RINGS OF SQUARES AROUND
ORTHOLOGIC TRIANGLES

ZVONKO CERIN

ABSTRACT. We explore some properties of the geometric configuration when a
ring of six squares with the same orientation are erected on the segments BD,
DC, CE, FA, AF and F B connecting the vertices of two orthologic triangles
ABC and DEF'. The special case when DEF is the pedal triangle of a variable
point P with respect to the triangle ABC was studied earlier by Bottema
[1], Deaux [5], Erhmann and Lamoen [4], and Sashalmi and Hoffmann [8].
We extend their results and discover several new properties of this interesting
configuration.

1. INTRODUCTION — BOTTEMA’S THEOREM

FIGURE 1. Bottema’s Theorem on sums of areas of squares.
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The orthogonal projections P,, P, and P, of a point P onto the sidelines BC,
C'A and AB of the triangle ABC' are vertices of its pedal triangle. In [1], Bottema
made the remarkable observation that

|BP,|? + |CP,|* 4+ |AP.|> = |P,C|* + |RA|? + |P.B|*.

This equation has an interpretation in terms of area which is illustrated in Fig.
1. Rather than using geometric squares, other similar figures may be used as in
8].
Fig. 1 also shows two congruent triangles homothetic with the triangle ABC
that are studied in [4] and [8].

The primary purpose of this paper is to extend Bottema’s Theorem (see Fig.
2).

CII

F/

FIGURE 2. Notation for a ring of six squares around two triangles.

2. CONNECTION WITH ORTHOLOGY

The origin of our generalization comes from asking if it is possible to replace
the pedal triangle P, P, P, in Bottema’s Theorem with some other triangles. In
other words, if ABC and DFEF are triangles in the plane, when will the following
equality hold?

(1) |BD|? + |CE|* + |AF|? = |DC|* + |EA|* + |F B|?
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The straightforward analytic attempt to answer this question gives the follow-
ing simple characterization of the equality (1).
Throughout, triangles will be non-degenerate.

Theorem 1. The relation (1) holds for triangles ABC and DEF if and only if
they are orthologic.

(&

E [ABC, DEF]

F1GURE 3. The triangles ABC' and DEF' are orthologic.

Recall that triangles ABC and DEF' are orthologic provided the perpendic-
ulars at vertices of ABC onto sides EF', F'D and DE of DEF are concurrent.
The point of concurrence of these perpendiculars is denoted by [ABC, DEF'|. It
is well-known that this relation is reflexive and symmetric. Hence, the perpen-
diculars from vertices of DEF onto the sides BC, C A, and AB are concurrent at
the point [DEF, ABC']. These points are called the first and second orthology
centers of the (orthologic) triangles ABC and DEF.

It is obvious that a triangle and the pedal triangle of any point are orthologic
so that Theorem 1 extends Bottema’s Theorem and the results in [8] (Theorem
3 and the first part of Theorem 5).

Proof of Theorem 1. The proofs in this paper will all be analytic.
In the rectangular coordinate system in the plane, we shall assume throughout
that A(0, 0), B(1, 0), C(u, v), D(d, 0), E(e, €) and F(f, ¢) for real numbers
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u, v, d, 0, e, €, f and . The lines will be treated as ordered triples of coeffi-
cients (a, b, ¢) of their (linear) equations ax + by + ¢ = 0. Hence, the perpen-
diculars from the vertices of DEF onto the corresponding sidelines of ABC' are
(u—1,v,d(l —u)—v6), (u, v, —(ue+wve)) and (1, 0, —f). They will be con-
current provided the determinant v A = v((u —1)d —ue + f + v (§ — ¢)) of the
matrix from them as rows is equal to zero. In other words, A = 0 is a necessary
and sufficient condition for ABC and DEF to be orthologic.

On the other hand, the difference of the right and the left side of (1) is 2A
which clearly implies that (1) holds if and only if ABC' and DEF are orthologic
triangles. U

3. THE TRIANGLES 515355 AND 595456

We continue our study of the ring of six squares with the Theorem 2 about
two triangles associated with the configuration. Like Theorem 1, this theorem
detects when two triangles are orthologic. Recall that Sy,..., Sg are the centers
of the squares in Fig. 2. Note that a similar result holds when the squares are
folded inwards, and the proof is omitted.

Ss

Ss
Se

FIGURE 4. |515555| = |925456| iff ABC and DEF' are orthologic.

Theorem 2. The triangles S153S55 and S25,5¢ have equal area if and only if the
triangles ABC and DEF are orthologic.
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Proof of Theorem 2. The vertices V and U of the square D EV U have co-ordinates
(e+e—0,e+d—e)and (d4+ec—0, 5+ d—e). From this we infer easily coor-
dinates of all points in Fig. 2.

Al(—¢, e), A" (o, —f), B'(1—¢p, f—1), B"(1+44,1—d),
C'vtu—6v—u+d), C'"u—v+e,ut+v—e), D'(d+4 1—d+)9),
D"(d+v—296,d—u+9), F'le—v+e, u—e+e), E'"(e —e, e+e),

F(f+e.o=f), F'(f-e, f-1+¢),  Si((l+d+0)/2, (1-d+3)/2),
So((d+u+v—19)/2, (d—u+v+40)/2), Ss((u—v+e+e)/2, (ut+v—e+e)/2),

Si((e=€)/2, (e+€)/2), S5((f+¥)/2, (v=£)/2), Se((f+1=¢)/2, (f—1+¢)/2).

Let P* and PY be the x— and y— coordinates of the point P. Since the area
|IDEF| is a half of the determinant of the matrix with the rows (D*, DY 1),
(E®, EY, 1) and (F*, F¥, 1), the difference |S554S6| — 515555/ is £. We conclude
that the triangles 515355 and 555,56 have equal area if and only if the triangles
ABC and DEF are orthologic. O

4. THE FIRST FAMILY OF PAIRS OF TRIANGLES

The triangles S1.5555 and S35,5¢ are just one pair from a whole family of
triangle pairs which all have the same property with a single notable exception.

For any real number ¢ different from —1 and 0, let Si, ..., S§ denote points
that divide the segments AS;, AS,, BSs;, BS,, C'Ss and CSg in the ratio ¢ : 1.
Let p(P, 0) denote the rotation about the point P through an angle 6. Let G,
and G, be the centroids of ABC and DEF'.

The following result is curios (See Figure 5) because the particular value t = 2
gives a pair of congruent triangles regardless of the position of the triangles ABC
and DEF'.

