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ON SOME VECTOR VALUED SEQUENCE SPACE USING
ORLICZ FUNCTION

D.GHOSH AND P.D.SRIVASTAVA
Indian Inst. of Tech., Kharagpur, India

ABSTRACT. In this paper, we introduce some new sequence space
using Orlicz function and study some properties of this space.

1. INTRODUCTION

J.Lindenstrauss and L.Tzafriri [7] used the idea of Orlicz function M (see
definition below) to construct the sequence space s of all sequences of scalars
{(zr) such that

oo

Z M(|zi|/p) < o0, for some p > 0.

k=1
The space Ips {for instance see [7]) becomes a Banach space which is called
an Orlicz sequence space.

DEFINITION 1.1. Let M: [0,00) — [0,00). Then M is called an Orlicz
function if
i) M(0) =0;
ily M(z) > 0, for all z;
ili) M is continuous, non-decreasing and convez;
iv) M(z) = o0 as z = .
Obviously Orlicz function generalizes the function

M(z) =z (wherep >1).
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An Orlicz function M can always be represented in the following integral form:

M(z) = /O ’ p(t)dt

where p known as the kernel of M, is right differential for ¢ > 0, p(0) =
0, p(t) > 0 for t > 0, p is non-decreasing and p(t) — oo, as t — oc. An Orlicz
function M is said to satisfy A,-condition for all values of u, if there exists a
constant K > 0 such that

M@2u)<KM@u) (u>0)

The Aj-condition is equivalent to the satisfaction of inequality M (lu) <
{K M (u) for all values of v and [ > 1 (Krasnoselkii and Ruticsky [5]).

2. SPaCE F(Ey, M)

Let E; be Banach spaces over the field of complex numbers C with norms
I-llg., k =1,2,3,... ,and F be a normal sequence space with monotone norm
||| and having a Schauder basis e;, where e; = (0,0,...,1,0,...), with I in
k-th place. We denote the linear space of all sequences z = (z) with zx € E}

-for each k under the usual coordinatewise operations :

az = (azg) and £+ y = (2 + yi)
for each a € C by S(Ey). If z € S(E;) and A = (A;) is a scalar sequence and
then we shall write Az = (Arz;). Further let M be an Orlicz function. We
define

0 F(Er, M) = {z = (z) € S(E): 7+ € E}, for each k and

(M (l|lzxllg. /0)) € F, for some p > 0}.
For z = (zy) € F(Ex, M), we define
(2) llzll = inf{p > 0: [(M(llzcllz. /P))llF < 1}

It is shown that F(Fy, M) turns out to be a complete normed space under
the norm defined by (2). Inclusion relations separability, convergence criteria
etc. are discussed in the subsequent section of this paper.

It can be seen that for suitable choice of the sequence space F, E}’s and
M the space F(Ey, M) includes many of the known scalars as well as vector
valued sequence spaces as particular cases.

For example, choosing F to be lpy and B, = C, k = 1,2,3,... in
F(E,, M) one gets the scalar valued sequence space [ps, known as Orlicz
sequence space defined by Lindenstrauss & Tzafriri [7].

If E, = X, a vector space over C , M(¢t) = t (¢ > 0) then the class
F(Ey, M) gives the class F(X) of X-valued sequences which includes as par-
ticular case, the many known sequence spaces introduced by Leonard [6],
Maddox [9] and others.
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Thus the generalized sequence space F(E}, M) unifies several spaces stud-
ied by various authors.

3.

In this section we study algebraic and topological properties of the se-
quence space F(Ey, M).

THEOREM 3.1. F(Ey, M) is a linear space over the field of complex num-
bers C.

ProoF. Let ¢ = (z¢), vy = (yx) € F(Ex, M) and a,3 € C. So there
exists pi, p2 > 0 such that

(M(lzklig./p1)) € F and (M(llykllg,/p2)) € F.
Let p3 = max(2|a|p1, 2|3|p2). Since M is non-decreasing and convex, so
M(lazk + Byxllp./p3) < M(llazkl| e /ps + 18ykllE, /p3)
< 1/2M(Jlelle/p1) + 1/2M (lyell ./ p2)
< M|zl /o1 + Mllykll el p2)-

Since F' is a normal space, so
(M(llazx + Byxlie./p3)) € F
which shows az + 3y € F(Ey, M). Hence F(Ey, M) is a linear space. O
THEOREM 3.2. F(Ey, M) is a normed space under the norm defined by
(2).

