THE NON-EXTENSIBILITY OF D(—2k + 1)-TRIPLES
{1,k k% + 2k — 1}

BILGE PEKER, ANDREJ DUJELLA, AND SELIN (INAG) CENBERCI

ABSTRACT. In this paper we prove that for an integer k such that |k| >
2, the D(—2k + 1)-triple {1,k% k® 4+ 2k — 1} cannot be extended to a
D(—2k + 1)-quadruple.

1. INTRODUCTION

Let n be an integer. A set of m distinct nonzero integers {a1, a9, ..., am}
is said to have the property D(n) if a; - a;j + n is a perfect square for all
1 <i<j <m. Such a set is called a Diophantine m-tuple with the property
D(n) (or D(n)-m-tuple, or P,-set of size m). Fermat found the first example of
a D(1)-quadruple, the set {1,3,8,120}. Baker and Davenport [1] proved that
Fermat’s set cannot be extended to a D(1)-quintuple. Dujella and Pethé [7]
proved that even the D(1)-pair {1,3} cannot be extended to a D(1)-quintuple.
Dujella [4] proved that there does not exist a D(1)-sextuple and there are only
finitely many D(1)-quintuples. Brown [2], Gupta and Singh [10] and Mohanty
and Ramasamy [12] proved independently that if n is an integer such that
n = 2 (mod 4), then there does not exist a D(n)-quadruple. On the other
hand, Dujella [3] proved that if an integer n satisfies n # 2 (mod 4) and
n ¢ {—4,-3,-1,3,5,8,12,20}, then there exist at least one D(n)-quadruple.

Many authors considered the problems of (non)extensibility of particular
D(n)-triples, but also for parametric families of D(n)-triples (see references
given in [6]). Let {a,b,c} be a D(n)-triple. The problem of its extensibil-
ity to a D(n)-quadruple leads to a system of Diophantine equations. These
equations are Pellian equations, unless one of the numbers (of polynomials in
the parametric case) ab, ac and bc is a perfect square. One such case was
considered by Fujita and Togbé [9]. Namely, they considered D(—k?)-triple
{1,k? k% +1} and they proved that if {1, k%, k?+1,d} is a D(—k?)-quadruple,
then d = 4k? + 1, and in this case, 3k? + 1 has to be a perfect square.

In the present paper, we will consider the D(—2k+1)-triple {1, k2, k> +2k —
1}. This is indeed a D(—2k + 1)-triple since 1 - k? + (—2k + 1) = (k — 1),
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1-(k2+2k—1)+(—2k+1) = k? and k2 - (k2 +2k — 1)+ (—2k +1) =
(k? + k — 1)2. Note that for an integer k such that k # 0, £1, the elements of
{1,k% k2 + 2k — 1} are nonzero and distinct integers.

Our main result is the following theorem.

Theorem 1. Let k be an integer such that |k| > 2. Then the D(—2k+1)-triple
{1,k? k% + 2k — 1} cannot be estended to a D(—2k + 1)-quadruple.

Note that the statement of Theorem 1 is very simple for £ = 2 (mod 4).
Indeed, in this case we have the D(n) triple {a,b,c} with n = 5 (mod 8),
a =1 (mod 8), b =4 (mod 8), ¢c =7 (mod 8). Assume that {a,b,c,d} is a
D(n)-quadruple. If d is odd, then d = a (mod 4) or d = ¢ (mod 4), so one of
the numbers ad+n, cd+n is = 2 (mod 4), and thus it is not a perfect square.
If d is even, then bd +n =5 (mod 8) is not a perfect square.

In the proof of Theorem 1 we will use the fact that the product of first two
elements of the triple {1, %% k? + 2k — 1} is a perfect square. This will allow
us to get simple upper bound for the solutions of the corresponding Diophan-
tine equation. Other equation in the system will be a Pellian equation. We
will determine the sequences to its solution by using tools of the Diophan-
tine approximations (continued fractions). The comparison with previously
obtained upper bounds for the solutions will leave only few initial elements
in the sequences to be checked whether they satisfy the other equation of the
system. Technical details (in particular, continued fraction expansion of the
corresponding quadratic irrationals) differ slightly depending on whether the
parameter k is positive or negative. We will handle positive case in Section 2
and negative case in Section 3.

2. PROOF OF THEOREM 1 FOR POSITIVE k

Assume that there is a positive integer d such that the set {1, %2 k? + 2k —
1,d} is a D(—2k + 1)-quadruple. Then there exist nonnegative integers z,y, z
satisfying

(1) d—2k+1 = 2°
(2) dk* —2k+1 = o7
(3) dk* 42k —1) -2k +1 = 22

By eliminating d from the above equations, we obtain the system of equa-
tions

(4) yP -k = (K- 1)(2k - 1),
(5) k2% — (k* +2k —1)y* = (2k—1)%
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From (4), we have y? — k?22 > 0, which implies 0 < kx < y — 1. Thus, we
have
(6) P> 2k — k% —2k+1> k3

and
v < (y—1)?+28 —k* -2k + 1,

which implies

(7) y < (2k3 —k* -2k +2)/2 < k3.
Therefore,
(8) k32 <y < k3.

Next consider the equation (5). We have

2k —1)? 4% 2k
0<kz—VEk24+2k—-1y= ( < —_— = —.
4 kz+Vk2+2k—1y 2ky vy

Thus, we get
z Vk2+4+2k-—-1 2
e — < —,
y k y?

VES2R=L 1f ged(

so z/y is “almost” a convergent of continued fraction of z,y) =

g>1,z=g7,y=gy, then

2 VE +2k-1 - 1
y/ k 2y/2’

and 2’ /y is a convergent.