Theorem 3. The triangle S353S% is the image of the triangle S?S2S2 under
the rotation p (GU, g) The radical axis of their circumcircles goes through the
centroid G, .

Proof of Theorem 3. Since the point that divides the segment DFE in the ratio

2 : 1 has coordinates (%, ‘H%) , it follows that

Sf(1+d+5 1—d+5) and522<d+u+v—5 d—u+v+5)‘

3 ’ 3 3 ’ 3
Since G, (HT“, %), it is easy to check that S3 is the vertex of a (negatively ori-
ented) square on G,S%. The arguments for the pairs (53, S%,) and (S2, Sg,) are
analogous.
Finally, the proof of the claim about the radical axis starts with the observation

that since the triangles S;5355 and S555,5¢ are congruent it suffices to show
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FIGURE 5. The triangles 575352 and S35752 are congruent.

that |GyO0sad|? = |GoOcven|?, where Ougq and Oy, are their circumcenters. This

routine task was accomphshed with the assistance of a computer algebra system.
O

The following result resembles Theorem 2 (see Figure 6) and shows that each
pair of triangles from the first family could be used to detect if the triangles ABC'
and DEF are orthologic.

Theorem 4. For any real number t different from —1, 0 and 2, the triangles
SiSESE and SLSLSE have equal area if and only if the triangles ABC and DEF

are orthologic.

Proof of Theorem 3. Since the point that divides the segment DFE in the ratio
¢ :1 has coordinates (&, &) it follows that the points S} have the coordi-

nates t+1 7 t+1
c(t(1+d+0) t(1—d+9) cftd+u+v—=90) t(d—u+v+9)
51( 2t+1) 7 2(t+1) ) S2< 2t+1) 7 2(t+1) )
(2+tlu—v+ete) t(utv—e+e) . 2+t(e—a) t(e+e)
53( W) 2T ) 54( 2+ 241 ))
f_

t<2u+t(f—i—g0) 2v—t(f—go)) St<2u+t(1+f—g0) 2v —t(1 — ¢))
U2+ T 2t+1) e 2(t+1) ’ 2(t+1) ‘
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FIGURE 6. |S1SLSE = |SESLSE| iff ABC and DEF are orthologic.

As in the proof of Theorem 2, we find that the difference of areas of the

triangles S55%SE and SESESE is ’;(éjr%%. Hence, for ¢t # —1, 0, 2, the triangles

S1SESE and SLSLSE have equal area if and only if the triangles ABC and DEF
are orthologic. O

5. THE SECOND FAMILY OF PAIRS OF TRIANGLES

The first family of pairs of triangles was constructed on lines joining the centers
of the squares with the vertices A, B and C'. In order to get the second analogous
family we shall use instead lines joining midpoints of sides with the centers of the
squares (see Figure 7). A slight advantage of the second family is that it has no
exceptional cases.

Let A,;, B, and C, denote the midpoints of the segments BC, CA and AB.
For any real number s different from —1, let 77, ..., T¢ denote points that divide
the segments AyS1, AyS2, BySs, BySs, CySs and CySs in the ratio s : 1. Notice
that 1715 Ay, 15T By and TP TECy are isosceles triangles with the right angles at
the vertices A,, B, and C,,.

Theorem 5. For any real number s different from —1 and 0, the triangles T7T3T?
and TST7TE have equal area if and only if the triangles ABC and DEF are
orthologic.

Proof of Theorem 5. As in the proof of Theorem 4, we find that the difference

of areas of the triangles 7771577 and 15T} T¢ is 4(58—_?1). Hence, for s # —1, 0, the
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FIGURE 7. |TYT5TE| = |T5T7 T3 iff ABC and DEF are orthologic.

triangles T{TiTE and TiTiT¢ have equal area if and only if the triangles ABC
and DEF' are orthologic. U

6. THE THIRD FAMILY OF PAIRS OF TRIANGLES

When we look for reasons why the previous two families served our purpose
of detecting orthology it is clear that the vertices of a triangle homothetic with
ABC should be used. This leads us to consider a family of pairs of triangles that
depend on two real parameters and a point (the center of homothety).

For any real numbers s and ¢ different from —1 and any point P the points X,
Y and Z divide the segments PA, PB and PC' in the ratio s : 1 while the points
Ui(s’t) fori=1,..., 6 divide the segments XS, XSy, Y 53, Y'Sy, ZS5 and Z 5S¢ in
the ratio t : 1.

The above results (Theorems 4 and 5) are special cases of the following theorem
(see Figure 8).

: 2s
Theorem 6. For any point P and any real numbers s # —1 and t # —1, 2%,

the triangles U Ués’t)Ués’t) and US D UY Ués’t) have equal areas if and only if
the triangles ABC and DEF are orthologic.
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Ficure 8. |UPUP Uit = | ol Ul ulY| iff ABC and DEF
are orthologic.

Proof of Theorem 6. Let the point P has the coordinates (p, ¢). The point Ul(s’t)
(14d+38)st+(1+d+8)t+2p (1—d+6)st+(1—d+5)t+2q) The other points

2(s+1)(t+1) g 2(s+1)(t+1)
Ui(s’t) for i = 2,..., 6 have similar coordinates. As in the proof of Theorem 4, we
find that the difference of areas of the triangles US"" U U8 and U U$ s

. s—t(s A s . s, s, s,
is %. Hence, for s # —1 and t # —1, %, the triangles Ul( t)U?E t)Ué 2

and USUSY U have equal area if and only if the triangles ABC and DEF
are orthologic. O

has coordinates (

7. THE TRIANGLES AqBoCy AND DyEyFy

In this section we shall see that the midpoints of the sides of the hexagon
515953549556 also have some interesting properties.

Let Agy, By, Cy, Dy, Ey and Fy be the midpoints of the segments S1.55, S35y,
S5S56, S455, SeS1 and S3S3. Notice that the triangles AgByCy and Dy EyFy have
as centroid the midpoint of the segment G,G..

Recall that triangles ABC' and XY Z are homologic provided the lines AX, BY |
and C'Z are concurrent. In stead of homologic many authors use perspective.
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Theorem 7. (a) The triangles ABC and AyByCy are orthologic if and only if
the triangles ABC and DEF are orthologic.

(b) The triangles DEF and DyEyFy are orthologic if and only if the triangles
ABC and DEF are orthologic.

(c) If the triangles ABC and DEF are orthologic, then the triangles AqByCy
and DyEyFy are homologic.

