
Chapter 1TEORIJSKI REZULTATI1.1 ZATVORENI OPERATOR1.DEFINITION 1.1.1 (Zatvoreni operator) Neka je L Bana
hov prostor i A linerani spodru
jem de�ni
ije D(A) � L. Kazemo da je A zatvoren ako za svaki niz U = fun : n 2Ng � D(A) i pripadni V = fAun : n 2 Ng � L imamo slijede
u induk
ijuU; V konvergiraju u L ) u = limn un 2 D(A):Drugi prikaz ovog pojma je iz grafa operatora:�(A) = f(u;Au) : u 2 D(A); Au 2 Lg � L � L:Slijedi da je A zatvoren ako mu je graf zatvoren skup u L � L.primjeri:- Au = fuk=k : k 2 Ng, D(A) = lp(N);R(A) 6= lp(N).- Au = fkuk : k 2 Ng, D(A) = fPk jkukjp <1g;R(A) = lp(N).- Au = �u u Lp(0; 1). Imamo za u0 = f ovo: D(A) = C([0; 1℄) \ fu(0) = 0; u0 2Lp(0; 1)g, R(A) = Lp(0; 1).- �u00 = f u prostoru L2(R). Izraz je u(x) = (1=2) R jx� yjf(y) dy pa R(A) 6= L2(N).- �u00 = f u L2(0; 1) ima rjesenje u(x) = R G(x; y)f(y)dy gdje su  (x) = 1�x:�(x) = x,te G(x; y) =  (x)�(y)1 [0;x℄ + �(x) (y)1 [x;1℄. sada je o
ito R(A) = L2(N).Kazemo da je operatopr akretivan ako je k(�I + A)uk � �kuk za svaki par � > 0; u 2D(A). Kazemo da A udovoljava Teoremu Hille-Yosida, akoD(A) je gust u L;A je akretivan;za neki � > 0 vrijedi (�I +A)D(A) = L:Kratko pisemo HY-uvjetima. Istaknimo da "neki" impli
ira "svaki". Dokaz ide izT (�;A) = T (�;A) T (1; (�� �)T (�;A)) = T (�;A) Xk �(� � �)T (�;A)�k;te 
injeni
e da je kT (�;A)k � 1=�. Ujedno slijedi � 7! T (�;A) je analiti
ka u <z > 0.Za zatvoreni operator je podru
je vrijednosti zadano sa R(A) = (�I + A)D(A). Zazatvoreni akretivni operator i bilo koji � > 0 to je zatvoreni skup. Ako A udovoljavaHY-uvjetu to je 
itav prostor.primjeri: 1



2 posdip.tex/ korektura { January 31, 2007- Operatori su A = � i A = �� u prostorima Lp(0;1), te imamo zada
u i rjesenje:u0 + �u = f; u(x) = exp(��x) R x0 exp(�y)f(y)dy;�v0 + �v = g; v(x) = exp(�x) R1x exp(��y)g(y)dy:Slijedi da inverz T (�;A) ima ove norme kT (�;A)k1 = kT (�;A)k1 = 1=�. Isto vrijediza T (�;�A). Sada to vrijedi za sve Lp-prostore. Dakle je D(A) = T (�;A)Lp(0;1);R(A) =Lp(0;1).Pokazimo akretivnost. Za f = f+ � f� imamo pozitivna rjesenja u+; u�. Dalje jek(A+ �I)uk = kf+ � f�k = kf+k+ kf�k � �(ku+k+ ku�k) � �ku+ � u�k.Dokaz da je skup D(A) je gust u Lp(0;1) za p < 1: Za f 2 Lp(0;1); g 2 Lq(0;1)imamo (g jT (�;A)f) = (T (�;�A)g j f):- Za A = ��2 na R imamo T (�;A) iz Fourierove transforma
ije. Sliedi da A imaHY-uvjete.- A sada A(x) = ��a(x)� gdje je a(�) izmjeriva ograni
ena s obje strane pozitivnimkonstantama.LEMMA 1.1.1 (Yoshidina aproksima
ija) Neka A udovoljava HY-uvjetima. Tada(i) Niz fnT (n;A) : n 2 Ng konvergira jedini
i jaku u L.(ii) Niz fnAT (n;A) : n 2 Ng konvergira operatoru A jaku u D(A).(ii) Neka je An = nAT (n;A). Niz fT (�;An) : n 2 Ng konvergira inverzu T (�;A) jaku uL.Proof: Za dokaz (iii) koristimoQ�1 � P�1 = Q�1(P �Q)P�1;i dio (ii). QEDOpertor An se zove Yoshidina aproksima
ija operatora A.VAZNA DOPUNA. Pojam zatvorenog operatora se moze prosiriti na operatore izmedjudva prostora. Neka su L0; L00 Bana
hovi prostori i A de�niran na D(A) � L0. Graf je�(A) = f(u;Au) : u 2 D(A); Au 2 L00g � L0 � L00:Kaze se da je A 2 L(L0; L00) zatvoren ako mu je graf zatvoren.2.For natural r the ratio �(k + r)=��(k + 1)�(r)� is usually denoted by �k+r�1k �. In thismonography the symbol �k+r�1k � is also used for all r 2 (0;1). Let K be an operator andlet us assume that there exists m 2 N su
h that kKmkp < 1. Then the series:(I � K)�� = 1Xk=0 �k + �� 1k �Kk(1.1)[exn1.1℄ 
onverges in Lp(D;�). By using the The Rietz-Thorin interpolation theorem [?℄ and theexpli
ite forms of L1- and L1-norms we get:Proof: Nakon prve o
jene na desnoj strani imamo za � = kKmkp:�
(0; �) + 
(1; �) + : : :+ 
(m � 1; �)� �0 +�
(m;�) + 
(m+ 1; �) + : : :+ 
(2m� 1; �)�� +: : :�
(rm;�) + 
(rm + 1; �) + : : :+ 
((r = 1)m � 1; �)��r�1 +: : : :



