Problem B1
ABC is a triangle. A circle through A and B meets the sides AC, BC at D, E respectively. The lines AB and DE meet at F. The lines BD and CF meet at M. Show that M is the midpoint of CF iff MB·MD = MC2. 

 

Solution

If MB·MD = MC2, then BM/MC = CM/MD, so triangles CMD and BMC are similar, so ∠MCD = ∠MBC. But ABED is cyclic, so ∠MBC = ∠DAE, so AE is parallel to CF. But now we can reverse the argument, but "reflecting" about BM so that we interchange A and E, and C and F, to conclude that MB·MD = MF2. 

Suppose conversely that MC = MF. Applying Ceva's theorem to triangle BCF, we have that (BA/AF)(1)(CE/EB) = 1, so BA/AF = BE/EC so AE is parallel to CF. We can now use the argument above to show that MB·MD = MC2. 

Problem A2
The triangle ABC satisfies the relation cot2A/2 + 4 cot2B/2 + 9 cot2C/2 = 9(a+b+c)2/(49r2), where r is the radius of the incircle (and a = |BC| etc, as usual). Show that ABC is similar to a triangle whose sides are integers and find the smallest set of such integers. 

 

Solution
Answer: a =13, b = 40, c = 45. 

Let the incenter be I. Consider the triangle IBC. It has angle IBC = B/2, angle ICB = C/2 and height r. Hence a = r cot B/2 + r cot C/2. With the two similar relations for the other sides, that gives 2r cot A/2 = (b + c - a), 2r cot B/2 = (c + a - b), 2r cot C/2 = (a + b - c). So the given relation becomes: 49( (b + c - a)2 + 4(c + a - b)2 + 9(a + b - c)2) = 36(a + b + c)2. 

Multiplying out is a mistake. It leads nowhere. It is more helpful to change variable to d = b + c - a, e = c + a - b, f = a + b - c giving 49(d2 + 4e2 + 9f2) = 36(d + e + f)2, or 13d2 + 160e2 + 405f2 - 72(de + ef + fd) = 0. We would like to express this as (hd + ke)2 + (h'e + k'f)2 + (h''f + k''d)2 = 0. Presumably 13 = 32 + 22. Then 72 = 2·3·something and 2·2·something, giving 12 and 18. Squares 144, 324. Fortunately, we see that 160 = 122+ 42, 405 = 182 + 92 and 2·4·9 = 72. So putting that together we get: (2d - 18f)2 + (3d - 12e)2 + (4e - 9f)2 = 0. 

So we conclude that b + c - a = 9(a + b - c) = 4(c + a - b), or 5a + 4b = 5c, 5a + 3c = 5b, or a = 13k, b = 40k, c = 45k. We get the smallest triangle with integer sides by taking k = 1. 

 


Problem A2
The incircle of the triangle PBC touches BC at U and PC at V. The point S on BC is such that BS = CU. PS meets the incircle at two points. The nearer to P is Q. Take W on PC such that PW = CV. Let BW and PS meet at R. Show that PQ = RS. 

 

Solution
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The excircle opposite P touches BC at S (consider tangents - the tangents from P have length PC + CS etc). Contract about P so that the excircle becomes the incircle. The point S goes to a point on PS at which the incircle touches a line parallel to BC. This point must be Q. Let PC touch the excircle at Z. Then Z goes to V, so PQ/QS = PV/VZ = CW/(VC + CZ) = CW/(CU + CS) = CW/(CU + BU) = CW/BC. 

Now consider the triangle PSC. The line BRW cuts PS at R, CP at W and SC at B, so by Menelaus' theorem, we have (SR/RP) (PW/WC) (CB/SB) = 1. But SB = CU = CV = PW, so this gives SR/RP = CW/BC = PQ/QS. Hence PQ = RS. 

 

Problem B3
I is the incenter of the triangle ABC. The point D outside the triangle is such DA is parallel to BC and DB = AC, but ABCD is not a parallelogram. The angle bisector of BDC meets the line through I perpendicular to BC at X. The circumcircle of CDX meets the line BC again at Y. Show that DXY is isosceles. 

 

Solution
Let IX meet BC at Z. Then using equal tangents, (BC - CZ) + (AC - CZ) = AB, so CZ = (AC + BC - AB)/2. Suppose the excircle opposite D of DBC touches BC at Z'. Then, again considering equal tangents, DB + (BC - CZ') = DC + CZ', so CZ' = (BD + BC - DC)/2 = (AC + BC - AB)/2 = CZ, so Z' and Z coincide. Since X lies on the perpendicular to BC at Z and on the bisector of ∠BDC, it must also be the center of the excircle. Hence XC is the exterior bisector of ∠BCD. So ∠XCB = 90 - ∠BCD/2. 

By construction, YDCX is cyclic, so ∠YDX = ∠YCX = ∠XCB. Also ∠BCD = ∠YCD = ∠YXD. Hence ∠YDX = 90 - ∠YXD/2. Hence YX = DX. 

 

Problem A2
Two circles are concentric. A chord AC of the outer circle touches the inner circle at Q. P is the midpoint of AQ. A line through A intersects the inner circle at R and S. The perpendicular bisectors of PR and CS meet at T on the line AC. What is the ratio AT/TC? 

 

Solution
We have AR·AS = AQ2 = AQ/2 2AQ = AP·AC, so ARP and ACS are similar, so ∠ACS = ∠ARP, so PRSC is cyclic. Hence T must be the center of its circumcircle and must also lie on the perpendicular bisector of CP. Hence it must be the midpoint of CP. So CT = 3/8 CA and hence AT/TC = 5/3. 

However, that is not quite all. If CS is parallel to PR, then their perpendicular bisectors coincide and both pass through A. So one could also regard A as a possible position for T. 

 