Proof of Theorem 7. Let D;(dy, 01), Ei(e1, €1) and Fi(f1, ¢1). Recall from [2]
that the triangles DEF and Dy F, F) are orthologic if and only if Ay = 0, where

d di 1 b 0 1
AQ = AQ(DEF, DlElFl) =] e € 114+ ¢ €1 1
foh 1 ¢ ¢ 1
Then (a) and (b) follow from the relations

A A
Ao(ABC, A()B()C(]) = —5 and Ao(DEF, D()E()Fo) = 5
The line DDy is (§ — 61,dy — d,01d — dy ), so that the triangles DEF and
D, E1 F; are homologic if and only if I'y = 0, where
0—06 di—d 6d—dd
F(] :Fo(DEF, DlElFl) = E—&1 €1 — € g1e—e ¢
o—p1 fi—f o f—fip
Part (c) follows from the observation that I'g(AgBoCy, DoEoFp) contains A as
a factor. 0

8. TRIANGLES FROM CENTROIDS

Let G1, G5, G5 and G4 denote the centroids of the triangles G124G345Gs6c,
G120G315Gs56r, GasaGe18G23c and GuspGei1pGasr where Ghaa, Giap, Gaup, Gaag,
G560, G56F> G45A, G45D, GGlBa GﬁlE, Gggc and G23F are centroids of the triangles
S152A, 515D, S35,B, S3S4E, S556C, S5SeF, SiS5A, S4S5D, S¢S1B, S¢S1E
SQSgC and SQSgF

Theorem 8. The points G1 and Gy are the points G and G4 respectively. The
points G and Go divide the segments G,G, and GG, in the ratio 1 : 2.

Proof of Theorem 8. The centroids G4, Gaup and Gsge have the coordinates

(2d+1g—v+u’ 26+1g—v—u ’ 2e+2é|—u—v’ 2e+6v+u) and 2f+2u+1’ 2 p4+2v—1 Tt follows
that G1 is (d+e+f9+2u+2’ 6+e+£;0+2v). Similarly, G2 is (2d+2@+92f+1+u’ 26—}-2&;—2304-1))'

It is now easy to check that G35 = G; and Gy = G,.
Let G} divide the segment G, G in the ratio 1 : 2. Since G, (d+e+f 6+§+¢) and

Go (B4, 2), we have (G})" = )3+(GT) = (2+2“)+(d+6+f) = (G1)*. Of course,

in the same way we see that (G})Y = (G)Y and that Go divides GG, in the
same ratio 1 : 2. O
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FIGURE 9. G; and G, divide G,G, in four equal parts and ABC
is orthologic with G124G345Gsec iff it is orthologic with DEF.

Theorem 9. The following statements are equivalent:

(a) The triangles ABC and G124G345Gs6c are orthologic.

(b) The triangles ABC' and G1apGs4pGser are orthologic.

(¢) The triangles DEF and Gy54Ge15Ga3c are orthologic.

(d) The triangles DEF and Gys5pGe1pGasr are orthologic.

(e) The triangles G1o4G345Gsec and Gus4Ge15Gasc are orthologic.
(f) The triangles G1opG3ipGser and GuspGe1pGasp are orthologic.
(9) The triangles ABC and DEF are orthologic.

Proof of Theorem 9. The equivalence of (a) and (g) follows from the relation

A

Ao(ABC, Gi24G34pGsec) = 3
The equivalence of (g) with (b), (¢), (d), (e) and (f) one can prove in the same
way. L]

9. FOUR TRIANGLES ON VERTICES OF SQUARES

In this section we consider four triangles A’B’'C’, D'E'F’', A"B"C", D"E"F"
which have twelve outer vertices of the squares as vertices. The sum of areas of
the first two is equal to the sum of areas of the last two. The same relation holds
if we replace the word "area” by the phrase ”sum of the squares of the sides”.
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C//

Cl

F1GURE 10. Four triangles A'B'C’', D'E'F’', A”B"C" and D"E"F”".

For a triangle XY Z let | XY Z| and s9(XY Z) denote its (oriented) area and
the sum |Y Z]? + |ZX|? + | XY |? of squares of lengths of its sides.
Theorem 10. (a) The following equality for areas of triangles holds:

|A'B'C'| + |D'E'F'| = |A"B"C"| + |D"E"F"|.
(b) The following equality also holds:
$93(A'B'C") + so(D'E'F') = s5(A"B"C") + so(D"E"F").

Proof of Theorem 10. The areas |A'B'C’|, |D'E'F'|, |A"B"C"| and |D"E"F"| are

-

sle—p+)d+utv—1-d+¢p)e—(u+v—30+e)f—d+(w—u+1l)e+ (u—v)p+2v],
(u—v+2e—-2p)d—(1+20—-2¢)e+(1—u+v+25—2¢e)f+(ut+v)d—ec+(1—u—v)p+1],

[(u—v+e—p)d—(1+d—p)e+(1—ut+v+d—c)f+(ut+v)d—c+(1—u—v)p+2v],

(O L CITS

[(1+2c—2¢)d+ (utv—1—-25+2¢)e—(u+v—25+28)f—6+(1—utv)e+ (u—v)p+1],
By looking vertically at each term we see easily that (a) is true.
On the other hand, so(A'B'C"), so(D'E'F"), so( A”B"C") and so( D"E"F") are
220 —u+v*+1)—(2d—e— f)lu—v) — (26 —e — p)(u+v) + d* + €+
Ao+t —de—df —ef —de—dp—cp+d+e—2f +5+¢e—2p],
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2 —u+v*+ 14 (d—2e+ f)u+v)+ (6 — 2+ @) (v —u) +2(d* + >+
e+t —de—df —ef —de—0p—ecp)—2d+e+ f+20—e—¢],

22(® —u+ v+ 1)+ (d—2e+ f)u+v)+ (6§ —2e + @) (v —u) +d* + e+
P8+ +—de—df —ef —de—bp—ep—2d+e+ f+20—c— ],

2 —u+v*+1+2d—e— f)lv—u)— (26 —e — p)(v+u) + 2(d* + e+
PP+ + P —de—df —ef —de—0p—cp)—d+e—2f+5+e—2p],
Again, by direct inspection, we see that (b) holds. O

Let A}, B} and C denote centers of squares of the same orientation built on the
segments B'C’', C"A’" and A'B’. The points D}, E}, F|, A{, BY, C{, D], E] and
F[" are defined analogously. Notice that (A'B'C’, A|B|C}), (A”B"C", A!B/CY),
(D'E'F', D\ E{F)) and (D"E"F", D! EYF") are four pairs of both orthologic and
homologic triangles.

