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enter, ortho
enter.Abstra
t. We 
onsider triangles in the plane with 
oordinates of points fromthe Pell and the Pell-Lu
as sequen
es. It is possible to take for both 
oordinates
onse
utive either Pell numbers or Pell-Lu
as numbers or mix these two kinds ofnumbers taking for the �rst 
oordinates Pell numbers and for the se
ond 
oordinatesPell-Lu
as numbers and vi
e verse. For these four in�nite sequen
es of triangleswe explore what geometri
 properties they share or how are they related to ea
hother. We also 
al
ulate some of their quantities like area, Bro
ard angles, anddistan
es of 
ertain 
entral points when these are rather simple expressions of Pelland Pell-Lu
as numbers. Sometimes, these results give interesting relations amongPell and Pell-Lu
as numbers.The Pell and Pell-Lu
as sequen
es Pn and Qn are de�ned by the re
urren
erelations
P0 = 0, P1 = 2, Pn = 2Pn−1 + Pn−2 for n > 2,and

Q0 = 2, Q1 = 2, Qn = 2Qn−1 + Qn−2 for n > 2.The numbers Qk make the integer sequen
e A002203 from [6℄ while thenumbers 1
2 Pk make A000129.Let k be a positive integer. Let ∆k and Γk be the triangles with verti
es

Ak = (Pk, Pk+1), Bk = (Pk+1, Pk+2), Ck = (Pk+2, Pk+3)and
Xk = (Qk, Qk+1), Yk = (Qk+1, Qk+2), Zk = (Qk+2, Qk+3),respe
tively.In this paper we shall explore some 
ommon properties of the triangles

∆k and Γk. Analogous in�nite series of triangles with 
oordinates from theFibona

i and Lu
as integer sequen
es was studied by the �rst author in [3℄.



2There is a great similarity between these two papers in statements of someresults and in methods of their proofs. Of 
ourse, there are also some newobservations like the possibility to 
onsider triangles with mixed 
oordinatesof verti
es and the involvement of the homology relation.We begin with the following theorem whi
h shows that these trianglesshare the property of orthology.Re
all that the triangles ABC and XY Z are 
alled orthologi
 when theperpendi
ulars at verti
es of ABC onto the 
orresponding sides of XY Z are
on
urrent. The point of 
on
urren
e is [ABC, XY Z]. It is well-known thatthe relation of orthology for triangles is re�exive and symmetri
. Hen
e, theperpendi
ulars at verti
es of XY Z onto the 
orresponding sides of ABC are
on
urrent at the point [XY Z, ABC].By repla
ing in the above de�nition perpendi
ulars with parallels we getthe analogous notion of paralogi
 triangles and of points 〈ABC, XY Z〉 and
〈XY Z, ABC〉.The triangle ABC is paralogi
 to its �rst Bro
ard triangle AbBbCb whi
hhas the orthogonal proje
tions of the symmedian point K onto the perpen-di
ular bise
tors of sides as verti
es (see [4℄ and [5℄).Theorem 1. For all positive integers m and n, the following are pairs oforthologi
 triangles: (∆m, ∆n), (∆m, Γn), and (Γm, Γn).Proof. It is well-known (see [1℄) that the triangles ABC and XY Z with
oordinates of points (a1, a2), (b1, b2), (c1, c2), (x1, x2), (y1, y2), and (z1, z2)are orthologi
 if and only if
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= 0.Let α = 1 +
√

2 and β = 1 −
√

2. Note that α + β = 2 and αβ = −1 so thatthe numbers α and β are solutions of the equation x2 − 2x − 1 = 0. Sin
e
Pj = 2(αj

−βj)
α−β

and Qj = αj + βj for every j > 0, when we substitute the
oordinates of the verti
es of ∆m and ∆n into the left hand side of the above
riterion we get
4 (α − 1)(β − 1)(α β + 1)(αn βm − αm βn)

α − β
.For the pairs ∆m, Γn and Γm, Γn we get

2 (α − 1)(β − 1)(α β + 1)(αm βn + αn βm)and
(α − β)(α − 1)(β − 1)(α β + 1)(αm βn − αn βm).From this the 
on
lusion of the theorem is obvious be
ause α β + 1 = 0. �



3Theorem 2. For all positive integers m the ortho
enters H(∆m) and H(Γm)of the triangles ∆m and Γm and the orthology 
enters [∆m, Γm] and [Γm, ∆m]satisfy
|H(∆m)[∆m, Γm]|
|H(Γm)[Γm, ∆m]| =

√
2

2
.Proof. Let us use θa

b as a short notation for the expression a + b
√

2. Let
A = αm and B = βm. Using the Binet formula for Pell and Pell-Lu
as num-bers it is easy to 
he
k that H(∆m) has the 
oordinates 

θ17
12 A3 + θ1

1 A2 B + θ1
−1 A B2 + θ17

−12 B3

2 A B
,
−θ7

5 A3 + θ3
2 A2 B + θ3

−2 A B2
− θ7

−5 B3

2 A B

!
.Similarly, the ortho
enter H(Γm) has 
oordinates 

−θ24
17 A3 + θ2

1 A2 B + θ2
−1 A B2

− θ24
−17 B3

2 A B
,

θ10
7 A3 + θ4

3 A2 B + θ4
−3 A B2 + θ10

−7 B3

2 A B

!
.For [∆m, Γm] this method gives 

−θ17
12 A3 + θ1

1 A2 B + θ1
−1 A B2

− θ17
−12 B3

2 A B
,

θ7
5 A3 + θ3

2 A2 B + θ3
−2 A B2 + θ7

−5 B3

2 A B

!
.Finally, the se
ond orthology 
enter [Γm, ∆m] has 
oordinates 

θ24
17 A3 + θ2

1 A2 B + θ2
−1 A B2 + θ24

−17 B3

2 A B
,
−θ10

7 A3 + θ4
3 A2 B + θ4

−3 A B2
− θ10

−7 B3

2 A B

!The square of the distan
e between the points H(Γm) and [Γm, ∆m] is
θ1352
956 A6 + θ1352

−956 B6 while the square of the distan
e between the points
H(∆m) and [∆m, Γm] is exa
tly half of this value. �Theorem 3. For all positive integers m the oriented areas |∆m| and |Γm|of the triangles ∆m and Γm are as follows:

|∆m| = 4 (−1)m and |Γm| = 2 |∆m+1| = 8 (−1)m+1.Proof. Let us again assume that αm = A and B = βm. Note that α β = −1so that AB = (−1)m. Re
all that the triangle with the verti
es whose 
oor-dinates are (x1, x2), (y1, y2), and (z1, z2) has the oriented area equal to
(z1 − y1) x2 + (x1 − z1) y2 + (y1 − x1) z2

2
.By dire
t substitution and simpli�
ation we get that |∆m| = 4AB = 4 (−1)m.On the other hand, for Γm we get |Γm| = −8AB = 2 |∆m+1| = 8 (−1)m+1.

�At this point we 
an go ba
k and keep 
oordinates of verti
es a

ording totheir original de�nition and dis
over that the �rst 
laim in the above theoremis equivalent to the identity
Pm (Pm+2 − Pm+3) + Pm+1 (Pm+2 + Pm+3) = P 2

m+1 + P 2
m+2 + 8(−1)m,



4while the se
ond 
laim in the above theorem is equivalent to the identity
Qm (Qm+2 − Qm+3) + Qm+1 (Qm+2 + Qm+3) = Q2

m+1 + Q2
m+2 − 16(−1)m.Theorem 4. For all natural numbers m the 
entroids G(∆m) and G(Γm)of the triangles ∆m and Γm are at the distan
e √

34 P2m+26 Q2m

3 .Proof. With the notation from the proof of Theorem 2 we get that the 
en-troids G(∆m) and G(Γm) have the 
oordinates
(

θ6
5 A + θ6

−5 B

6
,

θ16
11 A + θ16

−11 B

6

) and (

θ5
3 A + θ5

−3 B

3
,

θ11
8 A + θ11

−8 B

3

)

