CONFIGURATIONS ON CENTERS
OF BANKOFF CIRCLES

ZVONKO CERIN

ABSTRACT. We study configurations built from centers of Bankoff
circles of arbelos erected on sides of a given triangle or on sides of
various related triangles.

1. INTRODUCTION

For points X and Y in the plane and a positive real number A,
let Z be the point on the segment XY such that |XZ|:|ZY] =\
and let ¢ = ((X, Y, A) be the figure formed by three mutually tangent
semicircles o, o1, and g5 on the same side of segments XY, X7, and
ZY respectively. Let S, Sy, Sy be centers of o, 01, 05. Let W denote
the intersection of ¢ with the perpendicular to XY at the point Z. The
figure ( is called the arbelos or the shoemaker’s knife (see Fig. 1).

o
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FIGURE 1. The arbelos ¢ = ¢(X, Y, ), where A\ = é—ﬂ

It has been the subject of studies since Greek times when Archimedes
proved the existence of the circles w; = wy(¢) and wy = ws(() of equal
radius such that w; touches o, o1, and ZW while wy touches o, o9, and
ZW (see Fig. 2).
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Wi

F1GURE 2. The Archimedean circles w; and wy together.

In [1] Bankoff discovered that the circumcircle ws = ws3(¢) of the
triangle M N Z has the same radius as the Archimedean twin circles w;
and wy, where M = 03N oy and N = g3 Moy and o3 is the circle that
touches o from inside and oy and oy from outside (see Fig. 3).

o
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FIGURE 3. The Bankoff circle w3 and the circle 5.

The purpose of this paper is to study triangles on centers of the
Bankoff circles of arbelos either on sides of an arbitrary triangle ABC
or on sides of some of its associated triangles.

More precisely, our first goal is to prove the following theorem (see
Fig. 4). All other results in this paper are similar.

Let 7 denote the base triangle ABC. Then 7, is a short notation
for its first Brocard triangle A,B,Cy. Its vertices are the orthogonal
projections of the symmedian point K onto the perpendicular bisectors

of sides (see [6]). Let ¢, = Cu(T) = ((B, C, A), ¢ = (1) = ((C, A, N)
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and (. = (.(1) = C(A, B, \). Let W, W?° W€ denote centers of ws((,),
w3((p), ws(C.), respectively.

Recall that triangles 7 and 8§ = XY Z are homologic and we write
7 () 0 provided lines AX, BY, and C'Z are concurrent. The point () in
which they concur is their homology center and the line ¢ containing
intersections of pairs of lines (BC, Y Z7), (CA, ZX), and (AB, XY) is
their homology azis. In this situation we also use the notation 7 (Q; ¢) 0
where ¢ and/or () can be omitted. For () and ¢ sometimes we use (7, )
and ((7, #)). In stead of homologic, homology center, and homology
axis many authors use perspective, perspector, and perspectriz.

Theorem 1. For every A > 0 the triangle W*WPW€ on the centers of
Bankoff circles of arbelos on sides of a triangle T is homologic to its
Brocard triangle 7,. The centre of this homology lies on the Brocard

circle of T (i.e., on the circumcircle of 7,). The triangles T, 1,, and
WeWbWe have the same centroid.

FIGURE 4. The triangle WeW*W¢ and the first Brocard
triangle A, B,C), are homologic.

2. BANKOFF CIRCLE ws

Let X(z, a) and Y (y, b). Then S(Z5, %) is the midpoint of the

. | XZ| : : T+AY atAd
segment XY. Since v = A, the point Z is ()\Jrl v ) More-
. (A+2)z+Ay  (A+2)a+Ab
over, semicircles o, and o, have centres at ( SO0 20 and

<x+2((2/\ﬁ§)y, “B%i;)b) (the midpoints of segments XZ and ZY).
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Our goal now is to find the center and the radius of the unique circle
w3 in the arbelos ¢ which touches the semicircles o1 and g, from outside
and the semicircle ¢ from inside.

Let its centre be the point Ss3(p, ¢) and the radius a positive real
number p. Let A=x—yand B=a—b.