The following theorem claims that the four triangles from these centers of
squares retain the same property regarding sums of areas and sums of squares of
lengths of sides.

Theorem 11. (a) The following equality for areas of triangles holds:
|AYBiCll + | Dy EVFY| = |AYBYCY| + [ DYEYFY|.
(b) The following equality also holds:
s9(A1BICY) + so( DY EVF)) = s9(AYBYCY) + so( DYEYFY').

Notice that in the above theorem we can take instead of the centers any points
that have the same position with respect to the squares erected on the sides of
the triangles A’'B'C', D'E'F', A”B"C"” and D"E"F". Also, there are obvious
extensions of the previous two theorems from two triangles to the statements
about two n-gons for any integer n > 3.

Of course, it is possible to continue the above sequences of triangles and define
for every integer k > 0 the triangles A) B, C}., Ay B, C}, D, E,F] and D; E}F].
The sequences start with A’B’'C’, A”B"C", D'E'F’" and D"E"F". Each member
is homologic, orthologic, and shares the centroid with all previous members and
for each k an analogue of Theorem 11 is true.

Proof of Theorem 11. The (a) part follows from Theorem 10 and the observation

8|A1B|C}|=s2(A'B'C") 8|D,E|F||-s2(D'E'F') 8|A|B}C}|—s2(A"B"C")
) 4 ’ 4

are respectively equal to

that the expressions
8 ‘D/llEi/FllII_Sz(D//E//FH)
1

and

(e=Nutv)+e-p)u-v)+(+e-p)d=(1+d-plet+ (0 —e)f —d+e+2v,

(d=flu—v)+ 0 —@)(ut+v)+2E—@)d—(1+20—2p)e+ (1+20 —2)f —e+ ¢+,
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d=fNu—v)+ (G —p)(utv)+(e—p)d—(1+0—@ple+(1+0—¢€)f —e+ ¢+ 2v,
(e —F)u+v)+ (e —@)(v—u)+ (142 —2p)d — (1425 —2p)e +2(0 —e)f — 5+ ¢ +v.

On the other hand, the (b) part follows also from Theorem 10 and the obser-

. A/ B/ C/ _ A/B/C/ D/ E/ F/ _ D/E/F/ A//B//C// _ A//BHC//
Vatlon that 52( 1—1 1)3 82( )’ 52( 171 1)3 82( )’ 52( 1P1 1)382( ) and
D//EIIF// _ DIIE//FII . .
2Dy F )382( ) are respectively equal to the same above expressions. [
CII ql

FiGure 11. G,G,.G Gy and G,G,G.»G, are squares.

10. THE CENTROIDS OF THE FOUR TRIANGLES

Let G,y Gy Gony, Gy G, and G, be shorter notation for the centroids G 4 p/¢,
GD’E’FH GA”B”C”; GD”E”F”a GS1 S3Ss and G525456 . The fOHOWil’lg theorem shows
that these centroids are the vertices of three squares associated with the ring of
SiX squares.

Theorem 12. (a) The centroids G,», G, G, and G, are vertices of a square.

(b) The centroids G, and G.» are reflections of the centroids G,n and G, in
the line G,G.. Hence, the centroids G,», Gy, G, and G, are also vertices of a
square.
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(c) The centroids G. and G, are the centers of the squares in (a) and (b),
respectively. Hence, the centroids G,, G., G, and G, are also vertices of a
square.

Proof of Theorem 12. (a) The centroid G,» is (‘H”“”Jgu_vﬂ, “+”+1gd_e_f) while
the centroids G, and G, are (“TH, g) and (@, ‘Hs%). In other words, G, is
the vertex above G, of a (negatively oriented) square built on the segment G,G..
Its fourth vertex is G,.

(b) The proof is very similar to the proof of (a). The only difference is that
the positively oriented square on G,G, appears.

( ) The centroid G is (d+e+f o— 6 g0+u+v+1 d+e+f+5+€+<p u+v— 1) and these are
precisely the coordinates of the center of the (negatlvely oriented) square built
on the segment G,G., (look at the coordinates of the point Sy and apply the rule
to the points G, and G, instead of the points D and C'). The argument for the
centroid G, is similar. O

11. REMARKABLE MIDPOINTS

Let A*, B*, C*, D*, E*, F*, D,, E, and F, denote the midpoints of the
segments A’A”, B'B", C'C", D'D", E'E", F'F", EF, FD and DE. Notice that
the points A*, B*, C*, D*, E* and F* are the centers of squares built on the
segments S4S5, 551, 5253, 5152, S354 and S5Sg, respectively. Also, the triangles
A*B*C* and D*E*F* share the centroids with the triangles ABC' and DEF'.

Theorem 13. The triangles ABC and DEF are orthologic if and only if the
triangles A*B*C* and D*E*F* are orthologic.

Proof of Theorem 13. Since the coordinates of A*, B*, C*, D*, E* and F'™* are
(57 50), (1 552 590, (o S 55), (0 3.0 ), (e e+ ),
and (f, ¢ — 1), we easily get 4 A¢(A*B*C*, D*E*F*) = —A. O

Theorem 14. The triangles ABC' and A*B*C* are homologic if and only if the
triangles ABC' and DEF are orthologic or the points D, E and F are collinear.
Also, the triangles DEF and D*E*F* are homologic if and only if the triangles
ABC and DEF are orthologic or the points A, B and C are collinear.

Proof of Theorem 1. The first part follows from the relation
ATo(ABC, A*B*C*) + |DEF|A = 0,
while the second is a consequence of 4To(DEF, D*E*F*) + |ABC|A=0. O

Theorem 15. The lines AA*, BB*, CC*, DD*, EE* and FF* are perpen-
dicular to the sidelines EF, FD, DE, BC, CA and AB, respectively. More-
over, |AA*| = EE | Bpp*| = £ \CC*|_'DE' |DD*| = ‘BC' BB = A and
|FFe| = 4B
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F1GURE 12. The triangles ABC and DFEF are orthologic iff the
triangles A*B*C* and D*E*F* are orthologic.

Proof of Theorem 15. The lines EF and AA* are (e — ¢, f —e, ep— fe) and
(e — f, e — ¢, 0). Clearly, they are perpendicular because the condition for lines
(a, b, ¢) and (p, ¢, r) to be perpendicular is ap + bg = 0. On the other hand, the

formula for the Euclidean distance gives |[AA*| = 1/(e — )2+ (e — )% = @

The arguments for the other corresponding pairs of points are similar. O

Theorem 16. If the triangles ABC and DEF are orthologic then the homo-
logy centers of (ABC, A*B*C*) and (DEF, D*E*F*) are the orthology centers
[ABC, DEF] and [DEF, ABC).

