
SUMS OF GENERALIZED FIBONACCI NUMBERSZVONKO �ERIN AND GIAN MARIO GIANELLAAbstrat. In this paper we �rst give formulae for sums of a �xednumber of onseutive generalized Fibonai numbers from the sameresidue lass. Analogous alternating sums are also studied as well asvarious derived sums when terms are multiplied by binomial oe�ientsor members of some simple integer sequenes.1. IntrodutionThe generalized Fibonai sequene {wn} = {wn(a, b; p, q)} is often de-�ned by
w0 = a, w1 = b, wn = p wn−1 − q wn−2 (n ≥ 2),where a, b, p and q are arbitrary omplex numbers, with q 6= 0. The numbers

wn have been studied by Horadam (see, e. g. [3℄). A useful and interestingspeial ases are {Un} = {wn(0, 1; p, q)} and {Vn} = {wn(2, p; p, q)} thatwere investigated by Luas [5℄.2. Sums of generalized Fibonai numbersWe �rst want to �nd the formula for the sum∑n
i=0 wr+t i(a, b; p, q) when

n ≥ 0, r ≥ 0 and t > 0 are integers.Let α and β be the roots of x2 − p x + q = 0. Then α = p+∆
2 and β = p−∆

2 ,where ∆ =
√

p2 − 4 q. Moreover, α − β = ∆, α + β = p, αβ = q and theBinet forms of wn, Un and Vn are
wn =

(b − aβ) αn + (aα − b) βn

α − β
, Un =

αn − βn

α − β
, Vn = αn + βn,if α 6= β, and

wn = w̃n = αn−1(a + n (b − aα)), Un = Ũn = n αn−1, Vn = Ṽn = 2αn,if α = β.Let γ = b − aα and δ = b − a β. For any integer k, let Ak = αk − 1 and
Bk = βk − 1. Let Ψ1 =

∑n
i=0 wr+t i(a, b; p, q).AMS 2000 Math. Subjet Classi�ation: Primary 11B39, 11Y55, 05A19.Key words and phrases. generalized Fibonai numbers, integer sequenes, sum,alternating sum, binomials, Maple V.



2 ZVONKO �ERIN and GIAN MARIO GIANELLATheorem 1. (a) When ∆ = 0 and At = 0, then
Ψ1 =

αr−1 (n + 1) [2(r γ + aα) + t n γ]

2
.(b) When ∆ = 0 and At 6= 0, then the sum Ψ1 is

αr−1
[
At(n+1)(((t n + r)γ + aα)At + t n γ) − t(n + 1)γ αt At n

]

A2
t

.() When ∆ 6= 0 and At = 0 and Bt = 0, then
Ψ1 =

(n + 1) (δ αr − γβr)

∆
.(d) When ∆ 6= 0, At = 0 and Bt 6= 0, then

Ψ1 =
αr (n + 1)δ

∆
−

βr γ Bt(n+1)

∆ Bt
.(e) When ∆ 6= 0, At 6= 0 and Bt = 0, then

Ψ1 =
αr δ At(n+1)

∆ At
−

βr (n + 1)γ

∆
.(f) When ∆ 6= 0, At 6= 0 and Bt 6= 0, then

Ψ1 =
αr At(n+1) δ

∆ At
−

βr Bt(n+1) γ

∆ Bt
.Note that αn = Vn+∆Un

2 and βn = Vn−∆Un

2 for ∆ 6= 0 and αn = βn =
eUn+1

n+1

=
eVn

2 for ∆ = 0. Hene, it is lear that eah of the above expressions for thesum Ψ1 ould be transformed into an expression in Luas numbers Un and
Vn (or Ũn and Ṽn). In most ases these formulae are more ompliated thenthe ones given above. This applies also to other sums that we onsider inthis paper.We shall now prove only parts (a) and (f) of Theorem 1. The proofs ofthe other parts are similar. This style of proving only few ases from a largenumber will be retained in the rest of the paper. The proofs are mostly byindution so that the main problem was to disover the formulae whih wedid with the help from magi possibilities of experimentation in Maple V.Proof of (a). The proof will be by indution on n.For αt = 1 and n = 0, the sum Ψ1 is aαr(1 − r) + αr−1 r b while the righthand side is αr−1(2 r(b−a α)+2 a α)

2 . In other words, for the initial value of n therelation (a) holds.