posdip.tex/ korektura { January 31, 2007 3Sada de�niramo s = �1=m i novom o
jenom dobijemo:k(I � K)��kp � s�(m�1 (1 � s)��;t.j. konvergen
iju po normi. QEDLEMMA 1.1.2 Let K be bounded. If kKmkp < 1, p = 1;1, for some m 2 N, then[lemn1.1℄ k(I � K)��kp = 1Xk=0 �k + �� 1k � kKkkpfor all p 2 [1;1℄.LEMMA 1.1.3 (O poten
iji inverza) Let A be a linear operator in a Bana
h spa
e L[lemLa10.3℄ satisfying HY-
onditions. Then: there exists T (�;A)� in L su
h that D(�) = T (�;A)�L isdense in L and there exists ��I +A�� on D(�) su
h that ��I +A��T (�;A)� = I.Proof: Let An = (1=n)I�n2T (n;A) be the Yoshida approximations of A. Then thereexists a sequen
e of bounded operators de�ned by:T (�;An)� = �(� + n) I � n2 T (�;A)���= 1(� + n)� 1Xk=0 
(k; �) � n�+ n�k �nT (n;A)�k;(1.2)[exLa10.4℄ where 
(k; p) = �(k + p)=��(k + 1)�(p)� is usually denoted by �k+p�1k � for natural p. They
onverg strongly in L to a bounded operator K(�). From kT (�;An)�k � 1=�� there followskK(�)k � 1=��. Let � = q=p; q; p 2 N. Then �T (�;An)��p = T (�;An)q implying K(�)p =T (�;A)q . Hen
e, by de�nition T (�;A) = K(�) for � = q=p. However, � 7! T (�;An)�of (1.2) are analyti
 in <� > 0 so that the established representation (1.2) is valid for allpositive �. QEDSada promatramo operatore na Lp(D;�). De�niramo pozitivnost za neki ograni
enioprator Q. Kazemo Q � 0 ako je Qu � 0 na D za svaki u � 0. Sli
no Q > 0 je operator sasvojstvom Qu > 0 na D za svaki netrivijalni u � 0.LEMMA 1.1.4 Let A be a linear operator in L(D;�) satisfying HY-
onditions. Then:(i) If T (�;A) � 0 there exists a unique T (�;A)� � 0.(ii) If L is a Hilbert spa
e then the unique operator T (�;A)� of (ii) is positive de�nite.Proof: From T (�;A) � 0 there follows K(�) � 0. QEDLet � > 0. The r-th power of T (�;A) has a representation (1.3). This is not the onlypossible representation. However this is the unique representation for whi
h entries are non-negative. Other possibile representations 
an be derived from the spe
tral representation ofA.DEFINITION 1.1.2 (Compartmental stru
ture) A bounded operator A in L1(D;�)[defn1.0℄ is said to be of positive type if A = pI � B, B � 0 and kBk1 � p. It is 
alled 
onservativeif B1 = 1. A bounded operator A in L1(D;�) is said to have the 
ompartmental stru
tureif A = pI � B, B � 0 and kBk1 � p. It is 
alled 
onservative if for ea
h u � 0 on D thereholds kBuk1 = pkuk1.In the 
ase of l1(I) this de�nition and de�nition for matri
es are in agreement.LEMMA 1.1.5 Let A in L1(D;�) be 
ompartmental. If A is 
onservativ then kBmk1 = pm[lemn1.0℄ for ea
h m 2 N.Proof: If A is 
onservative then the equality kBmuk1 = pmkuk1 must be valid for ea
hu � 0 implying the assertion. QED



4 posdip.tex/ korektura { January 31, 20073.De�nira se spektar operatora A i rezolventa R(�;A) = T (�;�A).LEMMA 1.1.6 Let A in L1(D;�) be a 
ompartmental operator. Then 0 2 sp(A) i� A is[lemn1.5℄ 
onservative.Proof: LetA be 
onservative. We have to 
onstru
t a sequan
e un 2 L1(D;�); kunk1 =1, su
h that Aun ! 0 in L1(D;�). It suÆ
ies to 
onsider the 
ase A = I � B. Hen
ekBmu0k1 = 1 for ea
h u0 � 0; ku0k1 = 1. Now we 
onsiderun = 1n �I + B +B2 + � � �+Bn�1�u0;and 
al
ulate kunk1 = 1n nXk=1 kBk�1u0k1 = 1;Bun � un = 1n�Bnu0 � u0� ! 0:Let us suppose now that 0 2 sp(A) while A is not 
onservative. There must exist m 2 Nsu
h that � = kBmk1 < 1. We have(I � B)�1 = �I +B + B2 + � � �+ Bm�1� 1Xr=0 Bmr ;so that k(I � B)�1k1 � m=(1 � �). Hen
e A�1 is bounded on L1(D;�) and 0 2 C belongsto resolvent set. QEDLet us apply Lemma to 
ompartmental operators A = pI �B = p(I �Q) and �I +A =(� + p)I � B. Hen
e, in the present 
ase K = �Q, where � = p=(p + �). Therefore, theoperator T (�;A)� = � 1p+ ��� 1Xk=0 �k + �� 1k ��k Qk(1.3)[exn1.2℄ is de�ned for any pair of numbers � > 0; � > 0.1.2 ELIPTICKI OPERATOR NA SVOM PROSTORU1.Za diferen
ijalni operator A = �Pij �iaij�j+Pi b0i�i+Pi(�ib00i �)+
 de�niramo bilinearnuformu a(v; u) = dXi;j=1 ZD aij(x) �iv(x) �ju(x) dx+ dXi=1 ZD b0i(x) v(x) �iu(x)� dXi=1 ZD b00i (x) �iv(x)u(x) dx + ZD 
(x) v(x)u(x) dx:(1.4)[ex2.3℄ te promatramo zada
e:Jednadzba za funk
iju x 7! u(x):(� +A(x))u(x) = f(x);gdje je f 2 W�12 (Rd) se zovu zada
a za elipti
ki diferen
ijalni operator naW 12 (Rd). Funk
ijau(�) se zove jako rjesenje zada
e. Jednadzbe za funk
iju x 7! u(x):� (vju) + a(v; u) = h v j f i; v 2W 12 (Rd)se zove varia
iona zada
a za elipti
ki diferen
ijalni operator. Funk
ija u(�) se zove slaborjesenje zada
e.THEOREM 1.2.1 (O rjesenju zada
e na Rd) Postoji �0 � 0 takav da obje zada
e[Thm2.1℄ imaju jedinstvena rjesenja, koja se podudaraju, kada god je � > �0.