Proof of Theorem 16. This follows from the first part of Theorem 15. O

Theorem 17. The triangles ABC and DEF are orthologic if and only if the
triangles ABC and D*E*F* and/or the triangles DEF and A*B*C* are ortho-
logic.

Proof of Theorem 17. This follows from the relations Ag(ABC, D*E*F*) = —A
and Ag(DEF, A*B*C*) = A. 0

Let A,, B, and C, denote the vertices of the anticomplementary triangle of
the triangle ABC.
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FicUure 13. If the triangles ABC and DEF are orthologic, then
the triangles ABC and A*B*C* are homologic.

Theorem 18. If the triangles ABC' and DEF are orthologic, then the follow-
ing are pairs of homologic triangles: (A*B*C*, A,B,C,), (D*E*F*, D, E,F,),
(A*B*C*, A,B,C,) and (D*E*F*, D,E,F).

Proof of Theorem 18. Since A,(u+ 1, v), By(u — 1, v) and Cy(1 — u, —v), we get
4T o(A*B*C*, A,B,C,) = A M, where the factor M is (¢ — ¢ + 2u + 2)d + (¢ — 0
+2u—4)e+ (d —e —4u+2)f +2v(0 + € — 2¢ + 6). It follows that if the triang-
les ABC and DEF are orthologic, then the triangles A*B*C* and A,B,C, are
homologic. The other three pairs are treated similarly. O

12. ANOTHER SET OF MIDPOINTS

Let A,,, D,,, B, E,,, C,, and F,, be midpoints of the segments BD, DC,
CE, FA, AF and FB.

Theorem 19. (a) The common centroid of the triangles A, By Cy and D, E, Fy,
1s the midpoint of the segment G,G.;.

(b) The triangles ABC and DEF are orthologic if and only if the triangles
AnBnCr, and D, E,, F,, have equal sums of squares of lengths of sides.
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F1GURE 14. If the triangles ABC and DEF are orthologic, then
the triangle A*B*C* is homologic with A,B,C, and A,B,C,.

Proof of Theorem 19. (a) The triangles A,,B,,C,, and D,, E,,F,, have the point

( d+e+£+“+1, 6+5Jg“”+”) as a common centroid and these are precisely the coordi-

nates of the midpoint of the segment G,G,.
(b) This follows from the relation sy(D,, EpFr) — S2(AmBnCr) = %A. O

Let s be a real number different from 0 and —1. Let the points A,, By and
C, divide the segments BD, CE and AF' in the ratio s : 1 and let the points Dy,
E, and F; divide the segments DC', EA and F'B in the ratio 1:s. The above
theorem is a special case (for s = 1) of the following result.

Theorem 20. (a) The common centroid of the triangles A;BsCs and DsEF
divides the segment GG in the ratio s : 1.

(b) The triangles ABC and DEF are orthologic if and only if the triangles
AsB,Cy and D,EF, have equal sums of squares of lengths of sides.

(c) When the triangles ABC and DEF are orthologic then neither the triangle
AsB,Cy nor the triangle DsEF is orthologic with the triangle ABC'.

Proof of Theorem 20. (a) The points A, Bs, Cs, Dy, Es and Fy have the coor-
dinates (1+sd 56 ) 7 (u+se m) 7 ( sf sp ) 7 (sd+u 35+v) 7( se_se ) and (Sf_-l—l ﬂ) SO

s+1 7 s+1 s+1 7 s+1 s+17 s+1 s+1 7 s+1 s+17 s+1 s+1 7 s+1

that the triangles A,B,C, and D E,F, have the point <(d+engis$1+“, wgi:fi;“)
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FIGURE 15. The common centroid V' of the triangles A,B,C and
D EF, divides G,G, in the ratio s : 1.

as a common centroid and these are precisely the coordinates of the point which
divides the segment G,G, in the ratio s : 1.

(b) This follows from the relation sy(DsEFy) — s2(AsBCy) = (8_?—51)2 A.

(c) We know that the triangles ABC and DEF are orthologic if and only if
f=(0—=u)d+ue+v(e—9). If we compute the expressions Ay(AsB;Cs, ABC)
and Ag(DsEFs, ABC) for this value of f, we get the quotients w01 and

s+1
2 2 .
w—utv-1 which could never be equal to zero (for real values of u and v). O

13. IMPROVEMENT OF EHRMANN—-LAMOEN RESULTS

Let K,K,K. be a triangle from intersections of parallels to the lines BC,
CA and AB through the points B”, C” and A”. Similarly, L,LyL., M,M,M.,,
N,NyN.., P,P,P. and QQ,Q,Q). are constructed in the same way through the triples
of pOiIltS (Cl, A/, B/), (D//, E”, F//), (D/, E/, F/), (Sl, 53, 55) and (52, 54, Sﬁ),
respectively. Some of these triangles have been considered in the case when the
triangle DEF is the pedal triangle P, P, P, of the point P. Work has been done
by Ehrmann and Lamoen in [4] and also by Hoffmann and Sashalmi in [8]. In this
section we shall see that natural analogues of their results hold in more general
situations.

Theorem 21. (a) The triangles K,KyK., LoLyL., M M,M., NyNyN., P,P,P.
and Q.QyQ. are each homothetic with the triangle ABC'.

(b) The quadrangles K,L,M,N,, K,LyMyN, and K.L.M.N. are parallelo-
grams.
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F1GURE 16. The triangle K,K, K. from parallels to BC', CA, AB
through B”, C”, A” is homothetic to ABC' from the center K.

(c¢) The centers J,, J, and J. of these parallelograms are the vertices of a
triangle that is also homothetic with the triangle ABC.

Proof of Theorem 21. (a) The parallels to the lines AB and C'A through the
points A” and C” are (0, 1, f) and (v, —u, u®> + v? — eu — v) so that their in-

2 2

tersection K, is <“(e_f)+2”_“ — —f). In a similar way we find that the points

K, and K, have coordinates <(“_1)(d_f)+6”_u+v+l, —f) and (pe, g.) with

v

ulu—1)(d—e) +v(ud — (u—1)e) + v* + uwv? = 2u* + uww —v* +u
v

Pec =

and ¢. = (u—1)d —ue+vd —ve +u?> —u+v>+v+1. The lines AK,, BK,

and C'K. intersect in the point Ky(pg, qo) where py = RS ge__uf_tgfgciyfu T

and gy = (u—l)d+v6—ue—z£+f+u2—u+v2+1' Moreover, the pairs of lines (BC, K,K.,),
(CA, K.K,) and (AB, K,K;) are parallel so that we conclude that the triangle
K,K,K. is homothetic with the triangle ABC.