.The square of their distan
e is θ26
17(49 A2+θ627

−442 B2)
441 whi
h in turn is pre
isely

34 P2m+26 Q2m

9 . �The following interesting identity represents an equivalent way in whi
hwe 
an state the above theorem.
34 P2m + 26 Q2m − (Pm − Qm)2 − (Pm+3 − Qm+3)

2 =

2 (Pm+1+Pm+2−Qm+1−Qm+2)(Pm +Pm+1+Pm+2+Pm+3−Qm−Qm+1−Qm+2−Qm+3).Theorem 5. For all positive integers m the 
ir
um
enters O(∆m) and O(Γm)of the triangles ∆m and Γm are at the distan
e √
P2m+3(10+Q4m+6)

2 .Proof. With the notation from the proof of Theorem 2 we get that the 
ir-
um
enters O(∆m) and O(Γm) have




−θ
(A+B)(17A2

−22AB+17B2)
4(A−B)(3A2+2AB+3B2)

4AB
,

θ
(A+B)(7A2+6AB+7B2)
(A−B)(5A2+14AB+5B2)

4AB



and




θ
8(A+B)(3A2

−2AB+3B2)
(A−B)(17A2+22AB+17B2)

4AB
,
−θ

2(A+B)(5A2
−14AB+5B2)

(A−B)(7A2
−6AB+7B2)

4AB



as 
oordinates. The square of their distan
e is
θ
10(A2+B2)(197(A2+B2)−186)
7(A2

−B2)(199(A2+B2)+210)

8whi
h is equal to
985Q6m + 1393P6m + 55Q2m + 77P2m

4and therefore to P2m+3(10+Q4m+6)
4 . �



5Theorem 6. For every positive integer m, the triangles Γm and ∆m arereversely similar and the sides of Γm are √
2 times longer than the 
orre-sponding sides of ∆m.Proof. It is well-known that two triangles are reversely similar if and onlyif they are ortologi
 and paralogi
 (see [2℄). Sin
e, by Theorem 1, we knowthat triangles Γm and ∆m are orthologi
, it remains to see that they areparalogi
.Re
all that triangles ABC and XY Z with 
oordinates of points (a1, a2),

(b1, b2), (c1, c2), (x1, x2), (y1, y2) and (z1, z2) are paralogi
 if and only ifthe expression U − V is equal to zero where
U =
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.In our situation when we represent 
oordinates of verti
es of triangles ∆mand Γm by the Binet formula in terms of α and β by substitution and easysimpli�
ation we get that U − V = 0 so that these triangles are indeed para-logi
. In a similar way one 
an easily show that |XmYm|2 = 2 |AmBm|2. �Theorem 7. For every positive integer m, the triangles Γm and ∆m are bothorthologi
 and paralogi
. The 
enters [∆m, Γm] and 〈∆m, Γm〉 are antipodalpoints on the 
ir
um
ir
le of ∆m. The 
enters [Γm, ∆m] and 〈Γm, ∆m〉 areantipodal points on the 
ir
um
ir
le of Γm.Proof. The �rst 
laim has been established in the previous theorem. In orderto prove the se
ond 
laim we shall prove that the orthology 
enter [∆m, Γm]lies on the 
ir
um
ir
le of ∆m by showing that it has the same distan
efrom its 
ir
um
enter O(∆m) as the vertex Am and that the re�e
tion of thepoint 〈∆m, Γm〉 in the 
ir
um
enter O(∆m) agrees with the point [∆m, Γm](be
ause their distan
e is equal to zero!).In the proof of Theorem 5 we found the 
oordinates of the point O(∆m)and in the proof of Theorem 2 of the 
enter [∆m, Γm]. The 
oordinates ofthe 
enter 〈∆m, Γm〉 are (θ
4(A+B)
3(A−B)

2 ,
θ
10(A+B)
7(A−B)

2

). Now it is easy to establish that
|[∆m, Γm]O(∆m)|2 − |O(∆m)Am|2 = 0.On the other hand, if W denotes the re�e
tion of the point 〈∆m, Γm〉 in the
ir
um
enter O(∆m) (i. e., W divides the segment 〈∆m, Γm〉O(∆m) in ratio

−2), then |W [∆m, Γm]|2 = 0.The third 
laim has a similar proof. �Theorem 8. The square of the diameter of the 
ir
um
ir
le of the triangle
∆m is equal to 2 (P2m+3)

2 P2m+1.



6Proof. In the proof of the previous theorems we found the 
oordinates of the
ir
um
enter O(∆m). Hen
e, the square of its distan
e from the vertex Amis 169Q6m + 31Q2m + 239P6m + 43P2m. However, this expression is in fa
t
P 2

2m+3 P2m+1

2
.

