﬂﬁ—@>(

what is a recurrence which follows from the column oriented approach to the Oslo
algorithm (see the equation (4.6) on the page 114 in [8]).

Although (3.9) and (3.10), generally, do not have to be numerically stable, there
are special cases: for k =4,1=3,4, T := T 5 ) and T := T (A m) with

m® =(2,...,2), (3.12)
i1 t; lit1 lito
§r73 lzrfl lErJrl §r+3 ’
tr—Z tr tr+2 tr+4

where (3.10) can be rearranged to avoid the subtractions.
The following lemma and theorem connect Chebyshev B-splines of orders 3 and
4 with the less smooth ones, which are, usually, easier to calculate.
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Lemma 3.1 LetT?, ., € 8(3,do™),T) be the Chebyshev 3™ order B-spline associ-
ated with the multiplicity vector m™ = (1,..., )T, and let us assume that i?’do-(l) €

S(3,do™ . T are B-splines associated with multiplicity vector m® = (2,...,2) on
the same knot sequence. If T = {t }”+f and T = {t;}2n,, and r is an index such
that t; = t, < t.41, then fori=2,.

Co(r) 2(r 4+ 3) =4

3 73

Lo = G ) Traot T2 1ot + Coli T 1) T

Proof: In this case, the elements of the knot insertion matrix F? i .7 CAL simply

be calculated by

what implies that

Co(i) =72,Ca(r) + 7241,Ca(r + 1) = Co(r) + Co(r + 1), (3.13)
Co(i+1)= 7r+2,¢+162 (r+2)+ 73+3,i+162(7" +3)
= Co(r +2) + Co(r + 3). (3.14)

The equations (3.13) and (3.14), together with the recurrence (3.10) applied to
k=4,1=3and m =m®, give

73 Tr, 202(7") _ 52(7")
M Cyi) Cy(i)’

3 ’77’ ZCQ(T) + ,772’—1—1,2‘62(7’ + 1)

=1
P)/r—l—l 7 02(Z> s
’73 ’77’ 202( ) + ’772’+1,i02(r + 1) N 73—{—2,1‘—{—102(7“ + 2) o
T Ca(i) Coli+ 1)
1 Vep2,41Ca(r + 2) _ Co(r +3) -

Theorem 3.7 Let T

i,do

€ S(4,do,T), T, € S(4,do,T) be associated with the

multiplicity vectors m( ), m® as in Lemma 3.1. Then there exist positive ”y;{i, such
that

zdo‘

r+3

4 4
zda’ E :’7 zTdeoW

where r = r; satisfies

tl' = tT‘Z’ < t’l"¢+17
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and 7;-{14, j=mr,...,7+ 3 are determined by the formule:

4 7?,1‘63 (7")

Vri = AN
t (i)

4 _ ’Yg,z‘ca(?“) + ’y§+1,iC’3(r +1)
Yrt1i = X0 ,
- V2 3i1C05(r +3) + 72141 C3(r +4)

r+2,1 Cg(’& + 1) 9
N ’Y§+4,z‘+103(7” +4)

r+3,1 Cg(l T 1)

Proof: Again, (3.10) for k = 4, [ = 4 and m = m® gives

4 7§,i53 (7")

Vri = T(i)’
7;4'+1 - 7?,153(7") + 7§+’1,i53(7n + 1)’
’ Cs(1)
7;‘;2 - 7?,153(7") + ”Yfﬂ,iai(r + 1)+ ’Y?JFQ,@'CVYB(T +2) B 7§+2,i+1é3<r +2)
’ Cs(1) Ca(i+1)
1 7§+2,i+163<7" +2) _ 7§+3,i+163<7" +3) + ’Y§+4,i+153(7" +4)
Cs(i+1) C3(i+1) ’
”Yerg - ’Yf,iéii(?") + 7§+1,i53(7" + 1)+ ’Y§+2,z'63(7" +2)
’ Cs(1)
B ’Y?+2,z’+153(7" + 2)7§+3,i+163(7" +3)
Cs(i+1)
1 7§+2,i+163<7" + 2)7§+3,i+153(7" +3) _ ’Y§+4,i+153<7" +4)
C3(i+1) Cs3(i+1) ’
with the help of F?da(1)7Tj) and

Cs(1) :’73,163(7”) + ’Yg+1,z‘53(7" +1) + 7§+2,i63(r +2),
Cs(i+1) :7§+2,z‘+103(7’ +2)+ 7§+3,i+103(7“ +3)+ 7§+4,i+103(7“ +4). u

3.4 (Generalized de Boor algorithm

For calculating with polynomial splines, an alternative way to the de Boor-Cox
recurrence is the well known de Boor algorithm. It can be shown that the de Boor—
Cox type recurrence exists only for polynomial, trigonometric and hyperbolic splines
[40], but on the other hand, the de Boor algorithm can be generalized to general



3.4. GENERALIZED DEBOOR ALGORITHM 39

Chebyshev splines. The main idea, as in the polynomial case, is to insert the point
at which we want to calculate the value until maximum multiplicity, when the value
of the spline is equal to a single de Boor point. As in Section 3.2, we will observe
the extended partition with all interior knots of multiplicity one, and the general
case can be deduced from Theorem 2.19 and Remark 2.7.

3.4.1 Splines of general order

Let, again, T = {t; }?if be an extended partition of [a, b] with all interior knots of
multiplicity one. Let S(k,do, T') be the spline space of order k associated with T,
and f € S(k,do,T). Then

Zc] o (T x € |a, b

for some deBoor points ¢; € R. We want to calculate the value f(¢) for some
€ [a,b], and let index 7 be such that ¢ € [t;,t;11) C [a,b]. First, we assume that
t #t;, i.e. A:=AU{t}. Next, let us define

=] .
m* = (1,...,1,[,1,...,1

i—k n—i

and TV = T amwy for I = 1,...,k — 1. The B-splines associated with these
extended partitions we denote as

Th = T N

At [™™ step of the algorithm, we insert ¢ into TU—H, with TV .= T, forl=1,....k—
1, and use the fact that

S(k,do, T) C S(k,do, T") c---C S(k,do, T" ") c S(k,do, T") C
c S(k,do, T" ).

Then
n+1 n+l
1)k, 1
f()= 25:<a YD) =D T (0) =+ EE: & Tyao (1)
J=1
n+k—1
k=1 ok (k1] k 1
- o Z C[ Jd[cr Z) - ]
because T} d[a Uis the only nontrivial B-spline in S (k,da,T[k_l}) at the point ¢.

The de Boor points cg.”

from Corollary 3.1:

are calculated by using the single knot insertion matrices

ol = ATl ik, (315)
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k,[l]yn+l,n+1— 0 .
for | = 1,....k—1, where I = | Pttt and Y = ¢ for j =
1,...,n. As in the polynomial case, the recurrence (3.15) can be represented with
a triangle scheme, as for order £ = 4 on Figure 3.1.

/\

4,[3] 4,[3]
W@z 1 w%z
o2
1 1
[/“\ 4[2/“\
7& 1,0—2 7& 1z 1 q@z 1 sz

B

Ci 2
4,[1] /// \\\4[1 4,[1] /// \\\4[1 4,[1] /// \\\
WQ 2,1—3 WQ 21— 2’% 1,0—2 WQ 10— 1?@@ 1

7 X7 KT N

Ci—3 Ci—2 Ci—1 Ci

4[1

Figure 3.1: The de Boor algorithm for splines of order 4 and ¢ # t;

Now, if t = ¢;, then T = T[”, only this time A = A and

ml = (1,...,1,1,1,...,1),
7 T
forl=1,...,k—1, so, we actually can skip the first step and shift the indices one
place to the left:

n n+l—1
1]k, kl
F(t) = 6T Z & g (1)
j=1
n+k—2
k—1 k—1 k—1
= > T ) = 5
j=1

where
D = o BN i,
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fori=2,..,k—1and Flgd -1 [Vf}m]?if,}i’?“*?

We can proceed in the same way even if ¢ = ¢;, and ¢; is of multiplicity m;. In
that case we can skip the first m; steps.

3.4.2 Splines of order 3 and 4

When the order of splines is relatively small, 3 or 4, the generalized de Boor algo-
rithm can be rearranged. If we multiply the single knot insertion matrices (as we
have done in the general case in previous section), some of the integrals of B-splines
cancel.

First, let us introduce some new notation. Let T be an extended partition with

all interior knots of multiplicity one, then, for £ € (;,tiy1), T = {t;} = T,

T={i}:=T T and T = {t;} =T [3]

ti1 ti tigr liye tigs

i1 ti t Liv1 lit2

Ez—l i:z gi-l—l Ei+3 7?z‘—i—4
Lit2

ti t; €i+1 tiva  tigs
bito
it3

The B-splines associated with these extended partitions are denoted by:

oo = Tgao my
deia) = Té dlo-(l) T)’
Tj4dti(l) = T(Zij,dla(l)viw)’
T = T rao® 2y
for [ =0,...,3. We use the same notation for the integrals of these B-splines:

Ujth—i
Caa(y) = 04];0 1) ::/ @kd;(>(Tl+1)dal+1(Tz+1)

tjtk—1

C4—l(j) 04] dlau nT / Jd,,u) (7141) dora (T141),

J+k l

Coalj) = C*!

(j,dor (=D

Tl+1) d<71+1(7'z+1)

y+kl,\

Cii(j) = C? dl ; T o (Ti41) doy 1 (T141),
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for I =1,...,3. Then, the algorithm for f € S(3,do™, T) looks like
n n+2
f(t) = ZC] Lo () = Zéjj:ﬁd,,(l)(f) = Gi,
=2 =2
with

G+ 1) Cyli+1) 6*2(¢+1)C*2(¢—1)+52(¢)02(¢+1) .
) G Co(i) Cali — 1) Co(i) Cali) )

(
C1Ei) C(d) . (3.16)

i—1 )
i—1 1 0
. . . . C1(i+1 Gy (3)
F(zdo-,T,E)(Z —1l:i+1l,i—1:9)= ; 75(1(1-)) Ci(i) , (3.17)
i+1 0 1
i—2 i—1 )
i—2 1 O 0
Cg() C’g(’i—l)
i-1| Yicig (i-1) Ca(i-1) 0
3 . L . N 2 2
Dlorpli—21i+1,0—-214) = | 0 Colitl) 2 o) |7 (3.18)
v Ca(4) 4,1 Ca (7)
i+1 0 0 1
and
i—1 i
i1 1 0
. , N Ca(i+1)  Cali)
i1 0 1

For t = t; we just take ¢ — ¢!, by Corollary 3.2, wherever it appears in the

algorithm.
For f € S(4,do,T) and t € (t;,t;11), the algorithm becomes:
n+3 -
ZCJT‘* = §THE) = ¢,
7j=1
with
i Cs(i+1)Co(i + 1)Cy (i + 1) . Cs(i + 1)Ca(i + 1)Cs(i — 2)
U0 (0) Oy (i — 1)Cs(i — 2) 2\ Co(i)Cs(i — 1)C(i — 2)
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Cs(i + 1)Cs

(i — 1)Ca(i + 1)C5(3)

(z)Cg(z + 1)Cy(i + 1)

43

C5()Cs(i — 1)Co(i)Cs(i — 1)

Cg(z)C’ (1)C5(i — 1)
1)Cy(i — 1)C3(i — 1)

Ci(i)Ci i +

)

5(1)Co(i)Cy (i + 1)

(i + 1)Cs(i — 1)Cai — 1) N
Cs(i)Ca(i — 1)Cs(i — 1)
Ca(i)Cy

Cg(Z)Cg( )Cs(i — 1)C3(i — 1)

(1)C(7)

+

2(i)C5(i)Cs(0)

>+Cz’

C1(1)Ca(i)C3 (i)

This follows from (3.15), (3.17), (3.18), (3.19) and

(3.20)

i—3 i—2 i—1 i
i_3 1 0 0 0
C3(i—1) C3(i—2)
i—2 % 1,i— 202(1 2) 02(1'72) 0 0
C3 (i) C3(i—1)
F4 = -1 O P)/ZZ 103(31 1) '71 10— 102(1 1) O )
' Cs(i+1) 3 C3(4)
i O O 243(1-) 7z ZC3()
i+l 0 0 0 1
with I F(d rpli—31i+10—3114),
1—2 i—1 )
i—9 1 0 0
03() 5’3@—1)
i1 | Yoz (i-1)  Cs(i—1) 0
4 . » Cg) = 8 ’
F(daTﬂ( 2:04+1,i—2:4) = | 0 Gs(itl) =3 o)) |’
i C3(i) i1 C3(1)
i1 0 0 1
and
i—1 7
i—1 1 0
F(do-TE)(Z_l i+1,i—1,1)= G Calh)
i+1 0 1

For t = t; we do the same as for k = 3. If T is a general extended partition, we can
use Corollary 3.1 to coalesce the knots in the same way.
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Weighted splines

Weighted splines [7, 2, 33| serve as the first and relatively simple step in general-
ization of polynomial splines, because they are also piecewise polynomial. We will
use the algorithms developed in the previous chapter for calculating with weighted
splines. First, we will observe splines of order 4 as the special case, and then
weighted splines of general order. Weighted splines are as yet the only nontrivial
case of arbitrary order splines that we can evaluate by the knot insertion algorithms.

Let T be, again, the extended partition with all interior knots of multiplicity

one: T = {t;}" " and t) <ty < -+ < a = lego < tpys < -+ <ty < bppy =

b < < tpyryr < tpykyo, associated with partition A = {ti}?jklﬁ. If we define
a positive function w as w|y, ., ,) := w;, w; = const for ¢ = k+2,...,n -1 and
Wit tnia] = Wn, W, = const, then let do = (dA(72), CZ‘((TT;')), o, d\(Thy2)) T, where

d) is the Lebesgue measure. Weighted powers of order k + 2, with k£ > 2, are:
uy (z 1,
Uz(l’ / dTQ,
¥ 2 drs
uz(x) = dr: ,
o = [Lan 20

. £ 7 dr
Uk+2(95) :/ de/ w(Ti)

while the first reduced CCC-system is:

)
)

T3 Thk+1
/ dT4"'/ di+27
a a

U171 (l‘) = 1,

nat) = [ 555

' T dr ) Tht1
Ul’]ﬁ_l(l‘) = / w(g) / d’7'4 .. / di+2.

44
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Further, we need generalized derivatives:

do) f ()
Loy f(z) = Df(z),
Loy f(z) = w(z)D? f(x),
Lz 4oy f () = Dw(x)D*f(x),

Liw+240)f () = D*w(x)D*f (=),

where for L;42.40), the measure by which we extend the CCC-system is again the
Lebesgue measure, and also generalized derivative with respect to the first reduced
system:

L(o,dam)f(ff) = f(x),
L gy f(z) = w(z)Df (),
L(Q,da'(l))f(x) Dw(z)D f(x),

L(k+1,da<1>)f($) = Dkw(x)Df(x).
This produces few important properties:

S(k+2,do) C Ker Li2,40) = Ker D*wD?,
S(k+1,doV) C Ker L1 4000y = Ker D*wD,

weighted splines are C'! polynomial splines of order k-2, splines associated with the
first reduced system are C° polynomial splines of order k+ 1, and splines associated
with the j® reduced system are ordinary polynomial splines of order k + 2 — j for
Jj =2,...,k+ 1. Therefore L(;qp) : S(k +2,do) — Pria—; (see Remark 2.1) for
J =2

4.1 Weighted splines of order 4 (k =2)

For k =2, do = (d\(1), 22 d\(r))T. Let T = {i;}?", = T (a e, with m® =

? w(7—3) ?