(b) The simplest method is to prove that the midpoints of the segments K, M,

and L, N, coincide for z = a, b, c.
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FiGure 17. The triangles K,K,K., L.LyL., M,M,M. and
N,NyN,. together with three parallelograms.

(¢) The points J,, J, and J,. have the coordinates (“(SD_E)JFGU_UZ_“_Uz, *”T_l> ,

2v
<(u_l)(cp—é)—l—u?_2{13}u+u2+v(1+d)+2’ goT—l) and (j,, k) where

u(u —1)(0 — &) + uvd + (1 — w)ve + 2u® + 2uv? — 3u® + uwv — v? + u
2v

. Then we proceed as in the proof of (a).
U

Let Jy, Ko, Lo, My, Ny, Py and Qg be centers of the above homotheties. Notice
that Jy is the intersection of the lines KoMy and LgNy.

Theorem 22. (a) The symmedian point K of the triangle ABC' lies on the line
KoLyg.

(b) The points Py and Qo coincide with the points Ny and M.

(c) The equalities 2 - PU—Q; = Im hold for v =a, b, c.

jc:

and kc _ vd—l—(l—u)&—ve+ue;2u+v+1+2u2+21)2

Proof of Theorem 22. (a) From the proof of Theorem 21 we know the coordinates

of Ky. The same method gives the coordinates =T +U6“_(£ ;_12;1;__1;52 v

CEE +U5_u:_(£ ;Pf_ug ——=— of the center Ly. Hence, the line KoLy is the triple

and
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F1GURE 18. The line KL goes through the symmedian point A
of the triangle ABC.

(u—1)d 4 vd —ue —ve —(2u? —2u+ 20>+ 1) f + u* —u+0v* + 1, (v* + u+ v?)
(d—du—vd) — (u? = 3u+v*+2)(ue +ve) + (u* —u+v*) ((2u—1)f +u? —u
+v% + 1), v (ue + ve + (u* + v?) f — u® — v?)). The equation of this line is satis-
fied by the coordinates Q(Ugitmgil), DI +1)> of the symmedian point K of
the triangle ABC.

(b) That the center Py coincides with the center Ny follows easily from the fact
that (A, N,, P,) and (B, Ny, B,) are triples of collinear points.

(c) Since QY = %, Py = *”T_f, LY = f—1and KY = —f, we see that

2-(Qq - PY) = L - K.

— e
Similarly, 2 - (Qf — P?) = L — K¥. This proves the equality 2 - P,Q, = K,L,.
U

Theorem 23. The triangles K,K,K. and L,LyL. are congruent if and only if
the triangles ABC and DEF are orthologic.

Proof of Theorem 23. Since the triangles K,K,K, and L,L,L. are both homo-
thetic to the triangle ABC', we conclude that they will be congruent if and only
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if |K,Ky| = |LqoLs|. Hence, the theorem follows from the equality
[(Qu—1)2+ 20+ 1)2+2] A

D) .

|KaKb|2 - |LaLb|2 =

v

O

Let O and w denote the circumcenter and the Brocard angle of the triangle
ABC.

Theorem 24. If the triangles ABC and DEF' are orthologic then the following
statements are true.

(a) The symmedian point K of the triangle ABC' is the midpoint of the segment
KyLy.

(b) The triangles M,MyM. and NyNy,N. are congruent.

(c¢) The triangles P,P,P. and Q,QyQ. are congruent.

(d) The common ratio of the homotheties of the triangles K,KyK. and Ly LyL,
with the triangle ABC' is (1 + cot w) : 1.

(e) The vector of the translations K, K, K.+ LoLyL. and Ny, NyN,. — M, M,M,
is the image of the vector 2 - O|[DEF, ABC] under the rotation p (O, g)

(f) The vector of the translation P,P,P. — Q.QvQ. is the image of the vector

O|DEF, ABC| under the rotation p (O, %).

Proof of Theorem 24. (a) Let £ = u®> — u + v?. Let the triangles ABC and DEF
be such that the centers Ky and Lj are well-defined. In other words, let M, N # 0,
where M, N = (u — 1)d +v0 —ue —ve + f £ (£ +1). Let Zy be the midpoint of

the segment KyLg. Then |Z,K|? = Mﬁ, where

Q S2 A2(E+1)2T7
(E+u)2(6+3u+1)2 " (E4+u)(E+3u+1)

S = (ue +ve) (€2 + & — 3u(u — 1)) + (€ + )
[(€ +3u+1D)((u—1d+vd) + (1 -20u—&—1)f = (E+D(E+u—1)],

Q=8+ {Au+1)E+uBu+1)and T = ue + ve + (£ +u)(f — 1). Hence, when
the triangles ABC and DEF are orthologic (i. e., A =0), then K = Z;. The
converse is not true because the factors S and T can be simultaneously equal to
zero. For example, this happens for the points A(0,0), B(1,0), C (%, 1), D(2,5),
E ( , —%) and F'(3, —1). An interesting problem is to give geometric description
for the conditions S = 0 and 7" = 0.

(b) This follows from the equality

dvd+ (1 —u)d —ve+us—p+£+1)A

|NaNb|2 - |MaMb|2 = D)

(%
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(c) This follows similarly from the equality
PR — 0.0 = (vd+ (1 —u)d —ve+us—p+E+v+1)A

2
v
(d) The ratio ‘ﬁ(jgb‘ jg [atwizure®+vill - Hence, when the triangles ABC' and

DEF are orthologic, then A = 0 and this ratio is
w—utvi+v+1 - |BO|? + |CA|* + |AB|?
v B 4-|ABC)|

=1+ cotw.

(e) The tip of the vector K,L, (translated to the origin) is at the point
V(€ —2(ue +ve —uf), 2f —1). The intersection of the perpendiculars through
the points D and E onto the sidelines BC' and C'A is the point
wd + (u— 1)(du — ue — vs))

v

U((l—u)d—05+ue+v6,

When the triangles ABC and DEF are orthologic this point will be the second
orthology center [DEF, ABC]. Since the circumcenter O has the coordinates

(l £ ) the tip of the vector 2 - OU is at the point
20 20/
2((u — 1)(ud — ue — ve) + uvd) — f)

wr (2((1 —u)d — v + ue + ve) — 1,
v
Its rotation about the circumcenter by the angle 7 has the tip in the point
W (—(W*)¥, (W*)?). The relations U* — W* = 2“2 and U¥ — WY = 2A now con-
firm that the claim (e) holds.
(f) The proof for this part is similar to the proof of the part (e). O

14. NEW RESULTS FOR THE PEDAL TRIANGLE

Let a, b, ¢ and S denote the lengths of sides and the area of the triangle ABC'.
In this section we shall assume that DEF' is the pedal triangle of the point P
with respect to ABC. Our goal is to present several new properties of Bottema’s
original configuration. It is particularly useful for the characterizations of the
Brocard axis.