�Let k be a positive integer. Let Φk and Ψk be the triangles with verti
es
Dk = (Pk, Qk+1), Ek = (Pk+1, Qk+2), Fk = (Pk+2, Qk+3)and
Uk = (Qk, Pk+1), Vk = (Qk+1, Pk+2), Wk = (Qk+2, Pk+3),respe
tively.In order to des
ribe our next results, re
all that triangles ABC and XY Zare homologi
 provided lines AX, BY , and CZ are 
on
urrent. The point

P in whi
h they 
on
ur is their homology 
enter and the line ℓ 
ontaininginterse
tions of pairs of lines (BC, Y Z), (CA, ZX), and (AB, XY ) is theirhomology axis.In stead of homologi
, homology 
enter, and homology axis many authorsuse the terms perspe
tive, perspe
tor, and perspe
trix.Theorem 9. For all positive integers m the lines DmUm+1, EmVm+1 and
FmWm+1 are parallel to the line y = x so that the triangles Φm and Ψm+1 arehomologi
. Their homology 
enter is the point at in�nity and their homologyaxis is the line y = x. They are never orthologi
 neither paralogi
. Theoriented area of both triangles is 4 (−1)m.Proof. The lines DmUm+1, EmVm+1 and FmWm+1 have equations
x − y +

θ
2(A+B)
A−B

2
= 0, x − y +

θ
4(A+B)
3(A−B)

2
= 0, and x − y +

θ
10(A+B)
7(A−B)

2
= 0.It follows that they are parallel to the line y = x.Sin
e

EmFm ∩ Vm+1Wm+1 =

(

θ12AB
−8AB

θA+17B
−12B

,
θ12AB
−8AB

θA+17B
−12B

)

,

FmDm ∩ Wm+1Um+1 =

(

θ16AB
−12AB

θA−17B
12B

,
θ16AB
−12AB

θA−17B
12B

)

,and
DmEm ∩ Um+1Vm+1 =

(

θ4AB
−4AB

θA−3B
2B

,
θ4AB
−4AB

θA−3B
2B

)

,we 
on
lude that the homology axis of the triangles Φm and Ψm+1 is the line
y = x.



7The above 
onditions for the triangles Φm and Ψm+1 to be orthologi
 andparalogi
 are both equal to 16 (−1)m+1 = 0 whi
h is not true for any value
m. �The 
laims about the oriented areas of the triangles Φm and Ψm+1 areequivalent to the following identities:

2Qm+2 Pm+1 = (Qm+3 − Qm+2)Pm + (Qm+2 − Qm+1)Pm+2 + 8(−1)m,

2Qm+2 Pm+3 + 8(−1)m = (Qm+3 − Qm+2)Pm+2 + (Qm+2 − Qm+1)Pm+4.Theorem 10. The triangles ∆m and Φm have equal Bro
ard angles.Proof. It is well-known that the 
otangent of the Bro
ard angle of the trianglewith verti
es A(x, a), B(y, b) and C(z, c) is equal to
2
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∣

∣
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∣
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∣

∣

∣

∣

(y − z)2 + (z − x)2 + (x − y)2 + (b − c)2 + (c − a)2 + (a − b)2
.Hen
e, by dire
t substitution of 
oordinates and simpli�
ation we dis
overthat the triangles ∆m and Φm both have 
otangents of its Bro
ard anglesequal to 8

6+(−1)m(82 P2m+59 Q2m) . �In a similar way one 
an show the following result.Theorem 11. The 
otangent of the Bro
ard angle of the triangle Ψm+1 isequal to 8
6+(−1)m (298 P2m+211 Q2m) .Theorem 12. For all positive integers m the lines DmXm+1, EmYm+1 and