Since o3 touches o from inside, the distance |S3S| is equal to the
difference 1 1/A2 + B2 — p of their radii. This condition leads to the

2
relation

(1)

T+ y\2 a+b)\? VA2 ¥ B2 ?
(r- 2 ) +(a- 2 )~ 2 ¢
Since o3 touches o7 and oy from outside, the distances |S3S57| and [S5.5|

AVATLE? and g + YL of their radii. It

are equal to the sums o + 2051 SO

follows that

o (SRR (- SR - ()

These equations have two solutions in p, g, and p. We shall use the

AVA2+B?

2(FA+D) and

solution p =

s A+2)z2+ 222+ D)y—2A(a—b) A+2)a+AX2A+1Db+2A(x—vy)
3( 202+ A +1) ’ 202 A +1) )

It is now easy to find the coordinates of the points M and N because
we know that they divide the segments 5155 and 5553 in the ratio of
the radii of the circles o1, o3 and o5, 03. Hence,

M A+2)z+ XA+ 1Dy—A(a—-b) A+2)a+ XA+1)b+A(z—y)
A2 4+2X+2 ’ A2 4+2X+2 ’

N A+Dz+22A+D)y—A(a—b) A+1Da+AX2A+1)b+A(z—y)
2X2422+1 ' 202422 +1 '

AVAZ+ B2 ( f
2012 \©
the Archimedean twin circles) and its center is at the point
W r+Ay  Ala—=b) a+Ab  Az-—y)
AN+ 20012 A+1 T 2(A+1)2

The circumcircle ws of the triangle M NZ has the radius

Remark 1. It is possible to prove the above by inversion (see [9, p.
224]). But, since in this paper we use analytic approach, we need
functions that describe coordinates of the center of the Bankoft’s cir-
cle. Behind the scene we work in rectangular coordinates with compli-
cated expressions and then transfer the results into trilinear coordinates
where the expressions are often much simpler.
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3. PROOF OF THEOREM 1

In our proofs we shall use trilinear coordinates. Recall that the actual
trilinear coordinates of a point P with respect to the triangle ABC are
signed distances f, g, and h of P from the lines BC, C'A, and AB.
We shall regard P as lying on the positive side of BC' if P lies on
the same side of BC' as A. Similarly, we shall regard P as lying on
the positive side of C'A if it lies on the same side of CA as B, and
similarly with regard to the side AB. Ordered triples x : y : z of real
numbers proportional to (f, g, h) (that is such that z = uf, y = ug,
and z = ph, for some real number p different from zero) are called
trilinear coordinates of P. The advantage of their use is that a high
degree of symmetry is present so that it usually suffices to describe part
of the information and the rest is self evident. For example, when we
write X (1) or I(1) or simply say [ is 1 this indicates that the incenter
has trilinear coordinates 1:1:1. We gave only the first coordinate
while the other two are cyclic permutations of the first. Similarly,
X5(1) or G(2) say that the centroid has has trilinears 1 : } : 1, where
a, b, ¢ are lengths of sides of ABC'. We use X, to denote the n-th
central point of the triangle ABC' (see [8]). The expressions in terms

of sides a, b, and ¢ can be shortened using the following notation.
dy=b—c, dy=c—a, de.=a—b, z,=b+c, z=c+a, z.=a+b,
t=a+b+c, to=b+c—a, ty,=c+a—-0b, t.=a+b—c,

m =abc, mg,=bc, my=ca, m.=ab, T = i\/ttatbtc,

For an integer n, let t, = a™ + 0" + ¢" and d,, = b" — ¢" and similarly
for other cases.