posdip.tex/ korektura { January 31, 2007 52.Operator �I +H = �I � �2� na Rd je zadan ovakoD(H) = fu = F [û℄ : p 7! (1 + �2p2) û(p) 2 L2(Rd)gte vrijedi (�� �2�)D(H) = L2(Rd);kada gofd je � =2 (�1; 0℄ � C . To zna
i da za f 2 L2(Rd) imamo rjesenje u = T (�;H)f =F [ŵ℄ gdje je ŵ(p) = f̂ (p)�+ �2p2 :U x-reprezenta
iji je to integralni operator s jezgrom:t(�; �;H; z) = � ���2�d=2 21�����(�) K(d�2�)=2(z)z(d�2�)=2 ; z = p2�jzj� ;(1.5)za � = 1. Here K�(z) are Bessel fun
tions. Properties of the Bessel fun
tion K� are wellknown, K��(z) = K�(z) for <z > 0, K�(z) > 0 for z > 0 and:K�(z) � 
(�) exp(�z)pz for z > 1 any �;K0(z) � 
0(�) �1 + j ln zj� for 0 < z < 1;K�(z) � 
(�) z�� for 0 < z < 1 any � > 0;where 
0(�) are z-independent.Jos treba re
i da je linearni prostor C(2)0 (Rd) gust podrostor u L2(Rd) i ujedno jeC(2)0 (Rd) � D(H) � L2(Rd).3.Jezgro t(�;H; �) je dobro i za slu
aj da promatramo preslikavanje T (�;H) sa Lp(Rd) uLp(Rd); 1 � p � 1. Stoga de�niramoD(H) = T (�;H)Lp(Rd); � > 0;te operator H za prostore Lp(Rd). Za p =1 linerani prostor D(H) nije gust, dok je za sveostale gust u osnovnom prostoru. Uvjek imamo rjesenje jednadzbe (�+H)u = f; f 2 Lp(Rd)4.Jezgro t(1; �;H; �) je dobro poslije 1. deriviranja, te za deriva
iju imamo Youngovu nejed-nakost: g(x) = R �it(�;H;x� y) f(y) dy;kfkp � k�iT (�;H)k1 kgkp:Dakle se Lp(Rd) preslikava u W 1p (Rd).5.Jezgro t(�; �;H) de�nira T (�;H)�. Ovo treba znati:�iT (�;H)� = T (�;H)��i : L2(Rd) 7! L2(Rd) � > 0;T (�;H)� : W 12 (Rd) 7! L2(Rd); � � 1=2T (�;H)� : L2(Rd) 7!W 12 (Rd) � � 1=2:as follows from �iT (�;H)�u = F [ŵ℄; ŵ(p) = pi(� + �2 p2)� û(p):



6 posdip.tex/ korektura { January 31, 2007Zatim je kT (�;H)�k2 = ���; dXi=1 k�iT (�;H)�k22 � ��2 �1�2�:Iz F-transforma
ije slijedi postojanje operatora B = (�I+H)� na D(B) = T (�;H)�L2(Rd).Operator (�I +H)� ima svojstvo (�I +H)�T (�;H)� = I.6.Koristimo formalno:T (�;A) = ��I +H + (A �H)��1 = T (�;H)1=2 �I � T (�;H)1=2(H � A)T (�;H)1=2��1 T (�;H)1=2= T (�;H)1=2 �P1k=0 W k�T (�;H)1=2;gdje su W = T (�;H)1=2 (H � A)T (�;H)1=2:i H = ��2�, te H �A = � Xij �i (�2Æij � aij(x)) �j :Treba izra
unati normu operatora W . Imamo(ujWu) = Pij R �iu(x) ��2Æij � aij(x)��ju(x) dx;(�2 �M ) Pi k�iuk22 � (ujWu) � (�2 �M ) Pi k�iuk22;gdje je v = T (�;A)1=2. Za �2 =M imamo pozitivno de�nitni W , tako da je0 � (ujWu) � (1� 
) kuk22;gdje je 
 =M=M < 1. Dakle je kWk2 � (1� 
). O
ito postoji (I �W )�1, k(I �W )�1k2 �
�1.Provjeriti da je T (�;H)1=2(I �W )�1T (�;H)1=2 jednako T (�;A) iz izraza(vj(�I + A)T (�;H)1=2(I �W )�1T (�;H)1=2u) = (vju)za svaki par (v; u) iz gustog skupa. Uzimamo skup W 12 (Rd) te ra
unamo(vj(�I +H)T (�;H)1=2(I �W )�1T (�;H)1=2u);(vj(A �H)T (�;H)1=2(I �W )�1T (�;H)1=2u):i zbrojimo. Rezultat je (vju).THEOREM 1.2.2 (Reprezenta
ija inverza elipti
kog operatora) Za elipti
ki opera-toe A(x) = �Pij �iaij(x)�j + � se inverz reprezentira sa:T (�;A) = T (�;H)1=2 (I �W )�1 T (�;H)1=2na L2(Rd). Povrh toga jeT (�;A) : W�12 (Rd) 7!W 12 (Rd);kT (�;A)kL(W�12 ;W12 ) � 1pMM 1� �� + M�1=2;gdje je L(W�12 ;W 12 ) linerani prostor ograni
enih operatora sa W�12 (Rd) u W 12 (Rd). Povrhtoga operator T (�;A) je bijek
ija izmedju prostora W�12 (Rd) i W 12 (Rd).Ippitni zadatak 1.1 Za dokaz glavnog teorema treba pokazati da zatvara
 A promatranog[isp2.1℄ diferen
ijalnog operatora A(x) ima HY-uvjete za � > �0.