SUMS OF GENERALIZED FIBONACCI NUMBERS 3Assume that (a) is true for n = m. Then
m+1∑

i=0

w̃r+ti =
m∑

i=0

w̃r+ti + w̃r+t(m+1) =

αr−1 (m + 1) [2(r γ + aα) + t m γ]

2
+ αr−1 [(m + 1) γ t + (r γ + aα)]

=
αr−1 (m + 2) [2(r γ + aα) + t (m + 1) γ]

2
.Hene, the relation (a) holds also for n = m + 1. �Proof of (f). The proof will again be by indution on n.For n = 0, the sum Ψ1 is αr δ−βr γ

∆ while the right hand side learly hasthe same value. Hene, for the initial value of n the relation (f) holds.Assume that (f) is true for n = m. Then
m+1∑

i=0

wr+ti =

(
m∑

i=0

wr+ti

)
+ wr+t(m+1) =

(
αr At(m+1) δ

∆ At
−

βr Bt(m+1) γ

∆ Bt

)
+

(
αrδ αt(m+1)

∆
−

βrγ βt(m+1)

∆

)

=
αr At(m+2) δ

∆ At
−

βr Bt(m+2) γ

∆ Bt
.Hene, the relation (f) holds also for n = m + 1. �Of ourse, it is lear that Theorem 1 inludes many interesting sums forall kinds of integer sequenes. In partiular, it is related to the results inthe artiles [1℄ and [2℄. Reall that sequenes of Fibonai (Fn), Luas (Ln),Pell (Pn), Pell-Luas (Qn), Jaobsthal (Jn), Jaobsthal-Luas (jn) listedrespetively as A000045, A00032, A000129, A002203, A001045, A014551in [7℄ are wn(0, 1; 1, −1), wn(2, 1; 1, −1), wn(0, 2; 2, −1), wn(2, 2; 2, −1),

wn(0, 1; 1, −2), wn(2, 1; 1, −2) for n ≥ 0.3. The alternating sum and its generalizationFor any integer k, let ℓk = (−1)k, Ck = αk + 1 and Dk = βk + 1. Let Ψ2denote the sum ∑n
i=0 ℓi wr+t i(a, b; p, q). By Ψ

(a)
1 we mean the sum Ψ1in the subase (a) of the theorem where this sum is studied. The similarnotation is used throughout.



4 ZVONKO �ERIN and GIAN MARIO GIANELLATheorem 2. (a) When ∆ = 0 and Ct = 0, then Ψ2 = Ψ
(a)
1 .(b) When ∆ = 0 and Ct 6= 0, then the sum Ψ2 is

αr−1
[
ℓn Ct(n+1)(((t n + r)γ + aα)Ct + t γ) + (r γ + aα)Ct − t γ

]

C2
t

.() When ∆ 6= 0 and Ct = 0 and Dt = 0, then Ψ2 = Ψ
(c)
1 .(d) When ∆ 6= 0, Ct = 0 and Dt 6= 0, then

Ψ2 =
αr (n + 1)δ

∆
−

βr γ
(
ℓn βt(n+1) + 1

)

∆ Dt
.(e) When ∆ 6= 0, Ct 6= 0 and Dt = 0, then

Ψ2 =
αr δ

(
ℓn αt(n+1) + 1

)

∆ Ct
−

βr (n + 1)γ

∆
.(f) When ∆ 6= 0, Ct 6= 0 and Dt 6= 0, then

Ψ2 =
αr
(
1 + ℓn αt(n+1)

)
δ

∆ Ct
−

βr
(
1 + ℓn βt(n+1)