FmZm+1 are parallel to the line y = 2x so that the triangles Φm and Γm+1 arehomologi
. Their homology 
enter is the point at in�nity and their homologyaxis is the line y = x. They are never orthologi
 neither paralogi
.Proof. The lines DmXm+1, EmYm+1 and FmZm+1 have equations
2x − y + A + B = 0, 2x − y + θA+B

A−B = 0, and 2x − y + θ
3(A+B)
2(A−B) = 0.It follows that they are parallel to the line y = 2x.Sin
e

EmFm ∩ Ym+1Zm+1 = EmFm ∩ Vm+1Wm+1,

FmDm ∩ Zm+1Xm+1 = FmDm ∩ Wm+1Um+1,and
DmEm ∩ Xm+1Ym+1 = DmEm ∩ Um+1Vm+1,we 
on
lude that the homology axis of the triangles Φm and Γm+1 is the line

y = x.The above 
onditions for the triangles Φm and Γm+1 to be orthologi
 andparalogi
 are both equal to 24 (−1)m+1 = 0 whi
h is not true for any value
m. �



8Theorem 13. For all positive integers m the triangle ∆m is orthologi
 toboth triangles Φm+1 and Ψm+1.Proof. The expression ∣∣∣∣
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∣
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for triangles ∆m and
Φm+1 is equal to 2(α − 1)(β − 1)(α2 β + α β2 + 2)αm βm and therefore tozero be
ause α β = −1 and α + β = 2. For the triangles ∆m and Ψm+1 weget that this expression is equal to

2(α − 1)(β − 1)(2α β + α + β)αm βmso that the same 
on
lusion holds. �In fa
t, it is possible to prove the following better results:
• For natural numbers m and n the triangles ∆m and Φn are orthologi
if and only if n = m + 1.
• For natural numbers m and n the triangles ∆m and Ψn are orthologi
if and only if n = m + 1.On the other hand, for the triangles Γm, we 
an analogously prove thefollowing results.
• For all natural numbers m and n the triangle Γm is not orthologi
neither with the triangle Φn nor with the triangle Ψn.Theorem 14. For all positive integers m the triangle ∆m is paralogi
 to thetriangle Ψm. Moreover,

2 |〈∆m, Ψm〉 〈Ψm, ∆m〉|2 = P 2
m Pm+1.Proof. The expression ∣∣∣∣
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for triangles ∆m and
Ψm is equal to 2(α − 1)(β − 1)(2 − α − β)αm βm and therefore to zero be-
ause α + β = 2.With the notation from the proof of Theorem 2 we get that the points
〈∆m, Ψm〉 and 〈Ψm, ∆m〉 have





−θ
(A+B)(3A2

−14AB+3B2)
2(A−B)(A2

−3AB+B2)

4AB
,

θ
(B−A)(7A2

−22AB+7B2)
(A+B)(A−5B)(B−5A)

4
√

2AB



and




θ
(B−A)(B−3A)(3B−A)
−2(A+B)(A2

−6AB+B2)

4
√

2AB
,

θ
(B−A)(B−3A)(3B−A)
−2(A+B)(A2

−6AB+B2)

4
√

2AB







9as 
oordinates. The square of their distan
e is
(A − B)4 θ3A2+2AB+3B2

2(A2
−B2)

32whi
h is equal to P 2
m Pm+1

2 . �Of 
ourse, again it is possible to prove the following better result:
• For natural numbers m and n the triangles ∆m and Ψn are paralogi
if and only if n = m.On the other hand, we 
an also prove the following results.
• For all natural numbers m and n the triangle ∆m is not paralogi
with the triangle Φn.
• For all natural numbers m and n the triangle Γm is not paralogi
neither with the triangle Φn nor with the triangle Ψn.In 
losing, let us observe that the following are also pairs of homologi
triangles: (∆m, Φm), (∆m, Ψm), (Γm, Φm) and (Γm, Ψm). The reason inthese 
ases is quite simple � the 
orresponding verti
es have identi
al either�rst or se
ond 
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