2,...,2), as in section 3.3.2. Let d := (d\(72), d\(13), d\(74))T and
(2,...,2), (dA(72), dA(T3), dA(T4))

1. gl Tl .l
Tl T(l] do (4= T)’ T‘]‘l : T(? do (4= fi")’
B — T(_] d)\ (4—1) T) B = T( d)\ (4-1) T')’

for | = 1,...,4, then obviously T4 B4 T3 éj’, T2 = BQ, and T2 = BJQ». The
integrals of B splines are as follows

~ Brat dr h;
Calr—1) = [ T2, () =
tr—1

U}(Tg) 2’(1]@"
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bit2 d =~ ~ ]_ hz hz
Cali) = [T S = Gt Gatr 1) = g (4 ),

wy Wi+1

and by Lemma 3.1

tit+3
03(2) = / 7-;3(7'2) dTQ
t

i

Co(r) ~ ~ Co(r +3) ~
= C C! 1 - C 2
Coli) 3(r) + Cs(r+1) + it D) 3(r +2)
hl' 7
1 E(hz + hiy1) w-+2 (hit1 + hiy2)
i + +1 i+1 + i+2
w; Wit1 Wit1 Wi4-2

with h; := t;;y —t; and t; = 1, < t,,1. Now, from (4.1) we can calculate Cs(i)
and C5(i + 1), and further, we can get all four coefficients 7;‘1,2‘ from Theorem 3.7.
Finally, to obtain B-splines Tf according to Theorem 3.7, we only need Tf. As we
mentioned before, S(4,do, T) = S(4,d\,T), i.e. T} = Bj, and the polynomial
splines of order 4 are easy to calculate.

4.2 Weighted splines of order k +2 (k > 2)

For the general case we use the generalized deBoor algorithm from Section 3.4.
As the single knot insertion matrices have the main role in this algorithm, with
nontrivial elements consisting of quotients of integrals of B-splines, the problem of
calculating the value of a spline becomes the problem of calculating the integrals
of B-splines associated with the reduced systems. The simplest idea is to calculate
these integrals by Gauss—Legendre integration, but the complexity of such an algo-
rithm would be too large, and if, for example, we would like to make a interactive
program in which we change parameters and check the results, the algorithm would
be too slow. Fortunately, there are two ways of calculating these integrals that
perform better.

Let us introduce some new notation. Like in the previous section, let dA :=
(dX,...,d\)",
———

k+1
T .= T Bl .=T"

j (j,do-““‘”‘”,T)’ j (j,d)\(k+2_l),T)’
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foril=1,...,k+2, and

A 2R - ‘ itk N
Cr1(j) = / T (m2) dmy, Ci(j) = / T (73)
t t

J

bt
Ol(]):/ T;(Tk-i-fz—l)di-i-B—l fori=1,...,k—1.
t

J

4.2.1 Recurrence for integrals of polynomial B-splines

For weighted splines Tk Bk in fact

We want to find a recurrence for

| oSS ae il

tj+1 d
/ B (r)—— J=d it k-1,
t

; w(7)’

and

(see [35]). Let = € [t;,t;11), then

@ dr tat1 1 1 [
BfT = / BfT—dT—l—— BdeT
/ Dty = B B

: X s
s$=1 S

- Jiwi (/;H BH(r) dr — /tt BH(r) dT)
+wij (/t BF (1) dr — /: B (1) dT)

j—1

s—1
_ Z 1 terk (Z Bk+1 (torn) ZBfH(tS))

s=1

+ 1 tl+/§ (Z Bk+1 (z) — ZBfH(tj)) , (4.3)

from the well known formula for integrals of polynomial splines. Let us define

artl(z) ZB’““ and oftl = ak ] (tn). (4.4)
Then (4.3) becomes

/x B (r) dr _ Livik — & i i(oélyﬂ _ O/frl) X 1 (O—ék{rl () — ai;ﬂ)
" % ’w(T) k - Wy 2,5+1 ,8 wj i,7+1 ] .
(4.5)
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; ;Zrl( x). By the de Boor—Cox recurrence

J J
T —1, brtkt1
IACEDY (t—Bﬂx) b B o)

—i rk — by brkt1 = tra

Next, we derive a recurrence for a;

J J

:th B, ( +ZBT+1 Zt — By, ()

r+k 25 —q THE+1 T tr—l—l

_ i ( r—t. T —t )Bf(:c)+ T — +ZB1~+1

r—it1 tr+k - tr trJrk - tr terk - t
T —
= ° B¥(x
tlJrk o t TZJrl
X

= mBk( ) + &y (),

because Bf,(x) = 0, so we get the recurrence:

T —

AL = - BYw) + b () (4.6)

for z € [tj,t;41) and j =14,...,i+ k — 1. Obviously

J
,J+1 Z By(z) = B (z) + Z By (z)
r=i+1
= Bf(x) + sz‘+1,j+1($)a

and from here Bf(z) = & ;,,(z) — @}, ;,,(z), which applied to (4.6) gives

4,7+1
_ r—1t [_ _ _
afﬁﬂx) = _Z A<O‘ﬁj+1($) - a§+1,j+1($)> + O‘f+1,j+1($)
tz-‘,—k tz
= — +a () |{1l——].
ti+k; o t 7]+1( ) Z+1,]+1( ) tl+k; o tz

Finally, we have the recurrence

k1 xT—1; _p litk =2 _p
a;fi(z) = — ;i (z) + — Q11,541(T), (4.7)
for z € [tj,tj41) and j =14,...,i+k— 1.
Let us first calculate

, -
1tk — b [N pret X k1 litk —bi ([ _pa1 k1
D <Z B (z) - Z BE) | = (akiti(@) = akfh).
If we define

5fjl(x) = @fﬁl(x) — (xfjl,
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then from (4.7), we have

Skl Lt a bigr — a —ti x livk— 1 g
oy (x) = — () + R— Qi g () — R— QG — TA— Qit1,
bi—ti bizk — T Tl (g k

R — 0;.;(x) + - Oi11,4(w) + — (ai,jJrl(x) - ai+1,j>' (4.8)
Further,
dﬁjﬂ(‘”) - O‘fﬂ,j = dﬁjﬂ(f’c) - dfﬂ,jﬂ(x) + dfﬂ,jﬂ(x) - afﬂ,j
dﬁjﬂ(‘”) - dfﬂ () + 5f+1 ()
J
SDICIERD SEIERE
r=t r=i+1
= Bk( ) + 07y 4(2), (4.9)
which follows from the definition (4.4). Applying (4.9) to (4.8) we get
. ti—t; - tiw —t; < x—
O tl(p) = L gk aAr 9§k _— Bk 4.10
,] (l’) ti+k . tz 2,] (l’) + ti+k . tz i+1,5 (l’) + tz+k . t ( ) ( )
for z € [tj,t;41) and j =14,...,i+ k — 1. Finally, from (4.5) we have
koo dr =01
B! = Sy 4.11
—— / ) = L+ ) (4.11)
with i
5{6,:1 = 55:1(ts+1)7
€ [tj,tjy1) and j =4,...,i+ k — 1. Specially,
t ith—1 cht1
i / e R S O
tivk — b Jy, w(r) = ws

and by (4.11)

k ti+1 k ti+1 d
/ Bi(r)dr = ) ( / Bl ()T
tivk — i Jy bivk — t, w(T)

k+1
[ o) -

is calculated, because of (4.10), by the recurrence

1for j =1
2 )
0 —{

where 5fj

0 for 5 # 1,
to—t tivp — Lt =
5k+1 — J 2 6k i+ J 6k J J Bk
” tivk — i tig —t; it Livr — 1 (t+1);

for j =4,...,i4+k —1 (see also [41]). This is one way how to calculate C(j) from
(4.2).
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4.2.2 Generalized Oslo algorithm for calculating integrals
of B-splines

As we emphasized before, the splines associated with the second reduced system
are polynomial splines of order k. But, for C(j) in (4.2), we need to calculate
the integral with respect to the Lebesgue-Stieltjes measure, which has piecewise
constant density. One possibility is to represent Tf as a linear combination of B-
splines from the space of weighted splines which are not even continuous. These
B-splines are one—interval supported. The integrals of such B-splines with given
measure are trivial to calculate. It is also important to mention that all knot
insertion matrices up to order k are polynomial knot insertion matrices. This fact
makes the calculation of the single knot insertion matrices, by the recurrence in
Theorem 3.4, much easier.

To be precise, for this case we observe T' with t; = t; = -+ = t440 = a and
b=tpi1 =+ = btyrpr1 = totrso, then, let m® = (k, ) = {t; }k(n W=

T (A m)y, and let ti =t, < t.1 =1t Thereupon

~ fivk dr tey — 1,
Gli)i= [ TS =

i I w(T) w, k
Tk . Tk
where T} := T(J o ® T Let
k(j—3)+3
Tiw) = Y T,
i=k(j—k—1)+2
then the knot insertion matrix I'* := F’(‘“da \TF) F’gdA(Q)’T’i,) = [v};], which is a

polynomial knot insertion matrix, can be obtained explicitly (see pages 159, 160 in
[8]). So, from previous

k(j—3)+3

. t’l"il_tn
G =Y T

i=k(j—k—1)+2 Wr, k
with EZ = tri < tTH-l = Ez‘—f—k;-

Now, when we know how to calculate the integrals of B-spline associated with
the second reduced system, we can also calculate the knot insertion matrices of order
k4 1. Let us remember that the splines from S(k 4 1,doV), T) are C° polynomial
splines of order k + 1, and it is obvious that S(k +1,do™, 'f) =S(k+1, dAW, T)
For B-spline from S(k + 1,de®, T') we have

~ Eirkt1 Liipar — s
Cr+1(4) 3:/ THdr = 22— z
7 J E+1

J

then
k(j—2)+2

. tivkrr — 1t
Cr1()) = Z ”ijl —’—]{;’—Ta
i=k(j—k—1)+2
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with TF+ .= Fl(iz;l(l) TE = [%k;rl] being again calculated as the product of the single
knot insertion matrices of order k + 1.

This algorithm is a generalization of the Oslo algorithm for polynomial splines.
As in polynomial case, the generalized Oslo algorithm can be represented with
a triangle scheme, and it can also be accelerated by avoiding operations where
multiplication by zero or addition of zero occurs.

This generalized Oslo algorithm for calculating Cy1(7) can be combined either
with the recurrence for calculating C(j) from the previous subsection, or with
the generalized Oslo algorithm for Cy(j). The rest of the integrals of B-splines
associated with the partition with multiplicities higher than one, which we need for
the de Boor algorithm, can then be achieved by Theorem 2.19 or Remark 2.7.

Let now ¢t € [t;,t;41) C [a,b] and f € S(k + 2,do,T) with f = >, chf“.
Our goal is to calculate f(¢). Having Ci(j) and Ciy1(j) calculated, the single

knot insertion matrices FZFQTU,H D from Subsection 3.4.1 needed for the de Boor
0-7 K
k

algorithm, can be obtained in two steps. As we mentioned before, F(d O
a b b
is polynomial knot insertion matrix, which we can get explicitly, so the first step

is to calculate FZFI( b 201 by the recurrence in Theorem 3.4 and by using Cy(j).
o), :

. k+2
The second step is to get F(do’,T[l_I],f)’

Now, we have all elements to proceed with the generalized de Boor algorithm, and
calculate the value of the given weighted spline.

again from Theorem 3.4 and with Cjy1(j).
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g-Splines

The g¢-splines [12, 3, 1] are also, like weighted splines, Chebyshev—polynomial splines,
but only of order 4. They have the following analogue in the beam theory. Consider
a simply supported elastic beam with supports {(z;, f;) i;’(l) Then the deflection
of the beam between successive supports is the solution s(z) of the differential
equation [E - I - D?%s = M. Here E denotes the Young’s modulus of elasticity,
I is the cross-sectional moment of inertia, and M is the bending moment. We
suppose that F - I = é, q > 0, where ¢ and, under assumption of weightlessness,
M, are piecewise linear continuous functions with break points at the supports.
Differentiating the above equation twice, we arrive at the two-point boundary value
problem on [x;, x;41] for i =0,...,1

1
DQgDQS =0, s(zi)=fi, s(xiy1) = firr, 8"(@:) = 57, 8" (wi11) = 8,1, (5.1)

where s/ and s/, are so chosen to ensure s € C*[x¢, 2;41] when §'(xo) and s'(2;41)
are given. Such a function s is called a g-spline. We will deal with g-splines through
Chebyshev theory, and by using algorithms from Chapter 3.

Let T be, again, the extended partition of [a,b] with all interior knots of mul-
tiplicity one: T = {t;}/7} and t) <ty <ty <a=x9 =ty < t5 < -+ <1ty <
toy1 = b =211 < tyyo < thys < thya, with n = [ + 4, associated with partition
A= {%}ii(l) Let g be a positive continuous piecewise linear function defined by

qi+1 — ¢
q‘[ti,ti-u](x) = T(l‘ - tz) + qi,

for t; < t;y1, where h; := t;;1 — t;. The positivity assumption on ¢ is equivalent to

¢; > 0 for each i. Then for do := (d\(72), q(73)d\(73), d\(14))", with d) being the

Lebesgue measure as in the previous chapter, CCC—system associated with do is
ui(z) =1

T

us () = / dry (5.2)

Ug(l') :/ de/ Q(Tg)dTg
52
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X T2 T3
:/ dTg/ q(Tg)dTg/ dry.

The first reduced system is

U11

1
U12 / q7'3 d7'3

q7’3 dT:s/ dry,

U13

while the generalized derivatives are

L1,40y) = D, Ly gemy = %D,
L(Z,do‘) — %D2, L(2,do'(1)) — D%D,
L340y = DéDQ, L 4qgy = D%D-

Luae) = D*;D?,

For L4,40), the measure by which we extend the CCC-system is also the Lebesgue
measure. Then S(4,do, T) C Ker Ly 40y N C?[a, b], i.e. s € S(4,do, T) fulfils (5.1)
for some f; and s, i =10,...,l+ 1, so §S(4,do,T) is the space of ¢g-splines. From
(5.2) it is obvious that S(4,do, T) C S(5,dA, T) where dX := (d\, d\, d\, d\) and
T = {t]} = T(A,m(g)):

ticn b tivi tige
lfr73 grfl 7§T+1 §r+3 ’
r—2 tr tr+2 tr+4

with m® defined as in (3.12). Also, S(3,de™,T) C Ker L3 4oy N C'a,b], and
S(3,de™, T) C S(4, AW, ’T) The spline space associated with the second reduced
system is the space of ordinary polynomial splines of order 2.

To calculate with g-splines, we use the generalized de Boor algorithm described
in Subsection 3.4.2; or the Oslo type recurrence from Subsection 3.3.2. It remains
to derive the integrals of B-splines needed for both of algorithms. Lemma 3.1 is
suitable for calculating Cs5(j).