)
γ

∆ Dt
.Proof of (f). The proof will again be by indution on n.For n = 0, the sum Ψ2 is αr δ−βr γ

∆ while the right hand side learly hasthe same value. Hene, for the initial value of n the relation (f) holds.Assume that (f) is true for n = m. Then
m+1∑

i=0

ℓi wr+ti =

(
m∑

i=0

ℓi wr+ti

)
+ ℓm+1 wr+t(m+1) =

(
αr
(
1 + ℓm αt(m+1)

)
δ

∆ Ct
−

βr
(
1 + ℓm βt(m+1)

)
γ

∆ Dt

)

+ ℓm+1

(
αrδ αt(m+1)

∆
−

βrγ βt(m+1)

∆

)

=
αr
(
1 + ℓm+1 αt(m+2)

)
δ

∆ Ct
−

βr
(
1 + ℓm+1 βt(m+2)

)
γ

∆ Dt
.Hene, the relation (f) holds also for n = m + 1. �An obvious generalization of the sum Ψ2 is the following sum Ψ3 de�nedas ∑n

i=0 ki wr+t i(a, b; p, q), for any omplex number k. Let Et = αt k − 1and Ft = βt k − 1.



SUMS OF GENERALIZED FIBONACCI NUMBERS 5Theorem 3. (a) When ∆ = 0 and Et = 0, then Ψ3 = Ψ
(a)
1 .(b) When ∆ = 0 and Et 6= 0, then Ψ3 is

αr−1
[
(Et((r + t n)γ + aα) − t γ)(αt k)n+1 − Et((r − t)γ + aα) + t γ

]

E2
t

.() When ∆ 6= 0 and Et = 0 and Ft = 0, then Ψ3 = Ψ
(c)
1 .(d) When ∆ 6= 0, Et = 0 and Ft 6= 0, then

Ψ3 =
αr (n + 1)δ

∆
−

βr γ
(
(βt k)n+1 − 1

)

∆ Ft
.(e) When ∆ 6= 0, Et 6= 0 and Ft = 0, then

Ψ3 =
αr δ

(
(αt k)n+1 − 1

)

∆ Et
−

βr (n + 1)γ

∆
.(f) When ∆ 6= 0, Et 6= 0 and Ft 6= 0, then

Ψ3 =
αr
(
(αt k)n+1 − 1

)
δ

∆ Et
−

βr
(
(βt k)n+1 − 1

)
γ

∆ Ft
.Proof of (f). The proof will again be by indution on n.For n = 0, the sum Ψ3 is αr δ−βr γ

∆ while the right hand side learly hasthe same value. Hene, for the initial value of n the relation (f) holds.Assume that (f) is true for n = m. Then
m+1∑

i=0

ki wr+ti =

(
m∑

i=0

ki wr+ti

)
+ km+1 wr+t(m+1) =

(
αr
(
(αt k)m+1 − 1

)
δ

∆ Et
−

βr
(
(βt k)m+1 − 1

)
γ

∆ Ft

)

+ km+1

(
αrδ αt(m+1)

∆
−

βrγ βt(m+1)

∆

)

=
αr
(
(αt k)m+2 − 1

)
δ

∆ Et
−

βr
(
(βt k)m+2 − 1

)
γ

∆ Ft
.Hene, the relation (f) holds also for n = m + 1. �4. Sum with binomial oe�ientsLet Ψ4 denote the sum ∑n

i=0

(
n
i

)
wr+t i(a, b; p, q).