In order to achieve even greater economy in our presentation, we
shall describe coordinates or equations of only one object from triples
of related objects and use cyclic permutations ¢ and @ to obtain
the rest. For example, the first vertex A, of the first Brocard trian-
gle 7, of 7 has trilinears abc : ¢ : b*. Then the trilinears of B, and
Cp need not be described because they are easily figured out and
memorized by relations B, = ¢(Ap) and C, = ¥(A4). One must re-
member always that transformations ¢ and ¢ are not only permuta-
tions of letters but also of positions, i. e., if P has trilinear coor-
dinates fi(a, b, ¢) : fa(a, b, ¢) : fs(a, b, ¢), then the associated points
Q = ¢(P) and R =1(P) have f3(b, ¢, a) : fi(b, ¢, a) : fo(b, ¢, a) and
fa(e, a, b) = f3(c, a, b) : fi(c, a, b) for trilinear coordinates. Note that
1) = =1, Therefore, the trilinears of B, and Cj are ¢3: abc : a® and
b3 :a? : abe.

The trilinear coordinates of W are
(tae +8T)A+8T (top +8T) N+ 8T N\

-2 :
Aa 2 .
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The equation of the line WA, is

(82T AN —dag(ta +8T)A—8b2T)x —abAN(8TA+1t2 +8T)y+ac((t2+8T)N\+8T)z=0.

It is now easy to check that the determinant from the coefficients of
the lines W®A,, WbB,, and W¢Cy, is zero. Hence, WaWW¢ () 7,
The first trilinear coordinate of (WeW° W¢, 1) is

a (6462 T2 XN — 8T (a2 —2b%)(ta +8T) N3 + U N2 —8T (a® — 2c2)(ta +8T) A + 642 T2),

where U = 162 t2 T+ 7ab — 21 224 a* + (17 240 +2m2) a? + (b2 — 3¢2)(c? — 3b%) 22, . By
simple substitution we can check that this point lies on the Brocard
circle of 7 whose equation is m > 22 — > a®yz = 0. Of course, the
same could be proved by eliminating the parameter A. Finally, the
verification of the statement about the centroids is easily accomplished
in rectangular coordinates.

4. THE DUAL OF THEOREM 1

It is interesting that in Theorem 1 we can interchange triangles 7
and 7. Let Wy denote the center of the Bankoff circle for the arbelos
((By, Cy, A). The points WY and W are defined similarly.

Theorem 2. For every A > 0 the triangle WWEW¢ is homologic with
the triangle 7. The locus of the homology center (WEWEWE, 7) is a
part of a quartic that goes through the vertices of T and its Tarry point
Xog. The triangles 7, 7, and WEWEWE have the same centroid.

Proof. The trilinear coordinates of W are

8T (B*N* 4+ )+ AU 8T (a*X*+ %)+ AV 8T (AN +a?) + AW
a ' b ' c ’

with U = 8T22a + 2&4 — ZQGCL2 + d%a? V= 8T22a — (14 +(12C2 — b2d2a,
W = 8T 2z — a* + a®b?> + c® dy,. The equation of the line joining A
with W is
bIST (N +a®) + AWy —c[8T (a®>X* +b*) + AV] z = 0.

It is now easy to check that the determinant from the coefficients of
the lines W2A, WPB, and W¢C is zero. Hence, WAWLWE () 7.

The first trilinear coordinate of D = (WaWEWE, 1) is

1
al8T (02N + ¢?) + A (22a(8T + a?) — 244)]

By simple substitution we can check that this point lies on the quartic
I' whose equation is

Z beyz[2a*2* P+beyzQ] =0,
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WlthP:8P1P2T—|—P3 andQ:Qng—16Ta2(a4—m2a)P2,Where

_ 2 _ 4 2
Py = 240" — Mg 294, Po = a* — 294 a° + 244 — Mag,

Py = (244 + 3may) a® — zg’a a® + moy, (2 240 — Miag) at—

Maq Z2q (2 Z4a — 3 m2a) CL2 + Magq ((24[1 — m2a)2 + m4a)7

Q1 =a%— 20— (b2 -2 02) a% — Moy dag,
and
Q2 = a® — 2 a* — b? ( — 20%) a* + My, da,.