5.1 ¢-Splines by the generalized de Boor algori-
thm

Let us consider less smooth B-splines Tl =T for 1 =2,3,4,T = {t;} =

(j,do (=0, T)’
T ame), m® = (3,...,3):
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ti1 t; lit1 Liv2
t3,5 t372 terl ts+4
t3,4 t3,1 ts+2 ts+5

s—3 s ts+3 ts+6

and Bl = T( axG-n gy forl=4,5. As S(3, do® ,T) c S(4,dAY, T), we can write

s—1
TP (@)= ) ar1,;Bj(2),
Jj=s—2
s+1
T} (z) = ) a;B}(x),
j=s—1

fort; =t,_1 =t, =ty_o =ty =ty < t,11 = ts11. To determine a,—1,; and a,;, we

- _ éffl(x) _Ef(x)

L1400 TP (x) = = =~ ’ (5.3)
(hdo™) Co(r —1)  Co(r)
by the derivative formula (2.27), with T2 B2 = Té a® 7 nd
- tjt2 -,
Cali)i= | Bilrm)a(r)dn
Specially,
~ 2q; i+1) i i + 2¢i41)h;
Cz(r—l):(q—i_qul) ’ CQ() (q_'_ q+1) )
6 6
By (5.3) we have
L T3 () = ! L T3, (t,) !
o (1) — o(1))Ly— i = = 5
(1,d ) 02(7“— 1) (1,d ) 1\b41 02(7“)
and further
a _ 2q; a 2
r—1,5—2 — 5, r—1,s—1 — — 5
7 2q; + i1 qi + 2qi+1
i 2 2
= qi 54 di+1 54
Trg_ x)=——"—B;, ,(r) + ————B; (). 5.4
1 (%) 20t o B ) o200 (%) (5.4)
For T3 we use
Totin) =1 Loy Toli) = = Lpon To(t) = —=—
r \"t - ,do r\Yi+1/) — X ) o i+1 ~
to get
Aps—1 = L Ap s = 17 Qps+1 = di+2

2Giy1 + ¢ 2Gi+1 + Giy2



Q-SPLINES BY THE OSLO TYPE ALGORITHM 55

and finally

~

T3(x) = —2 B! | (2) + Biw) + =2 B!, (2). (5.5)

¢ + 2¢i+1 2Gi+1 + Gito

If we denote
_ 43
C3(j) ::[ 7}3(7'2)d7'2,
t
then it is easy to see from (5.4) and (5.5) that
~ h; 2¢; 2¢i1 )
Cs(r—1) = — + )
o ) 4 (2%‘ i Gt 26in
= 1 ih i+2h
Cy(r) = 1 (qi + hi + hig + u) )

¢ + 2¢i+1 2Gi+1 + Qiyo

and it is obvious that Cy(i) = Cy(r) + Ca(r + 1). Now, according to Lemma 3.1

+3) ~
mc;g(?"‘i‘Q)

_ (g + 2qi41)hi
(@i + 2qir1)hi + (2Gi41 + Giv2)hivo

63(')") —+ 63(7" + 1)

( qi+2 CI+3) +2 03(7“_1_2).
(Git1 + 2Gir2) iy + (2¢ir2 + Giy3) hiyo

The rest of the integrals of B-splines needed for the generalized de Boor algorithm,
with C1(j) = h;, follow from Theorem 2.19 or Remark 2.7, just by taking the limits
of the knots.

5.2 ¢-Splines by the Oslo type algorithm

In this case, by (2.35), we can get the B-splines of higher order in a stable manner.
Let us start with

T —71 "7 o) dTo — ! x~37' T
T =z /EMTH< Din 5 / T(m)dn.  (5.6)

From (5.6), by using (5.4), (5.5) and the well known equation for integrals of poly-
nomial splines (which is a generalization of (2.36))

z z+k 1
k _ z+k k+1
/ T(i,d)\(l),T)( ) di T(z d)\T
— 0o
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for any extended partition T' = {¢;} and = € [t;, t;+x], we get

. 1 2 hi
T!\(2) = = TP ()
Ca(r —1)2¢;i + qiy1 4
4 ( + it Ji+2 +1) B ()
Cs(r) 4 2gi11+ Giv2 4
1 i hz ~
e di42 +1 B5(x).
Cs(r) 2¢i+1 + Gip2 4

In the same way

Tiw) = ——— 0 Dipp ()
Cs(r) @ + 2¢i+1 4

; hi  hi+h; =
e ( q i g) BS(z)
Cs(r) \ ¢ + 2¢it1 4 4
1 2¢ir2 hit1 5
+ - 2 ().

Cy(r+1) Qi1 +2gip2 4

Again Lemma 3.1 and Theorem 3.7 give T}! := Té’me).



Chapter 6

Tension splines

As the first example of non—polynomial Chebyshev splines we will observe tension
splines [18, 11, 13, 37]. It is well known that they have very good shape preserving
and approximation properties widely used in removing extraneous inflections [13],
and solution of singularly perturbed differential [19] and integral equations [9)].
Let a = 29 < 27 < -+ < x; < 2141 = b be a partition of [a,b], and tension
parameters p; € R, p; > 0 for ¢ = 0,...,[. Tension spline is function s such that

sD(2) - 25 (a) = (D* = p?) D’s(x) = 0

for every x € [x;,2;41), 1 = 0,...,1. It immediately follows that

S|izs,esi1) € span{l, z,sinh (p;x), cosh (p;x)}

for i =0,...,l. Most often, tension splines of class C* or C? are used, but C? ones
are not covered by the Chebyshev theory, so we will treat them as a subspace of C*
tension splines. In fact, C? tension splines belong to the class of generalized tension
B-splines examined in [13] (see also [16]). Next to this two spline spaces, we will also
observe tension splines that are, like C'!, Chebyshev splines, and have continuous
second generalized derivative at the joining points z; instead of the second ordinary
derivative. This kind of splines we will call Chebyshev tension splines.

To derive CCC-system for tension splines, we have to represent the differential
operator Ly := (D*—p?)D?, with pl, 4,1y = ps, for i =0,...,1—1 and p|,,

leﬁﬂ =
p1, more conveniently:
Theorem 6.1 Let a = xg < 21 < --+ < 2y < 2141 = b be a partition of [a,b],
-1 -1
g € (O ([xi, 2i41) N CH ([, zi]), 7 € () Cwi,winn)) N C ([0, T14]),
i=0 i=0

and let Lyly] := D(qDy) + ry = 0 have a solution u without zeros on the interval
-1

[a,b]. Then for everyy € ﬂ C*([zi, zig1)) N O ([, 7114))

1=0

L= 20 [awn (1)

57
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Proof: Let u be a solution without zeros on the interval [a, b], i.e
Lo[u] = qu”" + ¢'v' +ru=0. (6.1)

Then on each [z;, z;11) and [z, 2141]:

1 1 / _ !/
Lo s (2)] = Lo {quz M}
u u

U u?
1 ! /

= ;D[q(yu—yU)]
1

— E[q/(y/u _ yu/> +q(y//u+y/ul _ y/u/ _ yu//)]
1

= E[(q Y+ 'y )u— (qu” + ¢'u)y]
1

= E[(q y' 4+ 'y )u+ruy]
1

= E[(q Y+ 4"y +ry)u] = L[y,

because of (6.1). [
If we apply Theorem 6.1 on Ly[y| = (D?*—p?)y = y”—p*y, with u(x) = cosh (p(z) x),
then ¢ = 1 and r = —p?, and we get

Loly] = Coshlmp [cos,h2 (pz)D (Wy(m))] .

Because Ly = Ly D?,

Ly = (@D) (cosh® (pz)D) (mD) D.

Therefore, the associated measure vector for tension splines is

do := (dry, cosh (p(73) 73) dT3, . () 7_4))

with the measure by which we extend the CCC-system (see Theorem 2.1) dos :=
cosh (p(75) d7s), the associated CCC-system:

u(z) =1
UQ(JZ') :/ dTQ
us(x) = / dry / cosh (p(73) 73) d3
i d7'4
= d h (p d
Uy / 7'2/ cosh (p(73) 73) Tg/a N D7)
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and the generalized derivatives are given by

Lidey = D
1

Logey=|——D|D
(2.do) (cosh (px) )
1

L(3.40) = (cosh? (pz)D) (MD) D
Ludoy = La = (mD) (cosh? (pz)D) (Fl(m)z)) D.

So, we have S(4,do) = span{1l, x,sinh (p(x) x), cosh (p(z) )} € KerL 4 40y. For the
first reduced system

Uy, 1 =1
(751 2 / COSh ’7'3 7'3) dTg
i d’7'4
ur3(x) = cosh (13) 73) dTg/
o cosh® (p(74) 1)

holds S(3,de™) = span{1,sinh (p(x) x), cosh (p(z) ©)} C KerLs 4o, with

L3400y = (@D) (cosh? (px)D) (@D) :

while the second reduced system

Ug’l(l‘) =1

z d’7'4

. cosh? (p(74) 1)

UQQ(.I’) =

satisfies S(2,do?) = span{1, tanh (p(z) z)} C KerL s 4oy With

1 2
L(2,do'(2)) = (ml)) (COSh (pl’)D) .

6.1 C' tension splines

C' tension splines will also be a starting point for calculating with Chebyshev and
C? tension splines. Let A = {z;}/2), T = {t;} := T (s mw) with m®) as in (3.4)
and T = {{,} = T (A m@) with m® as in (3.12). With the notation from the
previous chapter, for t; = t,_; = t, < t,.1

Gur) / T dn sinh (pih,)
) .= =
' i cosh® (p(ma) 74)  picosh (pit;) cosh (pitis1)’
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where h; :==t;11 —t;. By Corollary 2.2

~ cosh (p;t;) sinh (p;(tiy1 — x))
xr) =

T2
1) cosh (p;z) sinh (p;h;)
T2 () = cosh (p;t;y1) sinh (p;(z — t;))
" cosh (p;z) sinh (p;h;)

for x € [t;,t;+1) (and hence in what follows, if i = [ we assume the subinterval
[, 241] instead), and from here

_ Fro1 . "
Co(r —1) = / T2 (73) cosh (p(73) 73) ds = %(‘p”) tanh (pz Z),
tr—1 7

~ £r+2 ~ h t h
CQ(T) = \/: TT2(7-3) COSh (p(Tg) 7'3) dT3 — w tanh <pl Z> )
tr

Di

Again, because of Corollary 2.2:

for x € [ti,tiJrl)

. pilz—t)\ o: pi(tiy1—x)
= e pihi sinh <72 ) sinh ( 5 )
fl(x) = 2CO0s8 9 inh? (Rl ’
Sin ( 2 )
( sinh? <p—i(127ti)>

- sinh? (pZThl)

TE(OE) = sinh2 <pi+1(ti+2—$)>

for x € [tz, th'Jrl),

2

. - h
SthQ <p2+12 z+1>

for xz € I:tiJrl’ ti+2),

\
and

- bz _
Cs(r—1) = [ T2 [(73) dry

tr—1

9 h pihi . . h.
_ 2o 2( Qh) (plhl cosh (plhl) — sinh (pzhz)) , (6.2)
pisinh? (22%) \ 2 2 2

—~ E’r+3
Cs(r) = [ T3 (1) dry
i

_sinh (psh;) — pihi sinh (piy1hig1) — pig1hiv
o ; ihi . Ny :
2p; sinh? (2) 9pis1 sinh? <pz+l2hz+l>

(6.3)

6.1.1 Generalized de Boor algorithm for C'! tension splines

Now we can apply the generalized de Boor algorithm. Let s € S(4, da,T), s =
Zj ch]fl, and t € (t.,t,41) = (t;,t;y1). In this case, the knot insertion matrices
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involved in the generalized de Boor algorithm can be explicitly calculated by using
Theorem 3.4. Let I'?

From here, we can get I'®

o F0) = [77,]. Then
> _ sinh (pi(tiy1 — 1)) cosh (pit;)
Trr-1 = sinh (p;h;) cosh (p;it) '
2 sinh (pz (E — tz)) cosh (pZtZJrl)
T = sinh (p;h;) cosh (p;t)
(do, T %) [’72 j]

)) + tanh (pz(t2+l ﬂ))

sinh (p;(tiy1 — 1)) <tanh (L

Tr-tr-2 = sinh (p;h;) tanh (22 1) ’
tanh (pi(f*ti))
T = 2
r—1,r—1 — ihi )
o (25
tanh (pii(ti“*a>
Toro1 = ;
ror—1 ihi )
tanh (25
s sinh (p;(t — t;)) <tanh (p—i(t;ti)> + tanh (pii(tiglfa))
o sinh (p;h;) tanh (plThZ) .
If we denote
~ sinhx —z  _ rcoshx —sinhx  _ sinh x
T) = ————, . u(x —_—
/(@) 2sinh® £ 9la) = sinh® Wzy) = sinh (z + )
then the elements of F? o F3) = [v},] are:
’77’ 2,r— 3_u<p1(14§1 Dapl(tzt))'

4
77’—2,7’—2

4
7r71,r72

4
’yrfl,rfl -

o (154) 05 (g 5

) (f(pi(f_

(6.4)

61

t) + f(pi(tivs — E)))]

L f(piahior) + = F(pihs)

Fithioy) + 5 f(pi(T — 1))

~g1

g}

re )

1 f(pz 1hz 1)+ f(pz Z)
Pztz+1 i) pi(t— t))

) + F(piltis — 1)) + 25 (252

2

29 (25

(
<pz A D) <f( J(F—
(5

pz pz (tH—l D )

g(pz(t t))_l_u(pz i+1 {) pzt t )<

)

)+ [piltin — )

f(ps
#5)

?

)

)
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09 r
08 r
0.7 r
06
05 r
04 r
03 r
02 r
01 r

Figure 6.1: Function f

p%ﬂpi(tiﬂ — 1))+ LJE(Pz‘HhiH)

74 _ Pit1
ror—1 = 3 3 ?
p%.f(Pz‘hi) + I%Hf(piﬂhiﬂ)
771"1,7" =1u (pi(z_ti)’ pi(ti;17a> )

[y

- |:’INL <pi(f2—ti)’ pi(tigl_i)) <f(pi(f— t) + f(pi(tizs — {))) 425 (w)}

p%f(pihi) + F(Pit1his1)

Pi+1

To calculate the rest of the knot insertion matrices needed for the de Boor algo-

0.35

03 r

025 |

02 r

0.15 r

01

0.05

10 12

Figure 6.2: Function g
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rithm by Corollaries 3.1 and 3.2 we have to say more about the functions f , g and
@ (6.4) (see Figure 6.1 and 6.2). We only need arguments for all three functions to
be nonnegative. It can be easily shown that g(x) > 0 for z > 0, and

lil%g(x) =0, lim g(z) = 0.
i(%)

sinh (%)

ML

, [ is increasing nonnegative function with

Because f'(z) =
lim f(z) =0, lim f(z) = L.