6 ZVONKO �ERIN and GIAN MARIO GIANELLATheorem 4. (a) When ∆ = 0, then
Ψ4 =





αr−1 [r γ + aα] , if n = 0,
αr−1

[
Ct(r γ + aα) + t αt γ

]
, if n = 1,

αr−1 Cn−1
t

[
Ct(r γ + aα) + t n αt γ

]
, if n ≥ 2.(b) When ∆ 6= 0, then

Ψ4 =
αr δ Cn

t − βr γ Dn
t

∆
.Proof of (b). Sine wr+t i(a, b; p, q) = δ αr (αt)i

−γ βr (βt)i

∆ , we have
n∑

i=0

(
n

i

)
wr+t i(a, b; p, q) =

δ αr

∆

(
n∑

i=0

(
n

i

)
(αt)i

)
−

γ βr

∆

(
n∑

i=0

(
n

i

)
(βt)i

)

=
δ αr

∆

(
αt + 1

)n
−

γ βr

∆

(
βt + 1

)n
=

αr δ Cn
t − βr γ Dn

t

∆
.

�5. The alternating sum with binomial oe�ientsLet Ψ5 denote the sum ∑n
i=0 ℓi

(
n
i

)
wr+t i(a, b; p, q).Theorem 5. (a) When ∆ = 0, then

Ψ5 =





αr−1 [r γ + aα] , if n = 0,
−αr−1

[
At(r γ + aα) + t αt γ

]
, if n = 1,

ℓn αr−1 An−1
t

[
At(r γ + aα) + t n αt γ

]
, if n ≥ 2.(b) When ∆ 6= 0, then

Ψ5 =
ℓn [αr δ An

t − βr γ Bn
t ]

∆
.Let Ψ6 denote the sum∑n

i=0 ki
(
n
i

)
wr+t i(a, b; p, q) for any omplex num-ber k. Let Gt = αt k + 1 and Ht = βt k + 1.Theorem 6. (a) When ∆ = 0, then

Ψ6 =





αr−1 [r γ + aα] , if n = 0,
αr−1

[
Gt(r γ + aα) + αt k t γ

]
, if n = 1,

αr−1 Gn−1
t

[
Gt(r γ + aα) + n αt k t γ

]
, if n ≥ 2.



SUMS OF GENERALIZED FIBONACCI NUMBERS 7(b) When ∆ 6= 0, then
Ψ6 =

αr δ Gn
t − βr γ Hn

t

∆
.6. Terms multiplied by natural numbersLet Ψ7 denote the sum ∑n

i=0(i + 1)wr+t i(a, b; p, q).Theorem 7. (a) When ∆ = 0 and At = 0, then
Ψ7 =

αr−1(n + 2)(n + 1)(3(rγ + aα) + 2nγ t)

6
.(b) When ∆ = 0 and At 6= 0, then Ψ7 = αr−1(αt(n+1) M+N)

A3
t

, with
N = ((r − 2 t)γ + aα) At − 2 γ t,

M = (n + 1) ((tn + r)γ + aα) At
2 − ((2 tn + r)γ + aα) At + 2 t γ.() When ∆ 6= 0 and At = 0 and Bt = 0, then

Ψ7 =
(n + 1)(n + 2) (δ αr − γβr)

2∆
.(d) When ∆ 6= 0, At = 0 and Bt 6= 0, then

Ψ7 =
αr(n + 1)(n + 2)δ

2∆
−

βr γ((n + 1)Bt(n+2) − (n + 2)Bt(n+1))

∆ B2
t

.(e) When ∆ 6= 0, At 6= 0 and Bt = 0, then
Ψ7 =

αr δ((n + 1)At(n+2) − (n + 2)At(n+1))

∆ A2
t

−
βr(n + 1)(n + 2)γ

2∆
.(f) When ∆ 6= 0, At 6= 0 and Bt 6= 0, then Ψ7 = M(n) − N(n), where

M(n) =
αr ((n + 1)At(n+2) − (n + 2)At(n+1)) δ

∆ A2
t

,

N(n) =
βr ((n + 1)Bt(n+2) − (n + 2)Bt(n+1)) γ

∆ B2
t

.Proof of (f). The proof will again be by indution on n.For n = 0, the sum Ψ7 is αr δ−βr γ
∆ while the right hand side learly hasthe same value beause A2t − 2At = A2

t and B2t − 2Bt = B2
t . Hene, forthe initial value of n the relation (f) holds.