Of course, the same could be proved by eliminating the parameters A
and p from the equations D, = px, D, = pny, D, = p 2, where D,, D,,
D, are trilinear coordinates of the homology center D. It is easy to
check that the quartic I' goes through the vertices of 7 and through
its Tarry point Xgg whose first trilinear coordinate is m Fi-
nally, the verification of the statement about the centroids is easily
accomplished in rectangular coordinates. O

Theorem 3. For every A > 0 the triangles W*W W€ and WEWLWE
are homologic.

Proof. Since we know the trilinear coordinates for the vertices of both
triangles WeWPW¢ and WEWPWE it is easy to write down the equa-
tions joining their corresponding vertices and verify that they concur
again by calculating the determinant from the coefficients of these lin-
ear equations. [l

In this way, it is possible also to show the following homology rela-
tions: WEWEWE () 1, WeWPWe () 70, WEWEWE () 7, WEWEWE () 74,
WEWEIWE () 1), WEWLWS () 7, Where 74, 7y, T, and 7, denote the an-
ticomplementary, the complementary, and the two Napoleon triangles
of 7. The loci of their homology centers are quartics that go through
few points related to 7.

Another group of interesting homology relations appears when we
consider two triangles and we build an arbelos with the same parameter
A on each side of both.

Let 7o = 7. Let 7, and 7, be Torricelli triangles of 7 (whose vertices
are apexes of equilateral triangles erected on sidelines towards either all
inwards or all outwards). For the following pairs: (0, u), (0, v), (0, x),
(0, ), (a, ), (a, u), (a,v), (a, ), (a,y), (b, g), (b, u), (b, v), (b, x),
(0, y), (9, u), (9, v), (9, %), (9, y), (v, v), (u, ), (u, y), (v, 2), (v, y),
and (z, y), the relation W;WIE’W; () W;W;W; holds, where p is the
first and ¢ is the second member of the pair. The loci of the centers
of these homologies are curves of order six. Moreover, if 7, and 7,
are homothetic triangles, then We W2 W< () WeW? W<, The homology
center agrees with the center of the homothety.
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5. ARBELOS ON APOLLONIAN SEGMENTS

Let U and V' be the points on sideline BC' met by the interior and
exterior bisectors of angle A. The circle having diameter UV is the
A-Apollonian circle and its center the midpoint A, of UV is the A-
Apollonian point. The B- and C- Apollonian circles and points are
similarly constructed. Each circle passes through one vertex and both
isodynamic points X5 and X;4. The Apollonian points A,, B,, C, are
collinear and we regard them as vertices of degenerate triangle 7. The
trilinear coordinates of A, are 0: b : —c.

It is known [6, p. 118] that the midpoints A., B., C. of the chords of
the circumcircle containing the vertex and the symmedian point K are
vertices of the second Brocard triangle 7, of 7. The trilinear coordinates
ofACaret%“:b:c.

Theorem 4. For every A > 0 the second Brocard triangle 1. of T is
homologic to the triangle W*W2 W<, The locus of the homology center
(WaW?PWe, 1.) for a scalene triangle T is a part of a parabola.

Proof. The trilinear coordinates of W are k; : ko : k3 with
ki =a (8T (doy A\* — da.) + (8T (224 — 20°) + a® 294 — 240) ),
k‘g = )\b(8Td2b ()\ + 1) — b2 2op + Z4b),
ks = c((8 T dy + ¢ 220 — 246) A + 8T ds.).
The equation of the line joining A, with W¢ is
abcEx+cFy+0Gz=0,
where £ = 8T<dgb )\2 + dQC) - >\E1, E1 = dga (tQ + 8T>, F = 8T(CL2 dgb
>\2 — dgc Z2a> — )\Fl, F1 = F2 + 8TF3, F2 = CLG — (2 Zog + 02)a4 + 2 z4aa2
—b2 dga 22a F3 = a4 — b2 t2a, G =8T (dgb Z29q >\2 + (12 dQC) — )\Gl, G1 =
G2 + 8TG3, G2 = (16 - (222[1 + b2) CL4 + 2Z4aCL2 + C2d2a22a, and Gg =
a* + ¢ ty,. It is now simple to check that the determinant from the co-
efficients of the lines joining the corresponding vertices of the triangles
WeW?PWe and 7, is zero. Hence, WAWEWE () 7.
The first trilinear coordinate of D = (WeW?PW¢, 7.) is
a[8T (B* N+ %) + A (22a(8T — a®) + 244)].