The function @ is clearly positive for positive arguments, and

lin(l)'&(x,y) =0, lin%'&(x,y) =1, lim a(x,y)=€Y, lim a(z,y)=0.
T— Yy— T—00 Y—00

To achieve numerical stability we have to do some rearranging. First, let us
define new functions

_ f(x) _ sinhz — 2

- 9 65
/@) x 2x sinh2% (6.5)
+9(T) T coshx —sinhz
)= - =¢ : 6.6
9(@) T xsinh? z (6.6)
= eVl _ v Snhr
u(@,y) = ez, y) = e’ (z +y) (6.7)
0.8 ‘
: F_
07 | Ux
06| |
05 r
04 r

Figure 6.3: Functions f and %

from (6.4). The functions f and g are divided by z to achieve that algorithm can
deal even with some of the tension parameters equal to zero, and by multiplying g



64 CHAPTER 6. TENSION SPLINES

g
2(x-1)/x

15+

05 f

Figure 6.4: Functions g and 221

and u by exponential function, the algorithm avoids possible underflows, which can
lead to division of zero by zero. The function f is positive, decreasing, f(x) < %
for > 0, in fact f(z) &~ = for large z (see Figure 6.3), and

lim f(z) = l, lim f(z) =0,

x—0 3 T—00

while g is positive, increasing, g(z) & 29”7_1 for large = (see Figure 6.4), and

—_

lim g(z) = = lim g(z) = 2.

x—0 3 ’ T—00
It is again trivial to see that u is positive, with 0 < u(x,y) < 1 and
lirr(l)u(x,y) =0, lin%u(x,y) =1, lim u(z,y) =1, lim u(z,y) =1— e *.
T y— z—00 y—o0
u is not continuous at (0,0), but this is not a problem, since u is always calculated
as u(ph,pk). If h =k = 0, then w is multiplied by zero and the de Boor’s maxim
gives zero. If p = 0 and at least h # 0, then
limu(ph,pk) = ——,
p—0 (ph.pk) h+k
and in this case w is multiplied by nonzero expression. If we set all p; = 0, we
get the cubic polynomial spline, as expected. All three functions can be calculated
numerically stable up to the computer accuracy by Padé or Chebyshev polynomial
approximation, combined with the asymptotic formulee.
We use the function C'Cj instead of Cs(7):

2512h1 7 2512/12) <h1f(p1h1) n hgf(pghg))

thag (m) + u(@h‘”’ Mz) (haf (p2ha) + haf (pshs) ), (6.8)

CCs3(hy, hy, hy; p1, pa, p3) == u (

2 2 72
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which unites both Cy(r—1) and Cs(r) from (6.2) and (6.3), up to some multiplicative
factor, with p; = max {p1, p2} and ps = max {ps, ps}. Then the de Boor algorithm
for order 4 (3.20) can be represented as

S(ﬂ = CT*3BT73 + Cr72Br—2 + Crler—l + CrBr,

where B; := f;‘(ﬂ, j=r—23,...,r are given by

i C
B,_3 = uje "¢ t’)é,
CiCn 1 C,04C5

B. 5 =

r—2 Uy (0302 + 0607 ( 03 + CSCQ>> )

1 CgCyCs CsCha
B, = Xe. ,
Lo (0607 ( et e ) " 0501())
B — u e pz( +1— {) CS

Cio’
with

Uy - (pz i+1 = E) pZ( Z))

(t
Ug : (Z(t_t> Pi(tizn — E))

Oyzcamﬂmﬂ £;0,0,p:),

Cy := CC3(hi—1,0, hi; pi—1,0, p;),

C3 := CCs(0,t — t;, i1 — 150, pi, pi),
Cy := CC5(0,€ — ;,0;0,p;, 0),

Cs := CC3(t — ti, tiy1 — £,0;ps, i, 0),
Cs := CCs(t —1;,0, 141 — t;p;i, 0, py),
C; == CC5(0,h;,0;0,p;,0),

Cy := CCs(t —t;,0,0;p;,0,0),

Cy := CC3(0,ti41 — £,0;0,p;,0),
Cho := CC3(hi, 0, his1; s, 0, pita),
Chi = CCs(hi—1,0,t — t;;pi—1,0,p;),
Cla = OCs(tiy1 —t,0, hiy1; 05,0, Dig1).

For ¢ = t;, we just have to take the limit £ — ¢ wherever it appears in the algo-
rithm. Therefore, C! tension spline can be calculated numerically stable, avoiding
dangerous subtractions.

6.1.2 Splines associated with the reduced systems

We can also stably calculate splines associated with reduced systems. Let s € S(3,

de® . T), s = >o,¢ J1T]3, and t € [t,,1,41) = [ti,tiy1), then the generalized deBoor
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algorithm expressed by (3.16) looks like
s(t)=c. 4B, o+ ct B,_1+clB,.
In the expression above B; := T;’(f) are given by

tanh (pii(ti“*a>
2

B,y = e Py(pi(tiy — ), pi(t — t; ) 6.9
: (il = D= ) — s (6.9

9tanh <p¢(f*ti)) tanh <pi(ti+1*75)

2 2
B, = - , (6.10)
<tanh (p—"(t;")> + tanh (pi"(t"gl_'?») tanh (pg”)
tanh <pi(f*ti)>

BT = €7pi(ti+liau i E— tz , Pi tz —1 2 6.11
(pi(t = ti), pi(tisn — 1)) tanh (20) (6.11)

Again, taking the limit when p; — 0 is not a problem, since
tanhpr x . tanhpx x (6.12)

m = —, lim = )
r—0tanhpy gy p—0tanhpx +tanhpy 2x+y

Let now s € S(2,do®, T), s = Zj c?ff. Then for € [t,,t,41) = [ti, tis1)
S(E) = szlfrzfl(l?) + szrz(z%
and T2 (), T2(f) can be stably calculated as

_cosh (pit;) sinh (p;(tip1 — 1))
cosh (p;t) sinh (p;h;)

1 —+ e_2|piti‘ 9 (max . . B
= T e Zpamax 0.5 —max {0ty (. (1,1 — 1), pi(f — ;)
T2(f) = cosh (p;t;y1) sinh (p;(t — t;))
" cosh (p;t) sinh (p;h;)
1 4+ e~ 2pitital

= e e 2pi(min {0,t¢+1}*min{0,ﬂ)u(pi(f_ t), piltive — 1)),
e i

for t;, t;+1 and t being either positive or negative.

6.1.3 Generalized and ordinary derivatives of C' tension
spline

By the previous subsection and Corollary 2.1, we can get the first and the second
generalized derivative of any C' tension spline. To be precise, for t € [t,,t,,1) =

ti, tiv1)

T

s =3 T/,

j=r—3
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and the first generalized derivative is

r

L(1,40)8(t) = Z 0}7:]3(5)7

j=r—2

with
1_ G~ 6

AT

for j =r —2,r — 1,r. The second generalized derivative of this spline is

)

T

Loans(B) = 3 AT, (6.13)

Jj=r—1
with
cl— ¢t
=L (6.14)
()

for j = r — 1,r. But, if we want to get ordinary derivatives of tension spline, it
is also possible to do it in a stable manner. The first derivative is equal to the
first generalized derivative, what we already have, and for the second is D? =
cosh (px)L2,40y. By multiplying (6.13) with cosh (p;t) and inserting (6.14) we get
that

11
Ds(f) = T2 om0y (14— B), pilf — 1))
Q:Q(’I“ — 1)
ch—cl _
+ et e Py (F — 1), pi(tign — 1)), (6.15)
Qtz(?"

where €,(r — 1) and €,(r) are defined in (6.19) and (6.20), which can be approx-
imated to the machine precision. It is now not a problem, for example, to apply
collocation methods with tension splines in a numerically stable way (see [17]), since
for these methods, except the spline value, we need the first and the second ordinary
derivative of the spline to form a collocation matrix.

6.2 Chebyshev tension splines
As we have already calculated tension splines associated to the multiplicity vector

m® | we will apply Lemma 3.1 and Theorem 3.7 to get tension splines associated
to m™M. Lemma 3.1 gives us

+3)
5 Cs(r +2), (6.16)
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with
h (.t 7.
. COS (pzterl) tanh (pzhz)
02(7") _ Di 2
Cy(i)  cosh (pitiy1) tanh (pz‘hz) N cosh (pij1tiy1) tanh <Pz‘+1hz‘+1) ’
Di 2 Dit1 2
_ cosh (pitotiv2) tanh (pi+2hi+2>
Co(r +3) _ Dit2 2
Cy(i+ 1) cosh (pit1tita) tanh (pi+1hi+1) i cosh (p;yotita) tanh (pi+2hi+2) ’
Dit1 2 Dit2 2
which can be calculated by means of the functions
xtanhy 1
= = 6.17
s(z,y) Jtanh 2(z,y,a) 15 o (6.17)

with arguments x and y nonnegative and a positive. The function s is positive, and
tanh y

lim s(x,y)=1, lims(z,y)= ,  lims(x,y) = ,

(2,9)—(0,0) (z.9) z—0 (y) Y y—0 (z.9) tanh x

and s(z,y) ~ { for large x and y. The function z satisfies: 0 < z(z,y,a) <1,

(6.18)

2(0,0,0) =1, lim z(z,y,a) =1, lim 2(z,y,a) =0, lim z(x,y,a) =0,
T—00 y—00 a—00

~ p—b—ytzlte 2® —
and z ~ e VT ey for b+ y — @ large, where b := Ina. Now,

62(7") _ hit1 pili piy1hip
=z piti-‘rl)pi-i-lt’i-f-l) S ) )

02(Z) hz 2 2
Co(r +3) R i1 5 Pit2liv2 Piy1hiv
02(2 + 1) Pitaliv2, Pit1liy2, hz’+2 2 ) 9 )

and (6.16) can be calculated numerically stable. Further, Theorem 3.7 gives T,
the B-spline of Chebyshev tension spline space.

6.3 (? tension splines

As we mentioned before, we will treat the C? tension splines space as the subspace
of S(4,do, T).

6.3.1 Quasi—Oslo type algorithm for C? tension splines

Let us define
tanh (pZThl)

Co(r—1) = — (6.19)
Cy(r) = tanhpih) (6.20)

Q:Q(Z) = &2(7") + &2(7" —+ 1)
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Then, we can also define a variation of Lemma 3.1 and Theorem 3.7 for C? tension
splines. If

V3= &s(r)
ri " Q:Q(Z) )
’Ygﬂ,z' =1,
3 o EQ(T + 3
IYT‘+2,Z' T 62(2 + 1)7
and
e
4 Vr iC3(T)
/yri = ; . ) 6.21
e (6.21)
74 L "Yg,iCB(T) + /71§+1,i03(7ﬂ + 1) (6 22)
r4+1, ° Q:g(l) ) .
. Vo13i1C3(r +3) + 714001 Cs(r +4) (6.23)
ke C5(i+ 1) ’ '
5 -
4 Vr+4a i+103(T +4)
L= 2 5 624
77‘-{-3,2 ng(z _'_ 1) ( )
with B B B
0:3(2) = ’yf’iC;),(T) + 03(7“ + 1) + ’Y?+27Z-03(7’ + 2), (625)
then

r+3

=2
j=r

make B-splines for C? tension splines space according to [16]. Straightforward
calculation can prove that T} is of class C2.

6.3.2 Quasi—derivative formula for C? tension splines

Also, the variation of derivative formula (2.27) holds. Let

3) ~
T3, (6.26)

then obviously
tit+3
€3(Z) = / (Z?(TQ) dTQ,
t;
and easy calculation shows that T? is of class C' and

T3

i T?Jrl
C3(i)  G(i+1)

DT} = (6.27)
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Now, let
sinh (p;(x — t;))
T fi ti) tl )
)= smhphy 0 OrE el tia) (6.28)
0 otherwise,
sinh (pi+1(ti+2 — IL‘))
T fi tz >ti )
T2 (2):={  soh(pahia) | OF€ (b1, tiva) (6.29)
0 otherwise,
and s
T =3+32,,. (6.30)
Then it is easy to see that T7 is continuous,
—~ E’r+2 ~ —~ E’r+3 ~
Q:Q(T) = \[ 53(73) dTg, Q:Q(T + ].) = f 172“4_1(7'3) d7'3,
tr tr+1
and ) -
DX3 = L s (6.31)

T 6() it 1)
For the simplicity, the linear combination of ¥ (¥?) we shall call just a tension

spline of order 3 (2).
For numerical stability, next to the functions defined in section 6.1, we need

w(z,y,p,q) == (6.32)

1
EENCE)

8 <

with s defined in (6.17). Then 0 < w(x,y,p,q) < 1,

x
limw(z,y,p,q) =1, limw(z,y,p,q) =0, lim w(z,y,p,q)=—— (6.33
lim w(z,y,p,q) lim w(z,y, p, q) i w(e,yp.g) =~ (6:33)

for  # 0, so w is not continuous at (0,0,0,0), but as with the function u, this is

not a problem, since in this case w is multiplied by zero. Now

&, (r) Co(r + 3)
= hi,hi y Diy Pi s _ . N hz’ 7hz’ s Mi4-25 Vi 3
() w( +1,Dis Pit1) &3+ 1) W(hit2, Rit1s Piv2, Pit1)

and the rest can be stably calculated with previous functions.

6.3.3 Derivatives of C? tension spline

As in the case of C! tension splines, we can also calculate derivatives of C? tension
spline. Let s = 37, ¢;% and ¢ € [t;, t;41). Then

i

s(f) = Y &),

j=i—3
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The first derivative is equal to

Ds() = > T3(8),

j=i—2

where
Cl g 7‘7 '] s

’ ¢5(5)
for j =i—2,i— 1,4, by (6.27). The second derivative is

i

Ds(i) = Y T,

j=i—1

with . .
2 = G =%
. )

I Q:Q(j)

for j =i —1,i by (6.31).

The numerical stability in these algorithms is achieved by using only positive
linear (most often convex) combinations of positive values, and special functions
calculated up to the computer accuracy.



Chapter 7

Cycloidal splines

The last example of applications of knot insertion algorithms are cycloidal splines
(also called helix splines). We can notice that a lot of shapes of the things are made
from straight lines or circle arcs. Also, in the industry, sometimes the computer
guided machines have to cut shapes like circles or helices. Therefore, it is useful to
have curves piecewisely spanned by linear polynomials, sine and cosine, i.e. cycloidal
curves [5, 14, 15, 28], and of course a stable algorithm for calculating with them.

7.1 Equidistant cycloidal splines

Let A = {;}i7§ be a partition of [0, (14+1)Z], such that z; =%, and let Cs : R — R
be defined by

T .7
C = — = —i-
s(x) := cos (x 1 12)
for z € [ig, (i+1)3], 7 € Z. Cs is continuous, periodical extension of cos (x — 7)ljo,z]-

Consider a CCC-system on R:
Uy (.T) 17

UQ(JZ') :/ dTQ,
0

usz(x) :/ dTg/ Cs(73) drs,
0 0

and the associated generalized derivatives:

Ladey = D,
1 2
L(Z,do') = &D )
1
L3d0) = CsQDaDQ,
1 2 1 2
L(47d0-) = &D CS D@D .

72
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One easily verifies that span{uy, us, us, us} = span{1, z, sin z, cos x} on each interval
[T, i+ 1)%). )

Let £ € (t;,tiy1) where T, T, T and T, and the rest of the notation as in
subsection 3.4.2 (T has all interior knots of multiplicity one). Then by Lemma 3.1

sin h;
C) = =2 7.1
') = G Os(ar) (7.1
. hi+h;
) sin it
Ca(j) = Cs(tj+1)h—h+1> (7.2)
cos J cos J
h; ) )
Cs(j) = cos hj sin 5 h; — sin h; N hjy1 —sinhjiq
2 sin Mathist +£L R 2 sin? h—27 2 sin? %
2 . hj+1 hj+1 hj+1
+ i % (sm 5 T 9 cos 5
smh”r2 hi;iqy —sinh; hiio —sin h;
2 J+1 g1 Ny 2 ' (7.3)
sin 7}”“;}”*2 2 sin? % 2 sin? %

The cycloidal splines can now be calculated with the de Boor algorithm (3.20). As
in the case of the tension splines, in order to avoid redundant operations and for
numerical stability, instead of C, Cy, C5 we define functions CC'1, CC?2 and C'C3:

CC1(r) i=sins,  CC2ry) —sinx;—y, (7.4)
CC3(e,,7) = u (5, 5) (@) + 1)) + 2005 + 5u (5.5) () + (=)
with
fla) = St gle) = T )= (1)

The function f has to be evaluated only on interval [0, 7], with lim, ., f(z) = 0,
so it can be nicely approximated by Padé approximant on the whole interval. The
same is true for g, which we only need on interval [0, 7], also with lim,_ g(z) = 0.