Theorem 25. There is a unique central point P with the property that the triang-
les 519355 and S954S¢ are congruent. The first trilinear coordinate of this point
Pisa((b®*+c2+28)a* — bt — * —285(b* + *)). It lies on the Brocard axis and
divides the segment OK in the ratio (— cotw) : (1 + cotw) and is also the image
of K under the homothety h(O, — cotw).

Proof of Theorem 25. Let P(p, q). The orthogonal projections P,, P, and P, of
the point P onto the sidelines BC, CA and AB have the coordinates
(u—12p+v(u—1)g+v* v((u—1)p+vg—u+1)
E—u+1 ’ E—u+1 ’
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FIGURE 19. s2(A'B'C") = s9(A”B"C") iff P is on the Brocard axis.

<u<zzp++uvq>’ v(u;fuvq)) and (p, 0).

Since the triangles 515355 and S55,5¢ have equal area, it is easy to prove
using the Heron formula that they will be congruent if and only if two of their
corresponding sides have equal length. In other words, we must find the solution
of the equations

_vép v¥g §+u—1

S3S5|* — [S4S6)* = - + 0,
Sasal” =18l = 2~ e 2
2 22w —v)—1)&+u(u—1)
SoSiP —|SeSaP =Py V4 & —0.
15501 =565 E—u+l ' €—u+l 2(€ —u+1)
As this is a linear system it is clear that there is only one solution. The required
. : 1—2utv &E2+(v+1)E—v2 _ 1 _ —cotw . T
point is P < ST 57 ) Let s = T L T Theots” The point P divides

the segment OK in the ratio s : 1, where O (%, 25—0) and K <2§(Zﬁ), 2(511)) U

Theorem 26. The triangles S153S5 and S2S54S¢ have the same centroid if and
only if the point P 1is the circumcenter of the triangle ABC.

Proof of Theorem 26. We easily get that |G,G.|* = 9(5_u+]\14)2(gﬂ2)(1+4§), where N =

v(1+&)(2p—1)and M =3&(2u — 1)p+v(1 +4€)q — £(2 + 3u — 1). Hence, G,
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= G, if and only if N =0 and M =0. In other words, the centroids of the
triangles 5719595 and 555,94 coincide if and only if p = % and q = 25—0 (i. e., if and
only if the point P is the circumcenter O of the triangle ABC). U

Recall that the Brocard axis of the triangle ABC' is the line joining its circum-

center with the symmedian point.

Theorem 27. For the pedal triangle DEF of a point P with respect to the triangle
ABC the following statements are equivalent:

(a) The triangles AoByCy and DoEyFy are orthologic.

(b) The triangles ABC' and G454G¢15Ga3c are orthologic.

(c) The triangles ABC and G45pGe1pGasp are orthologic.

(d) The triangles G1o4G345Gs6c and GuspGei1pGasr are orthologic.

(e) The triangles G1apGsipGser and Gusa1Ge1pGasc are orthologic.

(f) The triangles A’B'C" and A" B"C" have the same area.

(9) The triangles A’ B'C" and A” B"C" have the same sums of squares of lengths
of sides.

(h) The triangles D'E'F" and D"E"F" have the same area.

(i) The triangles D'E'F" and D" E" F" have the same sums of squares of lengths
of sides.

(j) The triangles S153S5 and S2S4Se have equal sums of squares of lengths of
sides.

(k) For any real number t # —1, 0, 2, the triangles StSLSEt and SSLSE have
equal sums of squares of lengths of sides.

(1) For any real number s # —1, 0, the triangles TS T3TS and T3 T T¢ have equal
sums of squares of lengths of sides.

(m) The triangles A;BsCs and DsE F, have the same area.

(n) The point P lies on the Brocard azis of the triangle ABC.

Proof of Theorem 27. (a) The orthology criterion Ag(AgBoCo, DoEoFp) is equal

to the quotient WﬁM—u—l—l)’ with M the following linear polynomial in p and q.

M =2 (§2+§—v2)p+2v(2u—1)q—(§+u)(€+u—1).

In fact, M = 0 is the equation of the Brocard axis because the coordinates (1 & )

27 2v
and (%, ﬁ) of the circumcenter O and the symmedian point K satisfy
this equation. Hence, the statements (a) and (n) are equivalent.

(f) It follows from the equality |A”B"C"| —|A'B'C’| = W]g—wl) that the
statements (f) and (n) are equivalent.

(i) It follows from the equality so(D'E'F') — so(D"E"F") = Wg_uﬂ) that
the statements (i) and (n) are equivalent. O
a’+b24c?

It is well-known that cotw = so that we shall assume that the de-
generate triangles do not have well-defined Brocard angle. It follows that the
statement ”The triangles 515355 and 55545 have equal Brocard angles” could
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be added to the list of the previous theorem provided we exclude the points
for which the triangles 575355 and S35,5¢ are degenerate. The following result
explains when this happens. Let K__, denote the point described in Theorem 25.

Theorem 28. The following statements are equivalent:
(a) The points Sy, Ss and S5 are collinear.
(b) The points Sy, Sy and Sg are collinear.
(¢) The point P is on the circle with the center K_, and the radius equal to

the circumradius R of the triangle ABC' times the number /(1 + cotw)? + 1.
Proof of Theorem 28. Let M be the following quadratic polynomial in p and ¢:
PP+ @) +vRu—v—1)p— (€+w+1)E—v*)g—(+u)(—utv+1).
The points S, S3 and S5 are collinear if and only if
0= :Z:; :gg } - oM .
SroSY o1 20u—1-8(u+g)

The equivalence of (a) and (c) follows from the fact that M = 0 is the equa-
tion of the circle described in (c). Indeed, we see directly that the coordinates of

1—2utv  E2+(v+1)E—0?
v ’ 202

its center are ( ) so that this center is the point K__, while the

_ 2 2
square of its radius is « UH)(EML()EEMH) ?) _ (5_“211)%(5* u) | (5+”J;12)2+”2 =R?.[3?

where f3 is equal to the number /(1 + cot w)? + 1 because cotw = @’Tl
The equivalence of (b) and (c¢) is proved in the same way. O

Theorem 29. The triangles AgByCy and DyEoFy always have different sums of
squares of lengths of sides.