By simple substitution we can check that this point lies on the parabola
I' whose equation is

Z [bcPa*+2a°Qyz] =0,

cyclic
with P = Q2 Q3+ 16a? (a* — m2) T P, and Q = P3 — 8T P, P, where
Py, Py, P3, (09, and (03 have been defined in the proof of Theorem 2. Of
course, the same could be proved by eliminating the parameters A and
i from the equations D, = px, D, = ny, D, = pz, where D,, D,, D,
are trilinear coordinates of the homology center D. It is easy to check
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that the focus of the parabola I' is at the central point with the first
trilinear coordinate a(16 T 294 + 3 (a® 224 — 244)) and that its directrix
has the equation

Z be[16 (a* —m2) T +5a® Py)x = 0.

cyclic
U

Theorem 5. For every real number X > 0, the triangles W2WE WE and
Tr are homologic. For a scalene triangle T, the locus of the homology
center (WeWPWE, 1,.) is a part of a parabola.

(&

FIGURE 5. The triangle W2WPWe and the triangle
A, B,.C; on Apollonian points are homologic.

Proof. The equation of the line joining A, with W¢ is
bcUx+caVy+abVz=0,

with U and V equal to 8 (A + 1)(Adap + doe) T + A (2a* — 29, a* + d3,)
and 8 (A + 1)(Adap + doc) T + A (224 a* — 244), Tespectively. It is now
easy to check that the determinant from the coefficients of the lines
joining the corresponding vertices of the triangles WeW W ¢ and 7, is
zero. Hence, WaWbWe () 7.

The first trilinear coordinate of D = (WeW W¢, 7,.) is

a [8 T (dgb >\2 - dgc) + A (8 T (Zga -2 (12) + (12 22q — Z4a)].
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By direct substitution we can check that this point lies on the parabola
I' whose equation is

Z [be(toytoe — 160> T) 2% +2a% (2 — a* tog — 820, T) y 2] = 0.

cyclic

It is easy to check that the focus of the parabola I is at the central point
with the first trilinear coordinate a (3 (z4q — a2 224) + 16 T (29, — 2 a?))
and that its directrix has the equation

D be[BT (A + 1)(Mday + dae) + A (20" — 230 a° + d3,)] 2 = 0.

cyclic

U

In a similar way one can prove the following theorem for the triangle
T. whose vertices are points of intersection of external angle bisectors
with the corresponding sidelines. These points are collinear so that 7.
is also a degenerate triangle.

Theorem 6. The triangles 7. and W2WbW¢e are homologic for every
real number X\ > 0. For a scalene triangle T, the locus of the homology
center (WAWPWE, 1.) is a part of a parabola.

Remark 2. In the above results we have always build arbelos outwards.
Of course, it is possible to build them inwards with similar conclusions.
For example, in Theorem 1 in stead of the points W¢, W*, W€ we can
take the centers of the Bankoff circles of arbelos ((C, B, %), C(A, C, %),
(B, A, %) With these extended concept of building arbelos on sides
of triangles our statements about loci are true without the words ” part
of”. Another possibility is to allow negative values for the parameter
A and drop out arbelos altogether by considering vertices P, (), R of
three similar triangles BC'P, CAQ, ABR build on sides of a triangle.
In this form our results are closely related to the following 19th century
results:

(1) The centers of similitude of each pair of these triangles are the
vertices of the Brocard’s second triangle.

(The center of similitude of two similar figures is the unique point
such that a suitable rotation and a dilatation with that point as center
transforms one figure into the other.)

(2) Three homologous lines through the vertices of the Brocard’s first
triangle meet on the Brocard’s circle.

(3) If a triangle is formed by three homologous lines its symmedians
pass through the vertices of the Brocard’s second triangle and meet at
a point on the Brocard’s circle.

(see [4, pp. 189-204] and [7, pp. 302-312]).
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