Because

lim u(z,y) =0, limu(z,y) =1,

z—0 y—0
the function w is not continuous at (0,0), like the function u from tensions splines,
but from (7.4) it is obvious that «(0,0) is then multiplied by zero. Further the
algorithm proceeds in the same manner as the one for C! tension splines.

To give an example of application of the algorithm, we will use elementary
functions z, sinx and cosz. For that, we need their de Boor points, on interval
[0, (1+1)2] (t1 37”, ty=—m,ty=—2, ta =0and tjy5 = (I+1)3, tiss = ([ +2)5,
bz = (14 3)3, tias = (1+ 9)3):
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X : ci:(i—Q)g, i=1,2,.. . 1+4,

. T T

SINX :  C4i41 = —57 Cai42 = C4(i+1) = 0, cuy3= 57 1=0,1, )
T T

COSX: (g1 = Cg43 =0, Chip2 = 9’ C4(i+1) = Ty 1=0,1,

Because some of de Boor points alternate in sign, catastrophic cancellation can occur
in some cases. Also, the continuity of the second generalized derivative is probably
unnecessary condition. There is no such difficulty if we use the Bezier variant of
cycloidal splines.

This algorithm can also be carried out for ¢ = ¢; and even with extended partition
with knots of arbitrary multiplicities, just by applying Theorem 2.19 or Remark 2.7
n (7.1), (7.2) and (7.3).

7.2 Equidistant Bezier cycloidal splines

We will, nevertheless, proceed with the Bezier case. Let t € (z;,241) C [0, (I+1)F],

and let T, T, T and T be extended partitions of the interval [0, (14 1)%] whose all

l+2

interior knots, except maybe one, have multiplicity 4: T = {¢; } ) where

tajr1 = tajro = tajpz = tagyy = 5 for j=0,..., 1+ 1;
T = {5; 111727 where

tj:tj fOI'jzl,,4(Z+]_),

tagit1)+1 =
t

9

t
tiog forj=4(+1)+2,...,4(l+2)+1;

T = {t} HQ ? where

tj:tj fOI‘jzl,,4(’l—|—1),
E4(i+1)+1 = E4(i+1)+2 = t:
ti=tj o forj=4(+1)+3,...,4(l+2)+2;

and finally, T = {t; } l+2 3 where

ti=t; forj=1,...,4(i+1),

f4(i+1)+1 = f4(i+1)+2 = ly(iy1y43 = L,
ti=1t;3 forj=4@G+1)+4,...,41+2)+3.

We use the notation T, Tf, 77“, Crr(5), Crr(h), Ch 1(j) for B-splines and
their integrals accordingly. These integrals are then calculated from (7.1), (7.2) and
(7.3) according to Theorem 2.19 or Remark 2.7 by coalescing the knots. For com-
puter implementation, we again use the de Boor algorithm together with functions
defined in (7.4), only now more arguments are equal to zero.
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Given splines are generalized Bezier splines, and analogous properties are valid:
if we observe an interval [z;, z;41] = [15, (i +1)3], and a parameterized curve in R?:

[ x(t) ] _ { aa:Tszl(t) + bszﬁ‘Jrz(t) + CwaiJr:s + dwa(z‘H)(t) ]
y(t) anyi—f—l(t) + bnyz‘+2 (t) + Cnyi+3 + dyTzf(iJrn(t)

on a given interval, for some index ¢ and de Boor points

b c d
=[] =k] e=la] e=[0]
l% by Cy dy

then the curve passes through points A and D, i.e.

and derivatives at the end points, by the derivative formula (2.27), since L1 40y = D,
are

[ y(zi) ] Cs(4i + 1)( ) [ Y(iy1) Cs(4i + 3)< )
When we, for example, want to derive de Boor points for z, sinx and cosz, we
get:

X d0:05d1:%_17d2:]—7d3:gy

sinx : dOIO,dlzg—l,dgzl,dgzl,

COS X : dozl,dlzl,dgzg—l,dgzo.

This time we do not have any problems with catastrophic cancellations, because all
of the de Boor points are nonnegative.

7.3 Nonequidistant Bezier cycloidal splines

Further, a generalization can be made in sense that, instead of taking an equidistant
partition, we take an arbitrary partition {z;}.} of [a,b], such that 0 < h; = z;4; —
r; < 5, and multiplicity vector m®W = (4,...,4). Now, Cs: [a,b] — R is defined
by Cs(x) := cos (x — § —x;) for x € [2;,2;41), 1 =0,...,l =1 or x € [5;, 2;41] for
t = [. Generally, Cs is not continuous.

The algorithm from previous section can be easily modified for this case: we
only need to replace the knots i7 with given xz; in (7.1),(7.2) and (7.3). We can
again apply this algorithm to express functions x, sinx, cosx, r —sinx and 1 —cos x

on interval [0, 2], z < § (with #; = 0), where their de Boor points are:
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z —sin z sinz — zcos z
X d0:O7d1: .Qzad2: -2 2 7d3:Za
2 sin 5 2 sin 5
. z—sinz sin 2 — zCoS 2 .
S x : dOZO, dlz,iu, 2= T 5 2. d3:San,
2 sin s 2 sin s

cosx: dy=1, dy =1, dQIZCOt§—1, d3z = cos z,
x—sinx: dyp=0, dy =0, do =0, d3 =2z —sinz,

l-cosx: dy=0, d =0, d2:2—zcot§, dz =1 — cos z.

All of these expressions can be stably calculated as in (7.5).

7.4 The choice of CCC—systems

In this section we just want to comment the choice of the CCC-systems in Sections
7.1 and 7.3. We know that ECC-system for span(1, z, sin x, cos x) exists on interval
only of length less than 27 (although there exists an ECC—space on interval [a, a+27]
which contains 1, z, sinz and cosx but, its dimension is higher than 4, (see [5])).
We want to overcome this restriction by substituting ECC—system with the CCC-
system. The choice of the length of the basic subinterval i; = 7 and of the function
Cs in Sections 7.1 and 7.2, is purely for obtaining a nice CCC-system and reduced
systems in the sense of easy calculation and numerical stability, and in Section 7.3
we put the restriction h; < % because the algorithm from Section 7.2 can be very
easily generalized for that case.

The problem of calculating cycloidal splines has already attracted a lot of atten-
tion, and although in [15, 21, 28] algorithms for calculating with cycloidal splines
have been developed, the explicit numerically stable algorithms for practical use
have not yet been discussed, what we have, in our case, presented in this chapter.



Chapter 8

Program codes

In this thesis we have given the algorithms for calculating with several kinds of
splines. For all of them we have made the program codes, but for brevity, we will
list here only the program codes of subroutines involved in calculating the tension
splines, as well as their first and second derivatives. The subroutines are written in
Fortran 90, and the algorithms for them are described in Chapter 6. All the program
codes of the routines, as well as the examples, can be found on the enclosed CD.

The routines are divided in two groups: the first is for calculating with C*
tension splines, and the second with C?. To avoid confusion in notations in the
comments of the subroutines, when we refer to C'! tension splines, we call them
Chebyshev tension splines, while when we refer to C? tension splines, we simply
call them tension splines. What both groups have in common is the use of the
module functions, which contains all auxiliary and elementary functions needed
in calculations:

f, g and u correspond to the functions having the same names defined in (6.5),
(6.6) and (6.7). To be precise, f(x)= f(x), g(x) =g¢g(x) and u(h,k,p)=
u(p-h,p'k). We calculate £ and g by Padé approximation for small x, and
for large x, i.e. large p-h and p-k, we use limits and asymptotic behavior of
all three functions, as described in Subsection 6.1.1;

CC3 is needed for calculating the integrals of B-splines associated with the first
reduced system of C! tension splines, i.e. CC3 calculates the function C'Cs
from (6.8);

divthl and divth2 calculate divthl(h,k,p)= w
tanh (p - k)

_ tanh (p - h) o
= Ganh (e B) + tanh (p 8)’ with 1=h+k, needed for (6.9), (6.10) and (6.11).

In these functions, limits (6.12) are used;

and divth2(h,k,1,p)

s corresponds to the function having the same name in (6.17), again, its limits
(6.18) are used,;

KC2div calculates the function w defined in (6.32) and uses (6.33);

7
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tanh ()

KC2 is needed for (6.19) and (6.20), KC2(x) = ——F—;

KC3 derives €3(i) from (6.25), where the call of the function has the arguments
KC3(h,p), with h and p being arrays of length 3: h(1)= h;, h(2)= h;,q,
h(3)= hjt2, and p(1)= p;, p(2)= pi41, p(3)= pito.

gamma4, gamma4dl and gamma4d4 calculate the coefficients of the quasi-Oslo type
algorithm which connects C? tension B-splines to C! tension B-splines: the
subroutine gamma4 produces all four coefficients (6.21)—(6.24), while the func-
tion gamma4d1 only the first one (6.21) and gamma4d4 only the last one (6.24).
A call of the subroutine is gamma4 (h,p,d), where all three arguments are ar-
rays of 4 elements: h(1)= h;, h(2)= h; 1, h(3)= h;1o, h(4)= h;1 3; p(1) = p;,
p(2)= pir1, p(3)= pire, p(4)= p;13 and the output argument d contains
d() =7, d(2)= 71,1, dB) =745, d(4)= 7,3, In the call of the func-
tion gamma4dl(h,p) the arrays h and p contain only h;, hiy1, hivo, Pi, Dit1,
Pi+2, while in gammad4d4 (h,p) hiy1, hiy2, Rivs, Pit1, Dites Dits.

The notation above is the same as in Chapter 6, and the functions that do not
have their arguments listed here have the same arguments as in Chapter 6. Each
of the following subroutines uses the module functions. Some of the subroutines
use some other, as represented in Table 8.1:

‘subrouﬁne ‘.“caﬂsthesubrouﬁne:‘
tension4C1
tension3C1
tension2
tensionlder4Ci tension3C1
tension2der4Ci tension?2

tensionlder4Clcoeff
tensionlder3Clcoeff

tension4dC2 tension4C1
tension3C2 tension3C1
tensionlder4C2 tension3C2
tension2der4C2 tension2
tensionlder4C2coeff
tensionlder3C2coeff

Table 8.1: The subroutines for calculating C' and C? tension splines and their
derivatives

In the comments of the subroutines, we also mention an auxiliary term: dimx,
which we do not use explicitly in most of the subroutines. It is put here just to
help the user to define the dimensions of the actual parameters in the call of the
subroutines.
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8.1 (! tension splines

Although the comments in subroutines describe the input and output variables,
few things need detailed explanations. C' tension splines are associated with an
extended partition with all interior knots of multiplicity two, and the boundary
points of multiplicity four, but the algorithms are developed in such a way that it is
not necessary to remember each interior knot twice. Therefore the array xx in the
following routines has each interior knot saved only once, and for consistence, both
boundary points are saved twice. The points in the array xx represent modified
partition of the given interval (not the extended one). The array px contains the
tension parameters of each subinterval defined by xx, but as the first and the last
subinterval are trivial, the first and the last elements of px do not matter, and can
therefore be arbitrary. Further, the routines are designed so that they can calculate
the value of a parameterized spline curve whose de Boor points have dimension
dim. It is also important to emphasize that the de Boor points given in cx have
numeration that corresponds to the extended partition, and not to the xx.

The subroutine tension4C1 calculates the value of the spline curve defined with
de Boor points cx at the point x, by the generalized de Boor algorithm described in
Subsection 6.1.1:

subroutine tension4Cl (x,xx,px,ileft,cx,dim,spl)

Generalized de Boor algorithm for calculating Chebyshev tension
spline curve

INPUT:

X = double precision variable, the point at which the
spline curve is evaluated

XX = rank-one double precision array of size dimx, the
increasing array of knots, assumed to fulfill the
conditions:
xx (1) =xx(2)<xx(3)<...<xx(i)<xx(i+1)<...<xx(dimx-1)=
xx(dimx); xx(3),...,xx(dimx-2) is the partition of

[xx(1),xx(dimx)]; the associated extended
partition T has all interior knots of multiplicity
2, and the boundary points of multiplicity 4
px = rank-one double precision array of size dimx-1, the
array of tension parameters, assumed to be
nonnegative: px(i)>=0 is the tension parameter on
the subinterval [xx(i),xx(i+1));
px(1) and px(dimx-1) can be arbitrary
integer variable, the index of the array xx such
that x is contained in the subinterval
[xx(ileft) ,xx(ileft+1)]

ileft
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CX = rank-two double precision array of shape dim by
2*dimx-4, the array of de Boor points associated
with the extended partition T;
cx(1:dim,i) corresponds to the B-spline with the
support [T(i),T(i+4)]

dim = integer variable, the extent of the first dimension
in the array cx, assumed to be positive

dimx = size(xx)
OUTPUT:
spl = rank-one double precision array of size dim, the

output value of the Chebyshev tension spline curve

|
|

|

!

!

|

|

!

! AUXILIARY TERM:
!

!

|

|

!