By applying the algorithm for continued fraction expansion of quadratic
irrationals (see e.g. [13, Section 7.7]) to a = kQ*,fk_l =~ (k2+k22k_1)k2, we get
sg = 0, t0=k2, ag =1, s1 Zkz, t1=2k—1, a1 = k+ 2, 32=k2+/€—1,
to=1,a0=2k>+2k -2, s3 =Kk’ +k—1,t3=2k—1,a3 =k + 1, s, = k2,
ty = k2, ag = 2, (s5,t5) = (s1,t1). Thus, we have the following continued
fraction expansion

VEZ£2k—1
%:[1,k+1,2k2+2k—2,k+1,2].

By [8, Lemma 1], we get
k2,2 _ (k:2 + 2k — 1)y’2 =1,-2k+1or k2.

Thus
(2k —1)* = ¢, g*(—2k + 1) or g°k?,
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so the only possibility is ¢ = 2k — 1. Then we get the sequence of possible 3/
satisfying the equation

k222 — (K 42k — 1)y = 1.

Its initial values are ¥ = k + 1, y5 + 20k* + 32k% + 16k? — k — 1, .... Since
y = gy’, only the first value gives y satisfying the inequalities (8). Thus, the
only candidate for a solution is y = 2k?+k—1. By (4), it gives 22 = 4k>4+2k—2,
which is not possible (only solutions are k = +1).

It remains to consider the case g = 1. Now candidates for solutions of (5) are
not necessarily convergents, but also small linear combinations of successive
convergents. More precisely, by Worley’s theorem [14, 5], we have z = rp; £+
Spi—1, y = rq; + $qi—1, where 0 < rs < 4. By using [8, Lemma 1] again,
we find that all solutions of (5) with g = 1 are given by z = psjt1 — 2paj,
Y = quj+1 — 2q45 and z = 2pgji2 + Paji1, Y = 2qaj42 + q4541. So, the sequence
of solutions in y starts as

p=k—1, ypo=4k>+8k>+ k—1, y3 = 4k®> + 12k* + 4k> —8k®> — k+ 1, ....

Thus, clearly there is no solutions satisfying the inequality (8).

3. PROOF OF THEOREM 1 FOR NEGATIVE k

The proof of Theorem 1 for negative k’s follows the same lines as the proof
for positive k’s given in the previous section. So, we will give only the sketch
of the proof here. We write k = —K, with positive integer K > 2. For K = 2,
we have the D(5)-triple {1,4, —1} which clearly cannot be extended to a D(5)-
quadruple because it contains elements with mixed signs. For K = 3, we have
the D(7)-triple {1,9,2} and its non-extensibility has been proved by Kaygisiz
and Senay [11]. Thus, we may assume that K > 4.

Assume that there is a positive integer d such that the set {1, K2, K? —
2K —1,d} is a D(2K + 1)-quadruple. Then there exist nonnegative integers
x,y, z satisfying

(9) d+2K +1 = 2%

(10) dK* 42K +1 = ¢,

(11) d(K? —2K —1)+2K +1 = 2

Now, the system (4) and (5) becomes

(12) y? — K% = —(K?-1)2K +1),
(13) K22 —(K* - 2K —1)y* = (2K +1)

In this case, from (12), we first get y < Kz — 1, then K222 < (Kx — 1)% +
2K?3 + K? — 2K — 1, which implies < 2K?, and finally

(14) y < 2K3.



D(—2k + 1)-TRIPLES {1, k2, k2 + 2k — 1} 5

Similarly as before, from the equation (5), we obtain

2K +1)2 4K
0<Kz—VK2-2K—-1y= (2K + 1) < —,
Kz+VK?-2K — 1y Yy

and thus
z VK?-2K -1 4
y K y?

If ged(z,y) = g > 1, then from (10) and (11) we see that y and z cannot be
both even, hence g > 3. Thus, by putting z = g2/, y = g3/, we obtain

7 VK?-2K -1 1
y/ K 2y’2 ’
and 2’ /y' is a convergent of the continued fraction expansion of o/ = 7@(2;{21(—1

We have the following continued fraction expansion

K2 - 2K —1

K
By [8, Lemma 1], we get
K?2? - (K* 2K - 1)y* =1,2K +1,K? —~K*+2K +1 or —2K?+4K +4.

Thus we have only two possibilities: the first is ¢ = 2K + 1, and the second
can appear only if 2K + 1 is a perfect square, say 2K + 1 = G2, in which case
we may have g = G. The first possibility leads to the equation

K?2? — (K? - 2K — 1)y? =1,

for which only solution satisfying the inequality (14) is (v/, ') = (K—1, K —2).
This leads to y = 2K? — K — 1 and 2? = 4K? — 2K — 2, which has no solutions
with K # +1. For the second possibility, only solution of the corresponding
Pellian equation

=10,1,K —3,1,2K? — 2K —4,1,K — 3,2].

K?*2? - (K* - 2K — 1)y? = 2K +1,

satisfying the inequality (14) is (y/,2’) = (1,1). Hence y?> = 2K + 1, and
(10) implies that d = 0, which, by definition, is not considered as a proper
extension to a quadruple.

It remains the case g = 1. Similarly as above, by applying Worley’s theorem,
we get that the only solutions of (13) with ¢ = 1 in the range given by (14) is
(y,2) = (K + 1, K). This gives 22 = 2(K + 1). Therefore, this possibility can
appear only if 2(K + 1) is a perfect square. However, this possibility gives,
by (9), that d = 1, which is again not considered as a proper extension to a
quadruple, since the starting triple already contains an element 1.
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