posdip.tex/ korektura { January 31, 2007 71.3 ELIPTICKI OPERATOR NA OBLASTILiteratura (osnovnas):D. Gilberg, N. S. Trudinger, Ellipti
 Partial Di�erential Equations, Springer, Berlin,1983.O. A. Ladyzhenskaya, N. N. Ural'tseva , Linear and Quasilinear Ellipti
 PartialDi�erential Equations, A
ademi
 Press, N.Y., 1968Promatramo slu
aj ograni
ene oblasti D sa Lipsi
xevom grani
om �D. Jednadzba zafunk
iju D 3 x 7! u(x) 2 _W 12 (D):(�+ A(x))u(x) = f(x); x 2 D;uj�D = 0; ;(1.6)[exn3.1℄ gdje je f 2 W�12 (D) se zove zada
a za elipti
ki diferen
ijalni operator na D uz homogeneDiri
hletove rubne uvjete. Funk
ija u(�) 2 _W 12 (D) se zove jako rjesenje zada
e. Jednadzbeza funk
iju x 7! u(x) 2 _W 12 (D):� (vju) + a(v; u) = h v j f i; v 2 _W 12 (D)(1.7)[exn3.1a℄ se zove varia
iona zada
a za elipti
ki diferen
ijalni operator uz homogene Diri
hletove rubneuvjete. Funk
ija u(�) se zove slabo rjesenje zada
e.THEOREM 1.3.1 (O rjesenju zada
e na oblasti) Neka je zadan elipti
ki diferen
i-[Thm3.1℄ jalni operator A(x) na oblasti D. Tada postoji �0 � 0 takav da postoje jedinstvena jaka islaba rjesenje elipti
ke zada
e uz homogene Diri
hletove rubne uvjetu kada god je � � �0, tesu ta rjesenja medjusobno jednaka.1.Najprije promatramo H(x) = ��2� i pripadnu zada
u (1.6). Po
injemo s pomo
nimrezultatom.Let the fun
tions u; û 2 L2(Rd) be mutually related by the Fourier transformation,u = F [û℄; û = F�1[u℄. If we write down an apparent equalityû(p) = 11 + p2 û(p) + dXi=1 pi 11 + p2 piû(p);and perform the transformation F to both sides we getu = T (1;H)u � dXi=1 �i T (1;H) �iu;(1.8)[exp3.1℄ being a representation of u in terms of its �rst partial derivatives. Now we 
an extend thisrepresentation to hold for a wider 
lass of fun
tions.LEMMA 1.3.1 Let u 2W 1p (Rd); p 2 [1;1℄. Then (1.8) is valid.A proof follows from Young inequality for d-dimesional spa
es.The representation (1.8) makes possible to demonstrate some of results whi
h are knownas Sobolev lemma:u 2 W 1p (Rd); p > d ) u = T (�;H)f 2 _C(�)(Rd); � = 1� d=p;u 2 W 1p (Rd); p < d ) u = T (�;H)f 2 Lr(Rd); r = dpd� p :A proof of the �rst result follows from the previous Corollary. Elsewhere, proofs based onproperties of kernels are in 115, 117 of vol 5. Smirnov. A simple proof of the se
ond relationis given in GT. A proof based on non-homogeneous Lp-spa
es and Hardy Littlewood theorem
an be taken from Besov.Another important part of Sobolev lemma is the 
ompa
t imbedding:



8 posdip.tex/ korektura { January 31, 2007LEMMA 1.3.2 Let B � _W 1p (D); p 2 [1;1℄ be bounded. Then B is 
onditionaly 
ompa
t[lem3.5℄ in Lp(D).Proof: Let us rewrite (1.8) in the following way:u(x) = ZD t(�;H;x� y)u(y) dy + dXi=1 ZD �it(�;H;x� y) �iu(y)dy:We haveu(x+ h) � u(x) = ZD �t(�;H;x+ h� y)� t(�;H;x� y)�u(y) dy+ dXi=1 ZD ��it(�;H;x+ h� y)� �it(�;H;x� y)� �iu(y)dy;The fun
tions t(�;H; �) and �it(�;H; �) are elements of L1(Rd). By using the global 
ontinu-ity of elements in L1-spa
e we 
on
lude that the bra
kets in the 
onsidered expression havesmall L1(Rd)-norms for h small. Let us say these norms are not larger than ". Hen
e, thesquare bra
kets are kernels depending on x� y with the L1-norm less than ". The domainD is 
ontained in a ball B(r) of radius r 
entred at the origin. In the following k � kp denotesthe norm of Lp(B(2r)). By using Young inequality we getku(�+ h) � u(�)kp � " kukp;1;i.e. the equi
ontinuity and thus proving Lemma. QED2.Sada rjesavamo (1.6) za Lapla
eov operator. Pitamo se kako se de�nira rjesenje. Kre
emood problema minimuma za bilinearnu formu h(v; u) = �2Pdi=1(�ivj�iu) i pripadni kvadratnifunk
ional q(u) = h(u; u)� 2hujf i.inffq(u) : u 2 _W 12 (D); kuk2;1 = 1g:(1.9)[exp3.2℄ LEMMA 1.3.3 Postoji jedinstveni u0 2 _W 12 (D) koji ostvaruje rjesenje zada
e (1.9). To[lem3.2℄ se rjesenje podudara sa slabim rjesenjem diferen
ijalnog operatora H(x) zada
e (1.7). Zaf 2 L2(D); f � 0 rjesenje je u0 � 0.Proof: Ograni
enost funk
ionala odozdo. Za ovaj dio dokaza trebamo kruk22 ��(D)kuk22 za neki �(D). Neka je �2 = 1. Imamo ovo:hujf i = (ujf0) + dXi=1 (�iujfi):Koristimo ab � "a2 + (4")�1b2 pa dobijemo:jhujf ij � "�kuk22 + kruk22� + 14"�kf0k22 + krfk22�:Dakle je q(u) � h�(D) (1 � 2") � 2"i � 12" kfk22;�1:Kompaktni podniz u L2(D). Neka je U = fun : n 2 Ng � _W 12 (D) minimiziraju
iniz, t.j. � = limn q(un). On je ograni
en u _W 12 (D) jer je:kuk22;1 � �1 + �(D)�1� kruk22 � �1 + �(D)�1� hq(u) + "kuk22;1 + (4")�1kfk22;�1i:



posdip.tex/ korektura { January 31, 2007 9Neka je U0 slabo konvergentni podniz u0 = w � limun 2 _W 12 (D), te neka je U00 jako kon-vergentni podniz u L2(D) prema Lemmi 1.3.2, t.j. u0 = s � limun 2 L2(D). Sigurno jeku0k2;1 � 1. U nasem dokazu svi nizovi imaju istu oznaku U.Jako konvergentni podniz u _W 12 (D). Sada treba dokazari ku0k2;1 = 1. Iz togaslijedi u0 = s � limun u _W 12 (D). Kako je kunk2;1 = 1 slijedi1 = � + ku0k2 + 2hu0jf i:Dalje je � � q(u0) = kru0k22 � 2hu0jf i:Dodajmo lijevo i desno ku0k22 + 2hu0jf i, tako da je na lijevo 1, t.j.:1 � ku0k22;1;odakle slijedi jaka konvergen
ija podniza U.Nenegativnost Ako je u0 = u+ � u� onda je ovo istina: Za ju0j = u+ + u� jeq(ju0j) = krju0jk22 � 2(u+jf) � 2(u�jf) � q(u0);pa zbog jedinstvenosti rjesenja mora biti u0 = ju0j u _W 12 (D). QEDZada
om minimiza
ije je ostvareno preslikavanje f 7! u iz W�12 (D) u _W 12 (D). Ono jelinearno i ozna
enos s T (0;HD). Analogno se de�nira T (�;HD) za zada
e s operatorom�I +H(x).COROLLARY 1.3.1 Neka je u rjesenje zada
einf f�kuk22 + kruk22 � 2hujf i : kuk2;1 = 1gza neki � > 0. Tada vrijedi:(i) f 2 C(1)(D)! u 2 C(1)(D).(ii) f 2 L1(D) ! u 2 C(1+�)(D) za � < 1.Proof: Neka je � funk
ija izgladjivanja s vrijednostima u [0; 1℄, supp(�) � D, � =1 na S � D. Dokazimo da je funk
ija x 7! �(x)u(x) klase C(1) na S. Formalno je(�I + H(�))�u = �f � (��)u � 2r�ru. Ozna
imo to sa f 0. O
ito je f 0 2 L2(Rd), a istotako je f 0 = f na S. Dakle je w = T (�;H)f 0 2 D(H) i �w(x)+H(x)w(x) = f 0(x) na Rd.Odavde imamo za test-funk
iju v:�(vjw) + (vjHw) = �(vjw) + (rv jrw) = (v j f 0):Desna se strana moze napisati kao(v j f 0) = �(vj�u) + (rv jr(�u)):Na taj na
in slijedi �(vjw � �u) + h(v; w � �u) = 0;! �u = w, pa svojstva funk
ije �uslijede iz svojstava w = T (�;H)f 0 = R t(�;H; ��y)f 0(y) dy. Za x 2 S integral doprinosi odvrijednosti f i vrijednosti funk
ija u; �iu izvan S, t.j. sa skupa D nS. Time imamo glatkostna S klase C(1). Dio (ii) se dokazuje analogno. QEDTHEOREM 1.3.2 Za svaki � � 0 je T (�;HD) kompaktan u L2(D) i T (�;HD) > 0. Za[Th3.1℄ svaki � 2 (0; 1) postoji kompaktni T (�;HD)� > 0.Proof: Kompaktnost slijedi iz Lemme 1.3.3. Pozitivnost se moze dokazati klasi
nimmetodama ovako. Neka postoji f 2 L2(D); 0 � f � 1, takav da je u(x) = T (�;HD)f(x) = 0za neki x 2 D i neki � > 0. Ovu to
ku i dio nosa
a funk
ije f obuhvatiom plohom �S klaseC(2) u skupu D. Ploha de�nira slup S � D. Iz prethodnog rezultata znamo da je rjesenjeklsae C(1+�) na S, t.j. to je klasi
no rjesenje na S. Ako je rjesenje pozitivno na dijelu �S



10 posdip.tex/ korektura { January 31, 2007ono mora biti pozitivno u S. Pozitivnost na nekoj to
ki grani
e �S mora biti ispunjena zanetrivijalni u.Kompaktni operator u Bana
hovom prostoru ima 
isto diskretan spektar i t.d. Vidi UKurepinoj knjizi Funk
ionalna analiza. Kako je T (�;HD) simetri
an, imamo ortonormiranesvojstvene funk
ije �k i pripadne svojstvene vrijednosti �k, a T (�;HD) je integralni operators jezgrom: t(�;HD;x;y) = Xk 1� + �k �k(x)�k(y):Iz kruk22 � �(D)kuk22 slijedi ga je najmanja svojstvena vrijednost pozitivna, pa ovaj izrazvrijedi i za � = 0. Tada je T (�;HD)� integralni operator zadan s jezgrom:t(�; �;HD;x;y) = Xk (�+ �k)�� �k(x)�k(y):Biramo pozitivne korjene (� + �k)� i na taj na
in dobijemo jedinstveni pozitivno de�nitniT (�;HD)�. Pozitivnost operatora T (�;HD)� u L2(D) se dokazuje pomo
u Yoshidinihaproksima
ija iz izraza (1.2).Promatramo preostali slu
aj � = 0.1�k � 1�+ �k = � 1�+ �k 1�kpomnzomo s �k(x)�k(y) i zbrojimo dobijemo jednakost za jezgre pa onda i za operatore:T (0;HD) � T (�;HD) = � T (�;HD)T (0;HD);odakle slijedi T (0;HD) � T (�;HD) > 0. QED3.PROPOSITION 1.3.1 Let A be selfadjoint in L2(D), positive de�nite, T (�;A) be 
ompa
tand T (�;A) � 0. Let � be an eigenfun
tion of A 
orresponding to the minimal eigenvalue� > 0.(i) If � has both signs � = �+���, �� > 0 on open sets D�, supp(��) = D�, k��k2 > 0,then T (�;A) is redu
ed by both L2(D�).(ii) Let S = supp(�). If S
 has a positive measure then T (�;A) is redu
ed in both L2(S)and L2(S
).(iii) If T (�;A) > 0 then j�j is positive on D and � is a single eigenvalue of A.Proof: Let � = �+ � �� as assumed in (i). From the prin
iplesupkuk=1 (ujT (�;A)u) = (� + �)�1 (�jT (�;A)�)and T (�;A) � 0, one gets that j�j = �+ + �� is also an eigenfu
tion 
orresponding to �,implying �� are also eigenfun
tions. Hen
e T (�;A)(�+�)�1�+ = �+ and (u; T (�;A)�+) =0 for all u 2 L2(D
+). Be
ause T (�;A) is symmetri
 L2(D+) redu
es A as well. (ii) is provedanalogously. To prove (iii) let us assume that � is not single. Then at least one eigenfun
tionhas both signs on D and (i) is valid. However, T (�;A)�+ > 0 on D 
ontradi
ting the resultsof (i). QEDCOROLLARY 1.3.2 Neka je u svojstvena funk
ija operatora HD uz najmanju svojstvenuvrijednost. Tada je juj > 0 na D, a svojstvena vrijednost je jednostruka.