! at the point x
!

use functions

implicit none

integer, intent(in) :: ileft,dim

double precision, intent(in) :: x,xx(*),px(*),cx(dim,*)
double precision, intent(out) :: spl(dim)

double precision, parameter :: zero=0.0d0

double precision :: t(-1:2),p(-1:1),c(dim,-3:0) ! t(0)<=x<=t(1)
double precision :: templ,temp2,temp3,tempd,h(-1:1),xa,xb,ul,u2
double precision :: C1,C2,C3,C4,C5,C6,C7,C8,C9,C10,C11,C12
integer :: ileftc,i

! Storing only relevant data

t(-1:2)=xx(ileft-1:ileft+2)
p(-1:1)=px(ileft-1:ileft+1)
ileftc=2xileft
c(1:dim,-3:0)=cx(1:dim,ileftc-3:ileftc)

! Calculating the length of the subintervals involved
do i=-1,1

h(i)=t(i+1)-t (i)
enddo
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If x is equal to the left end point of subinterval
[xx(ileft) ,xx(ileft+1)], then the point x must be inserted only
once. ..

if (x==t(0)) then

if (t(-1)==t(0)) then
spl=c(1:dim,-3)
return

endif

temp1=CC3(zero,zero,h(0),zero,zero,p(0))
temp2=CC3(h(-1) ,zero,zero,p(-1) ,zero,zero)
spl=(c(1:dim,-3)*templ+c(1:dim,-2)*temp2)/ &

CC3(h(-1),zero,h(0),p(-1),zero,p(0))
return

. and also if x is equal to the right end point
elseif (x==t(1)) then

if (£(1)==t(2)) then
spl=c(1:dim,0)
return

endif

temp1=CC3(zero,zero,h(1),zero,zero,p(1))
temp2=CC3(h(0) ,zero,zero,p(0) ,zero,zero)
spl=(c(1l:dim,-1)*templ+c(1l:dim,0)*temp2)/ &

CC3(h(0),zero,h(1),p(0) ,zero,p(1))
return

endif

If x is in the interior of [xx(ileft),xx(ileft+1)], then the
generalized de Boor algorithm of order 4 is performed, where the
point x is inserted 3 times, but first, 12 integrals of
B-splines of order 3 are calculated

xa=x-t (0)
xb=t(1)-x
ul=u(xb/2,xa/2,p(0))
u2=u(xa/2,xb/2,p(0))
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C1=CC3(zero,zero,xb,zero,zero,p(0))
C2=CC3(h(-1) ,zero,h(0),p(-1),zero,p(0))
C3=CC3(zero,xa,xb,zero,p(0),p(0))
C4=CC3(zero,xa,zero,zero,p(0) ,zero)
C5=CC3(xa,xb,zero,p(0),p(0),zero)
C6=CC3(xa,zero,xb,p(0),zero,p(0))
C7=CC3(zero,h(0) ,zero,zero,p(0),zero)
C8=CC3(xa,zero,zero,p(0) ,zero,zero)
C9=CC3(zero,xb,zero,zero,p(0) ,zero)
C10=CC3(h(0) ,zero,h(1),p(0),zero,p(1))
C11=CC3(h(-1),zero,xa,p(-1) ,zero,p(0))
C12=CC3(xb,zero,h(1),p(0) ,zero,p(1))

Calculation of 4 nontrivial B-splines at the point x
templ=ul*C1/C2
temp2=C1*C11/(C3*C2) + (C1xC4*C5/C3 + C8*C9)/(C6%CT)
temp3=(C1*C4 + C8*C9*C3/C5)/(C6xC7) + C8xC12/(C5xC10)
temp4=u2*C8/C10

The final value of the Chebyshev tension spline curve
represented as the linear combination of B-splines

spl=ul*(exp(-p(0)*xa)*c(l:dim,-3)*templ+c(1l:dim,-2)*temp2)+ &
u2x(c(1l:dim,-1) *temp3+exp (-p(0) *xb) *c(1:dim,0) *temp4)

end subroutine tension4Cil

If we want to calculate the value of the first derivative of a spline curve, first we

need to be able to calculate the splines associated with the first reduced system as
in Subsection 6.1.2. The subroutine tension3C1 performs this task. The extended
partition associated with these splines is the same as for the splines of order 4:

subroutine tension3Cl (x,xx,px,ileft,cx,dim,spl)

Generalized de Boor algorithm for calculating the third order
Chebyshev tension spline curve, i.e. a spline curve associated
with the first reduced system of Chebyshev tension splines

INPUT:
X = double precision variable, the point at which the
spline curve is evaluated
XX = rank-one double precision array of size dimx, the
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PX

ileft

CX

dim
AUXILIARY
dimx

OUTPUT:
spl

increasing array of knots, assumed to fulfill the
conditions:

xx (1) =xx(2)<xx(3)<...<xx(i)<xx(i+1)<...<xx(dimx-1)=
xx(dimx); xx(3),...,xx(dimx-2) is the partition of
[xx(1) ,xx(dimx)]; the associated extended

partition T has all interior knots of multiplicity
2, and the boundary points of multiplicity 4
rank-one double precision array of size dimx-1, the
array of tension parameters, assumed to be
nonnegative: px(i)>=0 is the tension parameter on
the subinterval [xx(i),xx(i+1));

px(1) and px(dimx-1) can be arbitrary

integer variable, the index of the array xx such
that x is contained in the subinterval

[xx(ileft) ,xx(ileft+1)]

rank-two double precision array of shape dim by
2*dimx-4, the array of de Boor points of the third
order Chebyshev tension spline, associated with the
extended partition T;

cx(1:dim,i) corresponds to the B-spline with the
support [T(i),T(i+3)], so cx(l:dim,1) can be
arbitrary

integer variable, the extent of the first dimension
in the array cx, assumed to be positive

TERM:

size(xx)

rank-one double precision array of size dim, the
output value of the spline curve associated with
the first reduced system at the point x

use functions

implicit none

integer, intent(in) :: ileft,dim

double precision, intent(in) :: x,xx(*),px(*),cx(dim,*)
double precision, intent(out) :: spl(dim)

double precision :: t(0:1),p,c(dim,-2:0) 1t (0)<=x<=t (1)

double precision :: templ,temp2,temp3,h,xa,xb,temp

83
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integer :: ileftc

! Storing only relevant data

t(0:1)=xx(ileft:ileft+1)

p=px(ileft)

ileftc=2xileft
c(1:dim,-2:0)=cx(1:dim,ileftc-2:ileftc)

! Calculating the length of the subintervals involved

h=t (1)-t(0)
xa=x-t (0)
xb=t(1)-x

!
! If x is equal to the left end point of subinterval

! [xx(ileft) ,xx(ileft+1)], then the value of the spline at x is
! equal to the de Boor point cx(ileft-2)...

!

if (x==t(0)) then
spl=c(1l:dim,-2)
return

. and also if x is equal to the right end point, then the
spline is equal to the cx(ileft)

elseif (x==t(1)) then
spl=c(1:dim,0)
return

endif

|
! If x is in the interior of [xx(ileft),xx(ileft+1)], then the

! generalized de Boor algorithm of order 3 is performed, where the
! point x is inserted 2 times

!

temp=divthl(xb/2,h/2,p)

templ=exp (-p*xa)*u(xb,xa,p)*temp
temp2=2xtemp*divth2(xa/2,xb/2,h/2,p)

temp3=exp (-p*xb)*u(xa,xb,p)*divthl (xa/2,h/2,p)

! The final value of the spline curve

spl=c(1l:dim,-2)*templ+c(l:dim,-1)*temp2+c(1:dim,0)*temp3



8.1. C' TENSION SPLINES 85

end subroutine tension3C1

Now we can calculate the first derivative of a tension spline curve like in Sub-
section 6.1.3:

subroutine tensionlder4Cl (x,xx,px,ileft,cx,dim,spl)

Calculating the first derivative of the Chebyshev tension spline

curve
INPUT:
X = double precision variable, the point at which the
first derivative of the spline curve is evaluated
XX = rank-one double precision array of size dimx, the
increasing array of knots, assumed to fulfill the
conditions:
xx (1) =xx(2)<xx(3)<...<xx(i)<xx(i+1)<...<xx(dimx-1)=
xx(dimx); xx(3),...,xx(dimx-2) is the partition of

[xx(1) ,xx(dimx)]; the associated extended
partition T has all interior knots of multiplicity
2, and the boundary points of multiplicity 4

px = rank-one double precision array of size dimx-1, the

array of tension parameters, assumed to be

nonnegative: px(i)>=0 is the tension parameter on
the subinterval [xx(i),xx(i+1));

px(1) and px(dimx-1) can be arbitrary

integer variable, the index of the array xx such

that x is contained in the subinterval

[xx(ileft) ,xx(ileft+1)]

CX = rank-two double precision array of shape dim by
2xdimx-4, the array of de Boor points of the
Chebyshev tension spline, associated with the
extended partition T;
cx(1:dim,i) corresponds to the B-spline with the
support [T(i),T(i+4)]

dim = integer variable, the extent of the first dimension
in the array cx, assumed to be positive

ileft

AUXILIARY TERM:
dimx = size(xx)

OUTPUT:
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! spl = rank-one double precision array of size dim, the
! output value of the first derivative of the

! Chebyshev tension spline curve at the point x
|

use functions

implicit none

integer, intent(in) :: ileft,dim

double precision, intent(in) :: x,xx(*),px(*),cx(dim,*)
double precision, intent(out) :: spl(dim)

double precision, parameter :: zero=0.0d0

double precision :: t(-1:2),p(-1:1),c(dim,-3:0) ! t(0)<=x<=t(1)
double precision :: h(-1:1)
integer :: ileftc,i

! Storing only relevant data

t(-1:2)=xx(ileft-1:ileft+2)
p(-1:1)=px(ileft-1:ileft+1)
ileftc=2xileft
c(1:dim,-3:0)=cx(1:dim,ileftc-3:ileftc)

! Calculating the length of the subintervals involved

do i=-1,1
h(i)=t(i+1)-t (i)
enddo

! Calculating the de Boor points of the first derivative

c(1:dim,0)=(c(1:dim,0)-c(1:dim,-1))/ &
CC3(h(0),zero,h(1),p(0),zero ,p(1))
c(1:dim,-1)=(c(1:dim,-1)-c(1:dim,-2))*2/ &
CC3(zero,h(0) ,zero,zero,p(0) ,zero)/ &
(1.0d0+exp(-p(0)*h(0)))
c(1:dim,-2)=(c(1:dim,-2)-c(1:dim,-3))/ &
CC3(h(-1),zero,h(0),p(-1),zero,p(0))

! Calculating the value of the first derivative of the Chebyshev
! tension spline curve as the linear combination of the B-splines
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! associated with the first reduced system

call tension3Cl (x,t,p,2,c,dim,spl)

end subroutine tensionlder4Ci

Sometimes, the user wants to calculate the first derivative of the given spline
at many points, for example for drawing the graph of the first derivative, which
can be done with the subroutine tensionider4C1. In that case, the most of the
de Boor points of the first derivative would be calculated several times. To avoid the
repetition of the same calculation, we suggest the subroutine tensionlder4Clcoeff
which calculates all de Boor points of the first derivative:

subroutine tensionlder4Clcoeff (xx,px,cx,dimx,dim)

Calculating all de Boor points of the first derivative of the
Chebyshev tension spline curve

INPUT:

XX = rank-one double precision array of size dimx, the
increasing array of knots, assumed to fulfill the
conditions:
xx(1)=xx(2)<xx(3)<...<xx(1)<xx(i+1)<...<xx(dimx-1)=
xx(dimx); xx(3),...,xx(dimx-2) is the partition of

[xx(1),xx(dimx)]; the associated extended
partition T has all interior knots of multiplicity
2, and the boundary points of multiplicity 4

px = rank-one double precision array of size dimx-1, the
array of tension parameters, assumed to be
nonnegative: px(i)>=0 is the tension parameter on
the subinterval [xx(i),xx(i+1));
px(1) and px(dimx-1) can be arbitrary

dimx integer variable, the size of the array xx

dim = integer variable, the extent of the first dimension
in the array cx, assumed to be positive

INPUT and OUTPUT:
CX = rank-two double precision array of shape dim by
2*%dimx-4;
ON INPUT: the array of de Boor points of the
Chebyshev tension spline, associated with the
extended partition T;
cx(1:dim,i) corresponds to the B-spline with the
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support [T(i),T(i+4)]

ON OUTPUT: the array of de Boor points of the

first derivative of the Chebyshev tension spline;
cx(1:dim,i) corresponds to the B-spline with the
support [T(i),T(i+3)] (cx(1:dim,1) will not be used)

use functions

implicit none

integer, intent(in) :: dimx,dim

double precision, intent(in) :: xx(dimx),px(dimx-1)
double precision, intent(inout) :: cx(dim,2*dimx-4)
double precision, parameter :: zero=0.0d0

double precision :: h(2*dimx-1),p(2*dimx-1)

integer :: i

Calculating the length of all subintervals involved and creating
the array of tension parameters corresponding to the extended
partition T

do i=1,dimx-1
h(2*i-1)=zero
h(2*i)=xx(i+1)-xx(i)
p(2*i-1)=zero
p(2xi)=px (i)

enddo

h(2*dimx-1)=zero

p(2*dimx-1)=zero

Calculating the de Boor points of the first derivative
do i=2*dimx-4,2,-1
cx(1:dim,i)=(cx(1:dim,i)-cx(1:dim,i-1))*2/ &
CC3(h(i),h(i+1),h(i+2),p@i),p(i+1),p(i+2))/ &

(1.0d0+exp(-p(i+1)*h(i+1)))
enddo

end subroutine tensionlder4Clcoeff

The second derivatives of the C' tension splines form a space of splines piece-
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wisely spanned by sinh (px) and cosh (p x), and possibly discontinuous at the knots
of the partition. The spline s from such a spline space is calculated (see (6.15)) by
s(t) = crm1 e P u(py(tiy — 1), pi(t — 1))
+ep e P Du(py(F — 1), pilti — 1)),
what performs the subroutine tension2. We also use the same subroutine for

calculating the second order C? tension splines, therefore the comments referring
to C! tension splines will follow after a), and for C? tension splines after b).

subroutine tension2 (x,xx,px,ileft,cx,ileftc,dim,spl)

Calculating the second order a) Chebyshev tension spline or
b) tension spline curves

INPUT:

X = double precision variable, the point at which the
spline curve is evaluated

XX = a) rank-one double precision array of size dimx, the
increasing array of knots, assumed to fulfill the
conditions:
xx (1) =xx(2)<xx(3)<...<xx(i)<xx(i+1)<...<xx(dimx-1)=
xx(dimx); xx(3),...,xx(dimx-2) is the partition of

[xx(1),xx(dimx)]; the associated extended
partition T has all interior knots of multiplicity
2, and the boundary points of multiplicity 4;
b) rank-one double precision array of size dimx+4,
the increasing array of knots, assumed to fulfill
the conditions:
xx(1)=xx(2)=xx(3)=xx(4)<xx(5)<...<xx(i)<xx(i+1)<...
<xx (dimx)<xx (dimx+1)=xx (dimx+2)=xx (dimx+3)=
xx(dimx+4); xx(1),...,xx(dimx+4) is the extended
partition with all interior knots of multiplicity 1,
and the boundary points of multiplicity 4

px = rank-one double precision array of size
a) dimx-1, b) dimx+3,
the array of tension parameters, assumed to be
nonnegative: px(i)>=0 is the tension parameter on
the subinterval [xx(i),xx(i+1));
a) px(1) and px(dimx-1) can be arbitrary
b) px(1),px(2),px(3),px(dimx+1) ,px(dimx+2) and
px(dimx+3) can be arbitrary

ileft = integer variable, the index of the array xx such
that x is contained in the subinterval
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[xx(ileft) ,xx(ileft+1)]

CcX = a) rank-two double precision array of shape dim by
2*dimx-4, the array of de Boor pints of the second
order Chebyshev tension spline associated with the
extended partition T;
cx(1:dim,i) corresponds to the B-spline with the
support [T(i),T(i+2)], so cx(1:dim,1) and
cx(2:dim,2) can be arbitrary
b) rank-two double precision array of shape dim by
dimx, the array of de Boor points of the second
order tension spline associated with the extended
partition xx;
cx(1:dim,i) corresponds to the B-spline with the
support [xx(i),xx(i+2)], so cx(1:dim,1) and
cx(2:dim,2) can be arbitrary

ileftc = a) integer variable, the index in the second
dimension of the array cx such that cx(1l:dim,ileftc)
corresponds to the B-spline with the support
[T(ileftc) ,T(ileftc+2)] where
T(ileftc-1)=T(ileftc)=xx(ileft)
b) ileftc=ileft

dim = integer variable, the extent of the first dimension

in the array cx, assumed to be positive

AUXILTARY TERM:
dimx = a) size(xx)
b) size(xx)-4

OUTPUT:
spl = rank-one double precision array of size dim, the
output value of the second order (Chebyshev)
tension spline curve at the point x

use functions

implicit none

integer, intent(in) :: ileft,ileftc,dim
double precision, intent(in) :: x,xx(*),px(*),cx(dim,*)
double precision, intent(out) :: spl(dim)

double precision :: t(0:1),p,c(dim,-1:0) ! t(0)<=x<=t(1)
double precision :: hl,h2,templ,temp2



8.1.