8 ZVONKO �ERIN and GIAN MARIO GIANELLAAssume that (f) is true for n = m. Then
m+1∑

i=0

(i + 1)wr+ti =

(
m∑

i=0

(i + 1)wr+ti

)
+ (m + 2)wr+t(m+1)

= (M(m) − N(m)) + (m + 2)

(
αrδ αt(m+1)

∆
−

βrγ βt(m+1)

∆

)

= M(m + 1) − N(m + 1).Hene, the relation (f) holds also for n = m + 1. �7. Alternating terms multiplied by natural numbersLet Ψ8 denote the sum ∑n
i=0 (−1)i (i + 1)wr+t i(a, b; p, q).Theorem 8. (a) When ∆ = 0 and Ct = 0, then Ψ8 = Ψ

(a)
7 .(b) When ∆ = 0 and Ct 6= 0, then Ψ8 = αr−1(ℓn αt(n+1) M+N)

C3
t

, with
N = Ct(r γ + aα) − 2(Ct − 1)t,

M = Ct((n + 1)Ct + 1)(r γ + aα) + (n(n + 1)C2
t + 2n Ct + 2)t.() When ∆ 6= 0 and Ct = 0 and Dt = 0, then Ψ8 = Ψ

(c)
7 .(d) When ∆ 6= 0, Ct = 0 and Dt 6= 0, then

Ψ8 =
αr(n + 1)(n + 2)δ

2∆
−

βr γ(ℓn βt(n+1)((n + 1)Dt + 1) + 1)

∆ D2
t

.(e) When ∆ 6= 0, Ct 6= 0 and Dt = 0, then
Ψ8 =

αr δ(ℓn αt(n+1)((n + 1)Ct + 1) + 1)

∆ C2
t

−
βr(n + 1)(n + 2)γ

2∆
.(f) When ∆ 6= 0, Ct 6= 0 and Dt 6= 0, then Ψ8 = M − N , where

M =
αr δ

[
1 + ℓn αt(n+1)((n + 1)Ct + 1)

]

C2
t ∆

,

N =
βr γ

[
1 + ℓn βt(n+1)((n + 1)Dt + 1)

]

D2
t ∆

.Let Ψ9 denote the sum ∑n
i=0 ki (i + 1)wr+t i(a, b; p, q) for any omplexnumber k.



SUMS OF GENERALIZED FIBONACCI NUMBERS 9Theorem 9. (a) When ∆ = 0 and Et = 0, then Ψ9 = Ψ
(a)
7 .(b) When ∆=0 and Et 6= 0, then Ψ9 =αr−1

[
M(γ r+a α)

E2
t

+ N αt k t γ

E3
t

]
, where

M and N are (n + 1)(αt k)n+2 − (n + 2)(αt k)n+1 + 1 and
n(n + 1)(αt k)n+2 − 2n(n + 2)(αt k)n+1 + (n + 1)(n + 2)(αt k)n − 2.() When ∆ 6= 0 and Et = 0 and Ft = 0, then Ψ9 = Ψ

(c)
7 .(d) When ∆ 6= 0, Et = 0 and Ft 6= 0, then Ψ9 is equal to

αr(n + 1)(n + 2)δ

2∆
−

βr γ((n + 1)(βt k)n+2 − (n + 2)(βt k)n+1 + 1)

∆ F 2
t

.(e) When ∆ 6= 0, Et 6= 0 and Ft = 0, then Ψ9 is equal to
αr δ((n + 1)(αt k)n+2 − (n + 2)(αt k)n+1 + 1)

∆ E2
t

−
βr(n + 1)(n + 2)γ

2∆
.(f) When ∆ 6= 0, Et 6= 0 and Ft 6= 0, then Ψ9 = M − N , where

M =
αr δ

[
(n + 1)(αt k)n+2 − (n + 2)(αt k)n+1 + 1

]

E2
t ∆

,

N =
βr γ

[
(n + 1)(βt k)n+2 − (n + 2)(βt k)n+1 + 1

]

F 2
t ∆
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