PRrROOF. Let z = (zx) , y = (yx) be the elements of F(E;, M). It is
easy to verify that ||z|| > 0 and for £ = 6 = (61.6a,...) the null element of
F(Eg, M) (where 6; is the zero element of E; for each i) we have [|f]| = 0.
Further, from the previous theorem it follows that z + y € F(E, M). To
show ||z + y|| < |jz|| + {|v}l, consider

llz + yll = inf{p > 0: [|(M([lzx + yxlleL/P))llF < 1}
There exists p; > 0, pa > 0 such that
(M(lzelle./p1))s (Mlyeliz./p2)) € F.

Let ps = max(2p1, 2p2). Since M is non-decreasing and convex, so

M(llzk + yillB /p3) < 1/2M (llzkligy /p1) + 1/2M (lyel| £ /p211)
< M(llzilie /1) + M|yl g/ p2)-



256 D.GHOSH AND P.D.SRIVASTAVA

From the above inequality we can conclude that ||z + y|| < |jz]| + |ly]]. To
show [|Az|| = |A|||z]| for A € C, consider
Azl = inf{p > 0: [|[(M(l|Azi||5/p)llF < 1}
inf{|Alp/|AL > 0: [|(M (llzxllec/p/IAMDIIF < 1}
Al
Now it is left to prove that ||z]] = O implies z = §. Suppose this is not

true i.e. suppose [|z]] = 0 but z # 8. So from the given assumption that
l|z}| = 0 we have

inf{p > 0: (M (llztllz/p))llF <1} = 0.
This implies that there exists 0 < p. < € such that
N(M(llzellee/pe)llF < 1.
Since (e ) is a Schauder basis for F' and F' is normal space so we have
(3) M(llzklle./ pe)lleclls < WM {{lzklle/pe)llF < 1.
Suppose zi,, # 0, for some m. Letting € — 0, then
M(l|zk.n || B, /E)]lERM |

which is contradiction to (3). Therefore z;,, = b, for each m. So z = 6.
This completes the proof. O

F = 0,

THEOREM 3.3. F(Ey, M) is complete normed space under the norm given
by (2).
Proor. It is sufficient to prove that every Cauchy sequence
(z*) = ((#1)) in F(Ex, M)

is convergent. Let (z;) be any Cauchy sequence in F(E;, M). Using the
definition of norm (2) we get

(M (I}, = 2} ||z /llz = 27 ))Ilr < 1.

Since F' is a normal space and (ey) is a Schauder basis of F, it follows that

M(l|zi ~ =iz /N’ = 2 Dllesllr < WM (2}, — 2Lz /lle* - 2 ))llF < 1
We choose v with v|lex]|r > 1 and zo > 0, such that

lexlir(zo/2)p(20/2) 2 1,
where p is the kernel associated with M. Hence,
M(z}, - o}z /lie* — 2 1llexllr < vllexllr(zo/2)p(z0/2)-

Using the integral representation of Orlicz function M, we get

4) et — 2/l < Y2olla® = 27|].
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For given € > 0, we choose an integer ig such that
(5) Izt — 27|| < e/vzo, for all i, > iq.
From (4) & (5) we get
llzi — 22 ||g, <€ for all 4,5 > 4.
So, there exists a sequence z = (zy) such that z;, € E; for each k and
llzh — zkllg, — 0, asi — oo,

for‘ each fixed k. For given € > 0, we choose an integer n > 1, such that
|zt — 27| < /2, for all 4,5 > n and a p > 0, such that ||zt — z7|| < p < £/2.
Since, F is a normal space and (e;) is Schauder basis of F, so