C!' TENSION SPLINES 91

Storing only relevant data
t(0:1)=xx(ileft:ileft+1)

p=px(ileft)
c(1:dim,-1:0)=cx(1:dim,ileftc-1:ileftc)

Calculating the length of the subintervals involved

h1=x-t(0)
h2=t(1)-x

Direct calculation of 2 nontrivial B-splines at the point x

templ=dexp (-p*h1l)*u(h2,hl,p)
temp2=dexp (-p*h2)*u(hl,h2,p)

The final value of the spline curve

spl=c(1:dim,-1)*templ+c(1:dim,0) *temp2

end subroutine tension2

The second derivative (see Subsection 6.1.3) of a given C! tension spline now

can be obtained by tension2der4C1:

subroutine tension2der4Cl (x,xx,px,ileft,cx,dim,spl)

Calculating the second derivative of the Chebyshev tension
spline curve

INPUT:
X

double precision variable, the point at which the
second derivative of the spline curve is evaluated
XX = rank-one double precision array of size dimx, the
increasing array of knots, assumed to fulfill the
conditions:

xx (1) =xx(2)<xx(3)<...<xx(i)<xx(i+1)<...<xx(dimx-1)=
xx(dimx); xx(3),...,xx(dimx-2) is the partition of
[xx(1) ,xx(dimx)]; the associated extended
partition T has all interior knots of multiplicity
2, and the boundary points of multiplicity 4
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px = rank-one double precision array of size dimx-1, the

array of tension parameters, assumed to be

nonnegative: px(i)>=0 is the tension parameter on
the subinterval [xx(i),xx(i+1));

px(1) and px(dimx-1) can be arbitrary

integer variable, the index of the array xx such

that x is contained in the subinterval

[xx(ileft) ,xx(ileft+1)]

CcX = rank-two double precision array of shape dim by
2xdimx-4, the array of de Boor points of the
Chebyshev tension spline, associated with the
extended partition T;

!
!
!
!
!
! ileft
!
!
!
!
!
!
! cx(1:dim,i) corresponds to the B-spline with the
!
!
!
!
!
!
!
!
!
!
!
!

support [T(i),T(i+4)]
dim = integer variable, the extent of the first dimension
in the array cx, assumed to be positive

AUXILIARY TERM:

dimx = size(xx)
OUTPUT:
spl = rank-one double precision array of size dim, the

output value of the second derivative of the
Chebyshev tension spline curve at the point x

use functions

implicit none

integer, intent(in) :: ileft,dim

double precision, intent(in) :: x,xx(*),px(*),cx(dim,*)
double precision, intent(out) :: spl(dim)

double precision, parameter :: zero=0.0d0

double precision :: t(-1:2),p(-1:1),c(dim,-3:0) ! t(0)<=x<=t(1)
double precision :: h(-1:1),kc2ph
integer :: ileftc,i

! Storing only relevant data

t(-1:2)=xx(ileft-1:ileft+2)
p(-1:1)=px(ileft-1:ileft+1)
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ileftc=2*ileft
c(1:dim,-3:0)=cx(1:dim,ileftc-3:ileftc)

Calculating the length of the subintervals involved

do i=-1,1
h(i)=t(i+1)-t (1)
enddo

Calculating the de Boor points of the first derivative

c(1:dim,0)=(c(1:dim,0)-c(1:dim,-1))/ &
CC3(h(0),zero,h(1),p(0),zero ,p(1))
c(1:dim,-1)=(c(1:dim,-1)-c(1:dim,-2))*2/ &
CC3(zero,h(0) ,zero,zero,p(0) ,zero)/ &
(1.0d0+exp (-p(0)*hn(0)))
c(1:dim,-2)=(c(1:dim,-2)-c(1:dim,-3))/ &
CC3(h(-1) ,zero,h(0),p(-1),zero,p(0))

Calculating the de Boor points of the second derivative
kc2ph=h (0) *KC2(p(0) *h (0) /2) /2
do i=0,-1,-1

c(l:dim,i)=(c(1:dim,i)-c(1:dim,i-1))/kc2ph
enddo
Calculating the value of the second derivative of the Chebyshev
tension spline curve as the linear combination of the second
order B-splines
call tension2(x,t,p,2,c(1:dim,-1:0),2,dim,spl)

end subroutine tension2der4Ci

Again, if we want to calculate the second derivative of the given spline at

many points, to avoid repetitions, as we explained for tensionlder4Clcoeff, we
need the subroutine tensionlder3Clcoeff which calculates all de Boor points of
the first derivative of the third order Chebyshev tension spline. The subroutine
tensionlder3Clcoeff in combination with tensionlder4Clcoeff, gives de Boor
points of the second derivative of C! tension spline.

subroutine tensionlder3Clcoeff (xx,px,cx,dimx,dim)

Calculating all de Boor points of the first derivative of the
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third order Chebyshev tension spline curve

INPUT:

XX = rank-one double precision array of size dimx, the
increasing array of knots, assumed to fulfill the
conditions:
xx(1)=xx(2)<xx(3)<...<xx(i)<xx(i+1)<...<xx(dimx-1)=
xx(dimx); xx(3),...,xx(dimx-2) is the partition of

!

!

!

|

|

!

!

!

I [xx(1) ,xx(dimx)]; the associated extended
! partition T has all interior knots of multiplicity
! 2, and the boundary points of multiplicity 4
! px = rank-one double precision array of size dimx-1, the
! array of tension parameters, assumed to be
! nonnegative: px(i)>=0 is the tension parameter on
! the subinterval [xx(i),xx(i+1));

! px(1) and px(dimx-1) can be arbitrary

! dimx = integer variable, the size of the array xx
! dim = integer variable, the extent of the first dimension
! in the array cx, assumed to be positive

|

! INPUT and OUTPUT:

! CX = rank-two double precision array of shape dim by

! 2*%dimx-4;

! ON INPUT: the array of de Boor points of the

! third order Chebyshev tension spline, associated

! with the extended partition T;

! cx(1:dim,i) corresponds to the B-spline with the

! support [T(i),T(i+3)], so cx(1l:dim,1) can be

! arbitrary

! ON OUTPUT: the array of de Boor points of the

! first derivative of the third order Chebyshev

! tension spline;

! cx(1:dim,i) corresponds to the B-spline with the

! support [T(i),T(i+2)] (cx(1l:dim,1) and cx(1:dim,2)

! will not be used)

|

use functions
implicit none
integer, intent(in) :: dimx,dim

double precision, intent(in) :: xx(dimx),px(dimx-1)
double precision, intent(inout) :: cx(dim,2*dimx-4)
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double precision :: h,kc2ph
integer :: i

! Calculating the de Boor points of the first derivative

do i=dimx-2,2,-1
h=xx(i+1)-xx(1i)
kc2ph=h*KC2 (px(i)*h/2)/2
cx(1:dim,2*i)=(cx(1:dim,2*i)-cx(1:dim,2*i-1))/kc2ph
cx(1:dim,2*%i-1)=(cx(1:dim,2*i-1)-cx(1:dim,2*i-2))/kc2ph
enddo

end subroutine tensionlder3Clcoeff

To illustrate the use of the subroutines above, we suggest you the following
example, which can be also found on the enclosed CD:

Example 8.1 We solve the singularly perturbed differential two-point boundary
value problem

ey +y —(14+¢e)y=0, (8.1)

1+¢

y(0)=1+e !, y(1)=1+e =, (8.2)

by the collocation method by C* tension spline at the generalized Gaussian points
(for all details see [17] and [19]), where the choice of tension parameters is done
by (6.4) on the page 152 of [19], and the generalized Gaussian points are calculated
by equations (3.3) and (3.4) from the same source. Important remark is that the
tension parameters p; from [17] and [19] are equal to the p;h; from this thesis.

The main program exampleCl calculates the approximation of the given problem,
with € = 27%, by C tension spline where [0,1] is divided on n = 64 subintervals,
then plots the approrimation together with the exact solution

1+

s 4t (8.3)

y(z) =e*

the absolute error, the first and the second derivative of the approzimating C* ten-
sion spline, and derive maximal absolute error. exampleCl calls the subroutine
linsystemC1l which forms the matriz and the vector of the system of linear equa-
tions, produced by the collocation method, and then solves the system. To do that
we also need the function gausspoints, for calculating the generalized Gaussian
points, and the subroutine diffopCl which calculates the value of the differential
operator from (8.1) applied on C* tension spline. The module examplediffeqCl
contains all functions that define the boundary value problem (8.1)-(8.2).
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8.2 (? tension splines

The extended partition associated with C? tension splines has all interior knots of
multiplicity one and the both boundary points of multiplicity four, and, this time,
it is placed in the array xx. Because of that, the numeration of the elements of
array cx with de Boor points corresponds to the array xx. The array of tension
parameters px is again associated with the xx. Similarly to the previous case, the
first and the last three elements of the array px are arbitrary.

The subroutine tension4C2 calculates the value of a C? spline by the quasi-Oslo
type algorithm described in Subsection 6.3.1:

subroutine tension4C2 (x,xx,px,ileft,cx,dim,spl)

Quasi-Oslo type algorithm for tension spline curves

INPUT:
X = double precision variable, the point at which the
spline curve is evaluated
XX = rank-one double precision array of size dimx+4,

the increasing array of knots, assumed to fulfill
the conditions:
xx (1)=xx(2)=xx(3)=xx(4)<xx(5)<...<xx(i)<xx(i+1)<...
<xx (dimx) <xx (dimx+1)=xx (dimx+2)=xx (dimx+3)=
xx(dimx+4); xx(1),...,xx(dimx+4) is the extended
partition with all interior knots of multiplicity 1,
and the boundary points of multiplicity 4
px = rank-one double precision array of size dimx+3,
the array of tension parameters, assumed to be
nonnegative: px(i)>=0 is the tension parameter on
the subinterval [xx(i),xx(i+1));
px(1),px(2),px(3),px(dimx+1) ,px(dimx+2) and
px(dimx+3) can be arbitrary
integer variable, the index of the array xx such
that x is contained in the subinterval
[xx(ileft) ,xx(ileft+1)]
CX = rank-two double precision array of shape dim by
dimx, the array of de Boor points associated with
the extended partition xx;
cx(1:dim,i) corresponds to the B-spline with the
support [xx(i),xx(i+4)]
dim = integer variable, the extent of the first dimension
in the array cx, assumed to be positive

ileft

AUXILIARY TERM:
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dimx = size(xx)-4
OUTPUT:
spl = rank-one double precision array of size dim, the

output value of the tension spline curve at the
point x

use functions

implicit none

integer, intent(in) :: ileft,dim
double precision, intent(in) :: x,xx(*),px(*),cx(dim,*)
double precision, intent(out) :: spl(dim)

double precision :: t(-2:3),p(-2:2),c(dim,-3:0) ! t(0)<=x<=t(1)

integer :: 1i,]j

double precision :: h(-2:2),cc(4,4),tspl(4),Bspll,Bspl2,Bspl3, &
Bspl4,d(4)

! Storing only relevant data

t(-2:3)=xx(ileft-2:ileft+3)
p(-2:2)=px(ileft-2:ileft+2)
c(1:dim,-3:0)=cx(1:dim,ileft-3:ileft)

! Calculating the length of the subintervals involved
do i=-2,2
h(i)=t(i+1)-t (i)
enddo

Calculating nontrivial Chebyshev tension B-splines at the
point x

cc=0.0d0

do i=1,4
cc(i,i)=1.040

enddo

call tension4Cl (x,t(-1:2),p(-1:1),2,cc,4,tspl)
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! Calculating tension B-splines as the linear combination of the
! Chebyshev tension B-splines

Bspli=gamma4d4 (h(-2:0),p(-2:0))*tspl(1)

call gamma4(h(-2:1),p(-2:1),d)

Bspl2=d(2) *tspl(1)+d(3)*tspl(2)+d(4)*tspl(3)
call gamma4(h(-1:2),p(-1:2),d)
Bspl3=d(1)*tspl(2)+d(2)*tspl(3)+d(3)*tspl(4)
Bspld=gamma4dl (h(0:2),p(0:2))*tspl(4)

! The final value of the spline curve
spl=c(1:dim,-3)*Bspli+c(1l:dim,-2)*Bspl2+c(1:dim,-1)*Bspl3+ &
c(1:dim,0)*Bspl4d
end subroutine tension4C2

The equation (6.26) gives us the formula for calculating the third order B-spline,
and subroutine tension3C2 produces the value of such a spline:

subroutine tension3C2 (x,xx,px,ileft,cx,dim,spl)

Quasi-Oslo type algorithm for the third order tension spline

curves
INPUT:
X = double precision variable, the point at which the
spline curve is evaluated
XX = rank-one double precision array of size dimx+4,

the increasing array of knots, assumed to fulfill
the conditions:
xx (1)=xx(2)=xx(3)=xx(4)<xx(5)<...<xx(i)<xx(i+1)<...
<xx (dimx)<xx (dimx+1)=xx (dimx+2)=xx (dimx+3)=
xx(dimx+4); xx(1),...,xx(dimx+4) is the extended
partition with all interior knots of multiplicity 1,
and the boundary points of multiplicity 4
px = rank-one double precision array of size dimx+3,
the array of tension parameters, assumed to be
nonnegative: px(i)>=0 is the tension parameter on
the subinterval [xx(i),xx(i+1));
px(1),px(2),px(3),px(dimx+1) ,px(dimx+2) and
px(dimx+3) can be arbitrary
integer variable, the index of the array xx such

ileft
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that x is contained in the subinterval
[xx(ileft) ,xx(ileft+1)]

cX = rank-two double precision array of shape dim by
dimx, the array of de Boor points of the third order
tension spline, associated with the extended
partition xx;
cx(1:dim,i) corresponds to the B-spline with the
support [xx(i),xx(i+3)], so cx(1:dim,1) can be
arbitrary

dim = integer variable, the extent of the first dimension
in the array cx, assumed to be positive

AUXILIARY TERM:

dimx = size(xx)-4
OUTPUT:
spl = rank-one double precision array of size dim, the

output value of the third order tension spline curve
at the point x

use functions

implicit none

integer, intent(in) :: ileft,dim
double precision, intent(in) :: x,xx(*),px(*),cx(dim,*)
double precision, intent(out) :: spl(dim)

double precision :: t(-1:2),p(-1:1),c(dim,-2:0) ! t(0)<=x<=t(1)
double precision :: h(-1:1),cc(3,4),tspl(3),Bspll,Bspl2,Bspl3
integer :: i

Storing only relevant data
t(-1:2)=xx(ileft-1:ileft+2)
p(-1:1)=px(ileft-1:ileft+1)
c(1:dim,-2:0)=cx(1:dim,ileft-2:ileft)

Calculating the length of the subintervals involved

do i=-1,1
h(i)=t(i+1)-t(i)
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enddo

Calculating the nontrivial third order Chebyshev tension
B-splines at the point x

cc=0.0d0

do i=1,3
cc(i,i+1)=1.0d0

enddo

call tension3C1l (x,t(-1:1),p(-1:0),2,cc,3,tspl)

Calculating the third order tension B-splines as the linear
combination of the third order Chebyshev tension B-splines

Bspl1=KC2div(h(0),h(-1),p(0),p(-1))*tspl (1)

Bspl2=KC2div(h(-1),h(0),p(-1),p(0))*tspl(1)+tspl(2)+ &
KC2div(h(1),h(0),p(1),p(0))*tspl(3)

Bspl3=KC2div(h(0),h(1),p(0),p(1))*tspl(3)