posdip.tex/ korektura { January 31, 2007 114.Pokusajmo konstruirati inverzni operator T (�;A) za A0(x) = �Pij �iaij(x)�j kao u pred-hodnom slu
aju pomo
u inverza za odgovaraju
i diferen
ijalni operator H = ��2� na D.Nas zanimaju �iT (�;HD)1=2 i T (�;HD)1=2�i. ImamoXi k�iT (�;HD)1=2uk22 = ��2 Xkl uk(� + �k)� ul(�+ �l)� (H(x)�kj�l) � ��2 kuk22:Dakle �iT (�;HD)1=2 je ograni
en, te je i T (�;HD)1=2�i takodjer ograni
endXi=1 k�iT (�;HD)1=2k22 = dXi=1 kT (�;HD)1=2�ik22 � ��2:Stoga mora biti WD = T (�;HD)1=2 Xij �i ��2Æij � aij(�)� �jT (�;HD)1=2ograni
en s normom kWDk2 = 1 � 
 < 1 za �2 = M i sve � � 0. Dakle postojiT (�;HD)1=2(I �WD)�1T (�;HD)1=2 s normom kao za sav prostor.THEOREM 1.3.3 Za dferen
ijalni operator A(x) = �Pij �iaij(x)�j na D s Diri
hle-tovim rubnim uvjetima na �D postoji inverz:T (�;AD) = T (�;HD)1=2 (I �WD)�1 T (�;HD)1=2:Pri tome je T (�;AD) : W�12 (D) 7! _W 12 (D);kT (�;AD)kL(W�12 ;W12 ) � 1pMM 1� + �0 �� + �0 + M�1=2;gdje je L(W�12 ;W 12 ) linerani prostor ograni
enih operatora sa W�12 (D) u _W 12 (D), te je Azatvoren na D(AD) = T (�;AD)W�12 (D). Povrh toga operator T (�;AD) je bijek
ija izmedjuprostora W�12 (D) i _W 12 (D). U prostoru L2(D) je operator T (�;AD) kompaktan.Temeljni rezultat iz ovog i prethodnog odjeljka se moze izre
i u jednom.DEFINITION 1.3.1 Let A;H be de�ned on D(A);D(H), respe
tively, in a Hilbert spa
eL. Let there exist two bilinear forms a(�; �) and h(�; �) on D � D where D is dense in L. Letus assume that the following two assumptions are valid:(a) D(A) � D, a(v; u) = (vjAu) for v; u 2 D(A) and D(H) � D, h(v; u) = (vjHu) forv; u 2 D(H).(b) There exists a positive number 
 < 1 su
h that
 h(u; u) � a(u; u) � h(u; u):Tehen we say that A;H is a pair of intervening operators and a(�; �); h(�; �) is a pair ofintervening bilinear forms.THEOREM 1.3.4 (on pairs of intervening operators) Let A;H be a pair of inter-[th6.3℄ vening operators, ea
h staisfying HY-
onditions. Then W = R(�;H)1=2(H � A)R(�;H)1=2has the norm kWk � 1� 
 andT (�;A) = T (�;H)1=2 (I � W )�1 R(�;H)1=2(1.10)[exp3.4℄ for any positive �. If H�1=2 exists then (1.10) is valid for � = 0 as well.



12 posdip.tex/ korektura { January 31, 2007THEOREM 1.3.5 The operator A0D has a single minimal eigenvalue 
orresponding to an[Th3.2℄ eigenfu
tion having one sign on D.Proof: If the minimal eigenvalue is not single then there exist a set S � D and Z = S
su
h that L2(S); L2(Z) are non-trivial and redu
e the resolvent T (�;A0D). We assume nowthat S � D is su
h that L2(S) redu
es T (�;A0D) and there exists a simple eigenvalue� = 1=(�+ �0) of the restri
tion T (�;A0D)jL2(S). Then L2(D n S) also redu
es T (�;A0D)and its restri
tion to this subspa
e has generaly multiple eigenvalue �. Hen
e, we 
on
lude� dXij=1 �iaij(x)�j �k(x) = 0; k 2 N0; x 2 S
;so taht aij on S
 
an be 
hanged without any e�e
t on this sequan
e of equalities.The di�usion tenzor a is 
hanged into ~a = a1S +Æij1T , i.e. it is the Lapla
ean on the setZ. Let ~AD be opearator de�ne by the di�usion tenzor ~a and Diri
hlet boundary 
onditionon �D. We have T (�;A0D)1S = T (�; ~AD)1S so that T (�; ~AD) is also redu
ed by the pairL2(S); L2(Z). The eigenfun
tions of T (�; ~AD)1Z are denoted by  k; k 2 N0 and we have� dXij=1 �i~aij(x)�j  k(x) = 0; k 2 N0; x 2 S:(1.11)[exp5.1℄ Pro
edure of transforming a 7! ~a by 
hanging a on Z 
an be applied on
e more to~a 7! fÆijgdd11 by 
hanging ~a on S. The reslting di�erential operator is H = �� on D and(1.11) must be valid. However, the equalities (1.11) are not possiblke for HD. QEDSada promatramo diferen
ijalni operator A = �Pij �iaij�j +Pi b0i�i +Pi(�ib00i �) + 
,te pripadni zatvoreni AD na L2(D). Njegova rezolventa je kompaktan operator sa spektromSp(AD) = f�k : k 2 N0g, �0 > 0.LEMMA 1.3.4 Let L be some of Lp(D;�), D � Rd and A be a linear operator in L[lem6.1℄ satisfying HY-
onditions. Then:(i) There exists T (�;A)� in L su
h that D(�) = T (�;A)�L is dense in L and there exists��I +A�� on D(�) su
h that ��I + A��T (�;A)� = I.(ii) If T (�;A) � 0 there exists a unique T (�;A)� � 0.(iii) If L is a Hilbert spa
e then the unique operator T (�;A)� of (ii) is positive de�nite.(iv) Let T (�;A) � 0 in L and h vjT (�;A)u i = 0 for some � 2 (0;1) and a pair v 2 Ly; u 2L, v � 0; u � 0. Then h vjT (�;A)�u i = 0 for all � > 0 and all <� > 0.Proof: The assertions (i)-(iii) follow from Lewmma 1.1.3. To prove (iv) we use therepresentation T (�;A) = 1Xk=0 (� � �)k T (�;A)k+1;and 
on
lude h vjT (�;A)u i = 0 ) h vjT (�;A)mu i = 0 for all m 2 N and all � > �. Byutilizing the analyti
ity in <� > 0 we get h vjT (�;A)mu i = 0 for all m 2 N and all <� > 0.The remaining part of assertion follows from (1.2). QEDPROPOSITION 1.3.2 For the di�erential operator A0(x) we have T (�;AD) > 0 in[
orLa10.4℄ L2(D) for all � � 0. For the di�erential operator A(x) there exists �0 > 0 su
h thatT (�;AD) > 0 in L2(D) for all � > �0.Proof: It is suÆ
ient to 
onsider the 
ase of A0(x). Let us assume that there exist two
ontinuous non-trivial fun
tions v � 0; u � 0 with supports in D su
h that (vjT (�;AD)u) =0. By the previous lemma we have (vjT (�;AD)mu) = 0 for all m 2 N. Let us rewrite theobtained equalities by using eigenfun
tions of AD, �k; k 2 N0. We have(vjT (�;AD)mu) = 1Xk=0 1(� + �k)m (�kjv) (�kju) = 0:



posdip.tex/ korektura { January 31, 2007 13From 1Xk=0 1(� + �k)m (�kjv) (�kju) = 1(� + �0)m 1Xk=0 (� + �0)m(� + �k)m (�kjv) (�kju);we get ��� 1Xk=1 (� + �0)m(�+ �k)m (�kjv) (�kju)��� < (�0jv) (�0ju)for suÆ
iently large m. This means (vjT (�;AD)mu) > 0. QED1.4 SVOJSTVA INVERZNOG OPERATORA1.Kako se ponasa rjesenje za velike jxj? Evo nekih rezultata.Promatra se A0(x). Ako postoji izmjeriva funk
ija (x;y) 7! F (x;y) na Rd �Rd takvade je T (�;A0) integralni operator s tom jezgrom onda se ona zove fundamentalno rjesenjedi�eren
ijalnog operatore �I + A0(x), te se formalno pise:(�I +A0(x))F (x;y) = Æ(x � y):(1.12)[sv4.1℄ Posluzimo se posljedi
om Aronsonovih nejednakosti, koje su izlozene u R. F. Bass,Di�usions and Ellipti
 operators, Springer, N. Y. 1977.THEOREM 1.4.1 Postoje pozitivni brojevi 
(M;M ); 
(M;M), pozitivni brojevi �21(M;M); �22(M;M ),pridruzeni diferen
ijalni operatori H1(x);H2(x) i fundamentalno rjesenje F na Rd � Rdproblema (1.12) takvo da vrijedi:
(M;M ) t(�;H;x� y) � F (x;y) � 
(M;M) t(�;H;x� y); x 6= y:Ozna
imo s W 12 (S; �) Hilbertov prostor W 12 -funk
ija na S s mjerom exp(�jxj) dx.LEMMA 1.4.1 (Asimptotsko ponasanje rjesenja) Let D � Rd be a bounded domain,u 2 W 12 (D
) and �A(x) + ��u(x) = f(x) on the set D
. For ea
h � > 0 there exists � > 0with the following properties: If x 7! exp(�jxj=2)f(x) 2 L2(D
) thenx 7! u(x) 2 W 12 (D
; �):Proof: In this proof the balls BR(0); BR+1(0) are denoted by B1; B2, respe
tively. Itis assumed D � B1. The measure �, de�ned as the Lebesgue measure multiplied by thefun
tion exp(�j � j)dx, determines the Hilbert spa
e of fun
tions on Rd as usually. This spa
eis denoted by L2(Rd; �). The 
orresponding subspa
e of fun
tions restri
ited to a subset Sis denoted by L2(S; �). A 
ut-o� fun
tion of the 
lass C1(Rd), with values in [0; 1℄, and�jB1 = 0; �jB
2 = 1 is denoted by �.Let us multiply the equality �A(x) + ��u(x) = f(x) on B
1 with the fun
tion x 7!exp(�x)�(x)u(x) and integrate overRd. The rsult is h exp(�j�j)�ujAu i+�h exp(�j�j)�uju i =(exp(�j � j)�f ju). By using the ellipti
ity the obtained equality is easily transformed to thefollowing inequality:M kruk2L2(B
2;�) + � kp�uk2L2(B
1;�) � M � kukL2(B
2;�) krukL2(B
2;�)+M �� + pd maxi k�i�k1� ku kL2(B2nB1;�) kru kL2(B2nB1;�) + kp�fkL2(B
1;�) kp�ukL2(B
1;�):By utilizing the inequality ab � (1=2)�(1=")a2 + "b2�, to the �rst and last terms of righthand side, with " = M=(�M ) and " = �, respe
tively, we get:12M kruk2L2(B
2;�) + ��2 � (�M )22M � ku k2L2(B
2;�)� 
 ku kL2(B2nB1;�)) kru kL2(B2nB1;�) + (2�)�1 kp� fk2L2(B
1;�)� 
 exp ��(R+ 1)�ku kL2(B2nB1) kru kL2(B2nB1) + (2�)�1 kfk2L2(B
1;�);where 
 = M(� +pd kr�k1). QED