Proof of Theorem 29. The difference $9(AgBoCo) — so(DoEgFp) is equal to the
quotient T i N where N denotes the following quadratic polynomial in

§—utl)(ute)’
variables p and ¢:

(o) (o) e

However, this polynomial has no real roots. O

Theorem 30. The triangles AgByCy and DoEyFy have the same areas if and
only if the point P lies on the circle 0y with the center at the symmedian point K
of the triangle ABC' and the radius R4 — 3tan?w, where R and w have their

usual meanings associated with triangle ABC.

Proof of Theorem 30. The difference | Do EoFy| — | Ao BoCo| is %, where

M denotes the following quadratic polynomial in variables p and g:

CEt2u)’ v ) EtwE—ur ) (A(E+1)2 307
<p 2(€+1)) +<q 2(§+1)) 4(€+1)%02 ‘
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FIGURE 20. |AoByCo| = |DoEoFo| iff P is on the circle 6.

The third term is clearly equal to —R?*(4 — 3tan?w). Hence, M = 0 is the equa-
tion of the circle whose center is the symmedian point of the triangle ABC' with

the coordinates (25(3?)’ 2@11)) and the radius Rv4 — 3tan®w. U

Notice that the lines AA*, BB* and C'C* intersect in the isogonal conjugate
of the point P with respect to the triangle ABC.

Theorem 31. The triangles A* B*C* and D*E*F* have the same sums of squares
of lengths of sides if and only if the point P lies on the circle 6.

Proof of Theorem 31. The proof is almost identical to the proof of the previous

theorem since the difference so( D*E*F™*) — s9( A*B*C*) is equal to %
U

Theorem 32. For any point P the triangles A*B*C* and D*E*F* always have
different areas.

Proof of Theorem 32. The proof is similar to the proof of Theorem 29 since the

difference |D*E* F*| — |A*B*C*| is equal to m. O
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15. NEW RESULTS FOR THE ANTIPEDAL TRIANGLE

Recall that the antipedal triangle P’F; P’ of a point P not on the side lines of
the triangle ABC has as vertices the intersections of the perpendiculars erected
at A, B and C to PA, PB and PC respectively. Note that the triangle P; P Pr
is orthologic with the triangle ABC' so that Bottema’s Theorem holds also for
antipedal triangles.

Our final result is an analogue of Theorem 27 for the antipedal triangle of a
point. It gives a nice connection of a Bottema configuration with the Kiepert
hyperbola (i. e., the rectangular hyperbola which passes through the vertices,
the centroid and the orthocenter [3]).

In the next theorem we shall assume that DEF' is the antipedal triangle of the
point P with respect to ABC'. Of course, the point P must not be on the side
lines BC', C'A and AB.

FIGURE 21. 55(515355) = $9(52545¢) when P is on the Kiepert hyperbola.

Theorem 33. The following statements are equivalent:
(a) The triangles AoByCy and DoEoFy are orthologic.
(b) The triangles ABC' and G454Ge15Gasc are orthologic.
(¢) The triangles ABC' and G45pGe1pGasp are orthologic.
(d) The triangles G12AG34BG56C and G45DG61EG23F are OT’thOZOgiC.
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FIGURE 22. 55(515355) = $2(525456) also when P is on the circumcircle.

(6) The tm’angles G12DG34EG56F and G45AG613G23C are OTthOZOQiC.

(f) The triangles A’B'C" and A" B"C" have the same area.

(9) The triangles A’ B'C" and A” B"C" have the same sums of squares of lengths
of sides.

(h) The triangles D'E'F’ and D"E"F" have the same area.

(i) The triangles D'E'F" and D" E" F" have the same sums of squares of lengths
of sides.

(j) The triangles S153S5 and S2S4S¢ have equal sums of squares of lengths of
sides.

(k) For any real number t # —1, 0, 2, the triangles S1SLSEt and SLSLSE have
equal sums of squares of lengths of sides.

(1) For any real number s # —1, 0, the triangles TYT3TS and T3 T T¢ have equal
sums of squares of lengths of sides.

(m) The triangles AsB;Cs and DsE Fs have the same area.

(n) The point P lies either on the Kiepert hyperbola of the triangle ABC or
on its circumcircle.

Proof of Theorem 33. (g) s2(A"B"C") — s2(A'B'C") = M N 7, with

q(vp—uq)(v(p—1)—(u—1)q

1\’ £\ 402
M:<p‘§) *(q‘@) T
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N=v(2u-1) (pz—qz—p) -2 (u2—u—vz+1)pq+(u2+u—vz)q.
In fact, M = 0 is the equation of the circumcircle of the triangle ABC while N = 0
is the equation of its Kiepert hyperbola because the coordinates of the vertices

A, B and C and the coordinates (u, @) and (“TH, g) of the orthocenter H

and the centroid G satisfy this equation. Hence, the statements (g) and (n) are
equivalent.

(j) It follows from the equality s9(525456) — $2(515355) = q(vp_uq)(z(ﬁjlv)_(u_l)q)

that the statements (j) and (n) are equivalent.
(m) It follows from the equality

svMN
(s+1)*q(vp —ug)(v(p—1) — (u—1)q)

that the statements (m) and (n) are equivalent. O

|DSESFS| - |ASBSCS| - 9

Of course, as in the case of the pedal triangles, we can add the statement ” The
triangles 575355 and 555,56 have equal Brocard angles.” to the list in Theorem 33
but the points on the circle described in Theorem 28 must be excluded from
consideration.

Notice that when the point P is on the circumcircle of ABC' then much more
could be said about the properties of the six squares built on segments BD, DC,
CE, FEA, AF and F'B. A considerable simplification arises from the fact that
the antipedal triangle DEF reduces to the antipodal point ) of the point P.
For example, the triangles S;1.5355 and S554Sg are the images under the rotations

p(U, 7) and p(V, —7) of the triangle A,B.C, = h(O, ?)(ABC) (the image of
ABC in the homothety with the circumcenter O as the center and the factor @)
The points U and V' are constructed as follows.

Let the circumcircle o, of the triangle A,B,C, intersect the segment O in
the point R, let ¢ be the perpendicular bisector of the segment QR and let T’
be the midpoint of the segment OQ. Then the point U is the intersection of the

line ¢ with p(T, T)(PQ) while the point V' is the intersection of the line ¢ with
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