The final value of the spline curve

spl=c(1:dim,-2)*Bspli+c(l:dim,-1)*Bspl2+c(1:dim,0)*Bspl3

end subroutine tension3C2

Then, the first derivative of a C? tension spline is calculated as in Subsection

6.3.3:

subroutine tensionlder4C2 (x,xx,px,ileft,cx,dim,spl)

Calculating the first derivative of the tension spline curve

INPUT:

X = double precision variable, the point at which the
the first derivative of the spline curve is
evaluated

XX = rank-one double precision array of size dimx+4,

the increasing array of knots, assumed to fulfill
the conditions:
xx(1)=xx(2)=xx(3)=xx(4)<xx(5)<...<xx(i)<xx(i+1)<...
<xx (dimx) <xx (dimx+1) =xx (dimx+2)=xx(dimx+3)=
xx(dimx+4); xx(1),...,xx(dimx+4) is the extended
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partition with all interior knots of multiplicity 1,
and the boundary points of multiplicity 4

px = rank-one double precision array of size dimx+3,

the array of tension parameters, assumed to be

nonnegative: px(i)>=0 is the tension parameter on

the subinterval [xx(i),xx(i+1));
px(1),px(2),px(3),px(dimx+1) ,px(dimx+2) and
px(dimx+3) can be arbitrary

integer variable, the index of the array xx such

that x is contained in the subinterval

[xx(ileft) ,xx(ileft+1)]

CcX = rank-two double precision array of shape dim by
dimx, the array of de Boor points of the tension
spline, associated with the extended partition =xx;
cx(1:dim,i) corresponds to the B-spline with the
support [xx(i),xx(i+4)]

dim = integer variable, the extent of the first dimension
in the array cx, assumed to be positive

ileft

AUXILIARY TERM:

dimx = size(xx)-4
OUTPUT:
spl = rank-one double precision array of size dim, the

output value of the first derivative of the tension
spline curve at the point x

use functions

implicit none

integer, intent(in) :: ileft,dim
double precision, intent(in) :: x,xx(*),px(*),cx(dim,*)
double precision, intent(out) :: spl(dim)

double precision :: t(-2:3),p(-2:2),c(dim,-3:0) ! t(0)<=x<=t(1)
double precision :: h(-2:2)
integer :: i

! Storing only relevant data

t(-2:3)=xx(ileft-2:ileft+3)
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p(-2:2)=px(ileft-2:ileft+2)
c(1:dim,-3:0)=cx(1:dim,ileft-3:ileft)

! Calculating the length of the subintervals involved

do i=-2,2
h(i)=t(i+1)-t(i)
enddo

! Calculating the de Boor points of the first derivative

do i=0,-2,-1
c(l:dim,i)=(c(l:dim,i)-c(1:dim,i-1))/KC3(h(i:1+2),p(i:1i+2))
enddo

|
! Calculating the value of the first derivative of the tension
! spline curve as the linear combination of the third order

! tension B-splines

|

call tension3C2 (x,t,p,3,c(1:dim,-2:0),dim,spl)

end subroutine tensionlder4C2

As in previous section, to speed up the calculation of the first derivative of C?
tension spline at many points, it is useful to calculate all de Boor points of the first
derivative in advance:

subroutine tensionlder4C2coeff (xx,px,cx,dimx,dim)

Calculating all de Boor points of the first derivative of the
tension spline curve

!

!

!

!

! INPUT:

! XX = rank-one double precision array of size dimx+4,

! the increasing array of knots, assumed to fulfill

! the conditions:

! xx (1)=xx(2)=xx(3)=xx(4)<xx(5)<...<xx(i)<xx(i+1)<...
! <xx (dimx) <xx (dimx+1)=xx (dimx+2)=xx(dimx+3)=

! xx(dimx+4); xx(1),...,xx(dimx+4) is the extended

! partition with all interior knots of multiplicity 1,
! and the boundary points of multiplicity 4

! px = rank-one double precision array of size dimx+3,

! the array of tension parameters, assumed to be
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nonnegative: px(i)>=0 is the tension parameter on

the subinterval [xx(i),xx(i+1));

px(1),px(2),px(3),px(dimx+1) ,px(dimx+2) and

px(dimx+3) can be arbitrary

integer variable, dimx+4 is the size of the array xx

dim = integer variable, the extent of the first dimension
in the array cx, assumed to be positive

dimx

INPUT and OUTPUT:
CcX = rank-two double precision array of shape dim by

dimx;
ON INPUT: the array of de Boor points of the tension
spline, associated with the extended partition xx;
cx(1:dim,i) corresponds to the B-spline with the
support [xx(i),xx(i+4)]
ON OUTPUT: the array of the de Boor points of the
first derivative of the tension spline;
cx(1:dim,i) corresponds to the B-spline with the
support [xx(i),xx(i+3)] (cx(1:dim,1) will not be
used)

use functions

implicit none

integer, intent(in) :: dimx,dim
double precision, intent(in) :: xx(dimx+4),px(dimx+3)
double precision, intent(inout) :: cx(dim,dimx)

double precision :: h(3)
integer :: i

! Calculating the de Boor points of the first derivative

h=0.0d0

do i=dimx,2,-1
h(1)=xx(i+1)-xx(i)
cx(1:dim,i)=(cx(1:dim,i)-cx(1:dim,i-1))/KC3(h,px(i:1i+2))
h(2:3)=h(1:2)

enddo
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end subroutine tensionlder4C2coeff

We get the value of the second order B-spline by (6.28), (6.29) and (6.30), which
leads us to the the algorithm for calculating the value of a spline from the space of
the second derivatives of the C? tension splines, and this can be also achieved by
tension2, listed in the previous section. So, the second derivative of the C? tension
spline is calculated, again as in Subsection 6.3.3, by:

subroutine tension2der4C2 (x,xx,px,ileft,cx,dim,spl)

Calculating the second derivative of the tension spline curve

INPUT:

X = double precision variable, the point at which the
the second derivative of the spline curve is
evaluated

XX = rank-one double precision array of size dimx+4,

the increasing array of knots, assumed to fulfill
the conditions:
xx(1)=xx(2)=xx(3)=xx(4)<xx(5)<...<xx(i)<xx(i+1)<...
<xx (dimx) <xx (dimx+1)=xx (dimx+2)=xx(dimx+3)=
xx(dimx+4); xx(1),...,xx(dimx+4) is the extended
partition with all interior knots of multiplicity 1,
and the boundary points of multiplicity 4

px = rank-one double precision array of size dimx+3,

the array of tension parameters, assumed to be

nonnegative: px(i)>=0 is the tension parameter on

the subinterval [xx(i),xx(i+1));

px(1),px(2),px(3),px(dimx+1) ,px(dimx+2) and

px(dimx+3) can be arbitrary

integer variable, the index of the array xx such

that x is contained in the subinterval

[xx(ileft) ,xx(ileft+1)]

CX = rank-two double precision array of shape dim by
dimx, the array of de Boor points of the tension
spline, associated with the extended partition xx;
cx(1:dim,i) corresponds to the B-spline with the
support [xx(i),xx(i+4)]

dim = integer variable, the extent of the first dimension
in the array cx, assumed to be positive

ileft

AUXILTARY TERM:
dimx = size(xx)-4
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OUTPUT:
spl = rank-one double precision array of size dim, the
output value of the second derivative of the tension
spline curve at the point x

use functions

implicit none

integer, intent(in) :: ileft,dim
double precision, intent(in) :: x,xx(*),px(*),cx(dim,*)
double precision, intent(out) :: spl(dim)

double precision :: t(-2:3),p(-2:2),c(dim,-3:0) ! t(0)<=x<=t(1)
double precision :: h(-2:2),kc2ph(-1:1)
integer :: i

Storing only relevant data

t(-2:3)=xx(ileft-2:ileft+3)
p(-2:2)=px(ileft-2:ileft+2)
c(1:dim,-3:0)=cx(1:dim,ileft-3:ileft)

Calculating the length of the subintervals involved and relevant
integrals

do i=-2,2

h(i)=t(i+1)-t(i)

if (i>-2 .and. i<2) kc2ph(i)=h(i)*KC2(p(i)*h(i)/2)/2
enddo

Calculating the de Boor points of the first derivative

do i=0,-2,-1
c(1l:dim,i)=(c(1:dim,i)-c(1:dim,i-1))/KC3(h(i:i+2),p(i:i+2))
enddo

Calculating the de Boor points of the second derivative
do i=0,-1,-1

c(1:dim,i)=(c(1:dim,i)-c(1:dim,i-1))/(kc2ph(i)+kc2ph(i+1))
enddo
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Calculating the value of the second derivative of the tension
spline curve as the linear combination of the second order
tension B-splines

call tension2 (x,t,p,3,c(l:dim,-1:0),2,dim,spl)

end subroutine tension2der4C2

At the end, the subroutine tensionlder3C2coeff calculates all de Boor points
of the first derivative of the third order tension spline. Again, with tensionlder4C2-
coeff and tensionlder3C2coeff we can get all de Boor points of the second deriva-
tive of the given C? tension spline.

subroutine tensionlder3C2coeff (xx,px,cx,dimx,dim)

Calculating de Boor points of the first derivative of the third
order tension spline curve

INPUT:
XX

PX

dimx
dim

INPUT and
CX

rank-one double precision array of size dimx+4,

the increasing array of knots, assumed to fulfill
the conditions:
xx(1)=xx(2)=xx(3)=xx(4)<xx(5)<...<xx(i)<xx(i+1)<...
<xx (dimx)<xx (dimx+1)=xx (dimx+2)=xx (dimx+3)=
xx(dimx+4); xx(1),...,xx(dimx+4) is the extended
partition with all interior knots of multiplicity 1,
and the boundary points of multiplicity 4

rank-one double precision array of size dimx+3,

the array of tension parameters, assumed to be
nonnegative: px(i)>=0 is the tension parameter on
the subinterval [xx(i),xx(i+1));
px(1),px(2),px(3),px(dimx+1) ,px(dimx+2) and
px(dimx+3) can be arbitrary

integer variable, dimx+4 is the size of the array xx
integer variable, the extent of the first dimension
in the array cx, assumed to be positive

OUTPUT:

rank-two double precision array of shape dim by
dim;

ON INPUT: the array of de Boor points of the
third order tension spline, associated with the
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extended partition xx;

cx(1:dim,i) corresponds to the B-spline with the
support [xx(i),xx(i+3)], so cx(1:dim,1) can be
arbitrary

ON OUTPUT: the array of the de Boor points of the
first derivative of the third order tension spline;
cx(1:dim,i) corresponds to the B-spline with the
support [xx(i),xx(i+2)] (cx(1:dim,1) and cx(1:dim,2)
will not be used)

use functions

implicit none

integer, intent(in) :: dimx,dim
double precision, intent(in) :: xx(dimx+4),px(dimx+3)
double precision, intent(inout) :: cx(dim,dimx)

double precision :: h(2),kc2ph(2)
integer :: i

! Calculating the de Boor points of the first derivative

h=0.0d0

kc2ph=0.0d0

do i=dimx,3,-1
h(1)=xx(i+1)-xx(i)
kc2ph (1)=h(1)*KC2(px (i) *h(1)/2)/2
cx(1:dim,i)=(cx(1:dim,i)-cx(1:dim,i-1))/(kc2ph(1)+kc2ph(2))
h(2)=h(1)
kc2ph (2)=kc2ph (1)

enddo

end subroutine tensionlder3C2coeff

As in the case of the C! tension splines, we apply the C? tension spline subrou-
tines for solving the same problem as in Example 8.1, which is also enclosed on the
CD:

Example 8.2 We solve the singularly perturbed differential two-point boundary
value problem (8.1)-(8.2) by the collocation method by C? tension spline (for all
details see [16] and [20]). The tension parameters are defined as in [17] and [19], so
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the remark from Example 8.1 about their relationship with those defined here, holds
still. The choice of the tension parameters are made by (18)-(20) from [20].

The main program exampleC2 solves the given problem, where it is again ¢ =
276 by the collocation method by C? tension spline, and with [0,1] being divided on
n = 64 subintervals. exampleC2 produces the same kind of results as exampleC1,
and for forming and solving the collocation linear system uses the subroutine linsys-
temC2. For collocation points, in this case, we use the knots of the partition. Finally,
the subroutine diffopCl calculates the value of the the differential operator from
(8.1) applied on C? tension spline, and the module examplediffeqC2 has the same
role as examplediffeqCl from Fxample 8.1.



Appendix A

Summary

In this thesis our point of interest are canonical complete Chebyshev (CCC)—-systems
and splines associated with them. We are interested in finding numerically stable
algorithms for calculating with such splines, and we do that by generalizing the
knot insertion based algorithms for polynomial splines to CCC-systems. To be
able to construct these algorithms, we introduce knot insertion matrices, and then
develop Oslo type algorithms and the generalized de Boor algorithm. To show
the practical value of these algorithms, we apply them on four kinds of splines:
weighted, g-splines, tension and cycloidal splines. Weighted and tension splines are
particulary interesting, since weighted splines are the only splines of order higher
than 4 which can be stably evaluated, and tension splines because of their wide
application. For each of these splines, algorithms are developed with all the details
specific for the spline in question. Finally to illustrate the practical computer use
of given algorithms, we list program codes involved in calculating with C! and C?
tension splines.
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Appendix B

Sazetak

Srediste zanimanja ove disertacije su kanonski kompletni Cebigevljevi (CCC)-siste-
mi i splajnovi izvedeni iz njih, a takoder i numericki stabilni algoritmi za racunanje
takvih splajnova. Njih pronalazimo u generalizaciji algoritama baziranih na ubaci-
vanju ¢vorova za polinomne splajnove na CCC-sisteme. Za konstrukciju takvih
algoritama uvode se matrice za ubacivanje ¢vorova, a iz njih algoritmi tipa Oslo
i generalizirani de Boor-ov algoritam. U svrhu pokazivanja prakti¢nosti ovih al-
goritama, oni se primjenjuju za racunanje cetiri vrste splajnova: za tezinske, ¢-
splajnove, napete i cikloidne splajnove. Tezinski i napeti splajnovi su posebno zan-
imljivi, posto su tezinski, u ovoj disertaciji, jedini splajnovi reda viseg od 4 koji se
racunaju, a napeti zbog njihove Siroke primjene. Za svaki od tih splajnova razvijeni
su algoritmi sa svim detaljima specificnim za doti¢ni splajn. Na kraju, kao ilus-
tracija prakti¢ne upotrebe danih algoritama na racunalu, popisani su programski
kodovi za racunanje s C* i C? napetim splajnovima.
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Appendix C

Curriculum vitse

I was born on July 8, 1973 in Zagreb, where I have finished elementary school. I
continued my education at the Mathematics high school in Zagreb, and in 1992 I
have entered upon University of Zagreb, Department of Mathematics. I graduated
applied mathematics in 1997, and the same year started postgraduate studies in
mathematics. Next year I took a job as an assistant on the same faculty. Until
now, my work field is numerical mathematics, more precisely, I am involved in the
development of Chebyshev spline theory, with an emphasis on numerically stable
algorithms for calculating with spline curves. My motivation was the growing need
for such algorithms, especially in CAGD, solving ordinary differential equations,
and some minimization problems. In 2002 I got masters degree in mathematics by
defending master’s thesis on the subject “Polar Forms of Splines and Knot Insertion
Algorithms”. Most of my results are published in 4 reviewed articles, and presented
in scientific meetings and seminars. 1 also participated in several conferences in
Croatia and abroad. Next to my scientific work, I am also engaged in lectures for
students, mostly in subjects connected to the numerical mathematics and computer
science.
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