14 posdip.tex/ korektura { January 31, 20074.PROPOSITION 1.4.1 U svakom Lp(Rd); p 2 [1;1℄, postoji operator T (�;A), T (�;A) >[prop3.1℄ 0 i kT (�;A)kp = 1=�.Proof: Treba dokazati samo za p = 1 i p =1. Idemo s p = 1. Dovoljno je promatratif � 0; f 2 L1(Rd) \L2(Rd). Uvedemo kugle B1 � B2 s radijusima R; 2R i funk
iju rezanja�R klase C(1), koja je 1 na prvoj, nula izvan druge, te ima vrijednosti u [0; 1℄. Na primjer�R(x)) = �1(x)=R) gdje je �1 takva za R = 1. Za nju je� (�Rju) + a(�R; u) = h �R j f i;odakle slijedi u limesu kuk1 = 1� kfk1 � limR a(�R; u):Sada a(�R; u) = Xij ZB2nB1 �i�R(x) aij(x) �ju(x)dx:Oznaka je � = exp(�=2j � j). Iz Lemme o asimptotskom ponasanju slijedi da �1=2�ju 2 L2,tako da imamoja(�R; u)j � M kr�RkL2(S;1=�) krukL2(S;�) � M kr�Rk1 exp(��R) jSj kuk2;a pri tome su SR = B2 nB1. Faktori s funk
ijama tezi nuli za R!1.Sada promatramo p =1. Dualni operator mora imati istu normu, t.j. kT (�;An)yk1 =1=�. Kako je T (�;A) integralni sa simetri
nom jezgrom dualni se podudara s izvornim, t.j.kT (�;An)k1 = 1=�. QED5.LEMMA 1.4.2 Neka je u 2W 12 (D) generalizirano rjesenje jednadzbe �u(x)+A(x)u(x) =0; � � 0, te neka postoje brojevi �� takvi da je �� � uj�u � �+. Tada funk
ija u na D imavrijednosti u intervalu [��; �+℄.Proof: Dovoljno je dokazati slu
aj u(x) � �+. Krenimo od suprotnog, u(x) > �+ zaneki x 2 D. Neka je k > �+. De�nirmao funk
ijuu(k)+ = maxfu� k; 0g:Slijedi da u(k)+ ima nosa
 u D, t.j. u(k)+ 2 _W 12 (D). Generalizirana jednadzba za nutarnjeto
ke je �(v; u) + a(v; u) = 0; v 2 _W 12 (D);pa uvrstion v = u(k)+. Sada imamo:(u(k)+ju) = (u(k)+ju� k) + k(u(k)+j1) = (u(k)+ju(k)+) + k(u(k)+j1);a(u(k)+; u) = a(u(k)+; u(k)+);tako da je jednadzba oblika� ku(k)+k22 + � k (u(k)+j1) + a(u(k)+; u(k)+) = 0:Odavde slijedi u(k)+ = 0. QEDPROPOSITION 1.4.2 Operator T (�;AD) je ograni
en u svakom Lp(D) s normom neve
om od 1=�, i T (�;AD) � 0



posdip.tex/ korektura { January 31, 2007 15Proof: Dovoljno je promatrati T (�;AD)f sa f � 0; f 2 L1(D). Za takav f je fun
k-ija w = T (�;A)1Df � T (�;AD) de�nirana na D te ima svojstvo A(x)w(x) = 0 na D ugeneraliziranom smilslu, t.j. �(vjw) + a(v; w) = 0 za svaki v 2 _W 12 (D). Osim toga jewj�D = T (�;A)f j�D, pa zaklju
ujemo da w ima ograni
ene vrijednosti na �D, koje oz-na
avamo s w�. Iz prethodne lemme slijedi w� � w(x) � w+;x 2 D. Idu
i zaklju
ak je0 � T (�;AD) � 1DT (�;A)1D. Tvrdnja slijedi is Propozi
ije 1.4.1. Ako f nije ograni
enonda promatramo fN = minff;Ng i dobijemo iz dokazanog wN = T (�;AD)fN sa svojstvomkwNkp � ��1kfNkp � ��1kfkp. QEDThe derived boundedness of T (�;AD) in L1(D), i.e. kT (�;AD)k1 � 1=� 
annot beutilized for � = 0. The boundedness for � = 0 must be proved separately. In the presentproof we utlize the boundedness of T (�;AD) for � > 0 by using an expansion of A�1D interms of powers T (�;AD)m.PROPOSITION 1.4.3 (on tra
es of a pair of intervening operators) Let A;H be[prop6.3℄ a pair of intervening operators, ea
h staisfying HY-
onditions. If Tr (H�m) exisats forsome m 2 N then Tr (H�m) � Tr (A�m) � 
�m Tr (H�m):(1.13)Proof: The following sequen
e of in
lusions is valid: Tr (T (�;H)m) <1) Tr (T (�;H)m�1T (�;A)) =Tr (T (�;H)m(I�W )�1) � 
�1Tr (T (�;H)m), where we used (1.10). Now Tr (T (�;H)m�2T (�;A)2) =Tr (T (�;H)m�1(I � W )�1T (�;H)(I � W )�1) � 
�2Tr (T (�;H)m) ) Tr (T (�;A)m) �
�mTr (T (�;H)m). QEDLEMMA 1.4.3 There exists 
(D) su
h that:kA�1D k1 = kA�1D k1 < 
(D):Proof: By using the equalityA�1D = mXr=1 �r�1 T (�;AD)r + �m T (�;AD)mA�1D(1.14)one gets the following estimate:kA�1D k � mXr=1 kT (�;AD)k��r�1 kT (�;AD)r�1k�+ �m kT (�;AD)mA�1D k:The quantity in parantheses 
an be estimated by 1, so thatkA�1D k � m� + �m kT (�;AD)m A�1D k:Here � is arbitrary and we 
hoose � = 1. It remains to get an estimate of the last term ofright hand side. It is suÆ
ient to 
onsider only the L1-norm.kT (�;AD)mA�1D k1 =supn��h vjT (�;AD)mA�1D u i�� : kvk1 = 1; kuk1 = 1o:By using the eigenve
tors �k and the 
orresponding eigenvalues �k of AD we haveh vjT (�;AD)m A�1D u i = Xk (� + �k)�m��1k (v j�k) (u j�k):Hen
e, by using CSB inequality we get��h vjT (�;AD)mA�1D u i�� < (vjA�(2m+1)D v)1=2 (ujA�1D u)1=2< ��1=21 jDj1=2 (vjA�(2m+1)D v)1=2 < ��1=21 jDj1=2 (jvjjA�(2m+1)D jvj)1=2< ��1=21 jDj1=2 (jvjjA�(2m+1) jvj)1=2:



16 posdip.tex/ korektura { January 31, 2007For the last term on the right hand side we have(jvjjA�(2m+1) jvj) < jDj kvk21Tr (1D A�(2m+1) 1D);being �nite for m > (d � 2)=4. Therefore, we have the assertion with 
(D) = m +��1=21 jDjTr (1D A�(2m+1) 1D)1=2. QED