©® 1D Mk - zlls/erllr < WM (lzk - 2}l /o)lF < 1.
k=1

Since M is continuous, so by taking j — oo andi,j > n in (6) we get
> hey M(|lzh — zillg./20)ex]lr < 1. Letting n — oo, we get ||zt — z|| <
2p < g, for all i > n. So (z!) converges to z in the norm of F(Ey, M). Now
we show that = € F(Ey, M). Since, 2! = (z&) € F(Ey, M), so there exists a
p> 0 such that (M(|ailz./p)) € F. Since |jz} — zyllm, — 0 as i — oo, for
each fixed k so we can choose a positive number §%,0 < 85 < 1, such that

M(|lz}, — zxllE./p) < S M(l|ztll £,/ p)-
Now consider
M (llzlle./2p) = M(l|z} + 2 — 2}l £ /20)
< 1/2M(|lz}, — zxlle, /p) + 1/2M (|2}l ./ 0)

(because M is convex)

< (1/28; + 1/2)M (lizi | s,/ p)-
But F' is normal so (M (||zk||g, /2p)) € F. Hence z = (z}) € F(Ex, M) . This
completes the proof. O
THEOREM 3.4. F(E;) C F(Ei, M), if M satisfies the Ag-condition
where F(E) = {(zk): =y € Ey, Vk, and (||lzil|g,/p) € F, for some p >0 }.
PROOF. Let z = () € F(Ey) . So for some p > 0; (jlzillg. /p) € F. We
define the two sequences y = (yx) and z = (2;) such that

llyelle, = lzelle/p it llzelle /e > 1
U if lzel|e/p £ 15
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and
llzel|E( = {0 if [lzklle/p > 1;
T Umilnde i fadn /e <1,

Hence ||zx| 5. /p = llyxllEe + [|2kllE, . Obviously y = (yi), 2z = (z) € F(Ey).
Now

M(

oullz/p) = Mgl + ] )

< 1/2MQllyklle.) + 1/2M (2]|zxiE,)

< 1/2K:llynlls, M(2) + 1/2| 2k, M (2),
where K is a constant. Since, F' is a normal space, so

(M(||zrllg,/p)) € F ie. z = (ap) € F(Ey, M).

Hence F(E) C F(Ey, M). O
4. SOME INCLUSION RELATION IS DERIVED FOR THE SPACE OF MULTIPLIER
OF F(Ey, M)

Suppose Ej, are normed algebras. Define: V' = I1E; product of Banach
spaces By, and S[F(Ey, M)], the space of multiplier of F(E,,, M)

S[F(Ex, M)] = {a = (ar) € V: (M(llaxzille /p)) € F
for all z = (xy) € F(Ey, M)},

lo(EB)={z=(zr € V: SL}tpH:L-kHEk < oc}.

THEOREM 4.1. I (Ey) C S[F(Ex, M)] if M satisfies the Aa-condition.

PROOF. Let a = (ax) € l(Ex), H = supy»; llarllg, and v = (z4) €
F(Ey,M). Then for some p > 0, (M ({|zk]lg./p)) € F aud

M(llaxzilie./p) < M(llakl| g, ll2kllEL/P)
< M[(1+ [H) |zl £, /0]

(where [H] denotes the integer part of H)

S K (L + [HDM(Jaell e/ ).

(where K is a constant). Since F is normal space, so

(M(llarzrllE./p)) € F ie. ax = (arzy) € F(Ey, M).
Hence loo(Ey) C S[F(E, M)]
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5. THIS SECTION DEALS WITH SOME PROPERTIES OF A SPACE [F'(Eg, M)]
INTRODUCED HERE AS A SUBSPACE OF F(Ey, M)

We define
[F(Ey, M) = {x = (zx): zx € Ey for each k
and for every p > 0, (M (lzk]|e./p)) € F}.
F is the same as in section 2 and the topology of [F(E}, M)] is introduced by
the norm of F(F, M) given by (2).

THEOREM 5.1. [F(E,M)] is a complete normed space under the norm
given by (2).

PROOF. Since [F(Ey, M)] is already shown as a complete normed space
under the norm (2) and [F(Ey, M )] is a subspace of F{E, M), so to show
that [F(Ey, M)] is complete under the norm (2), it is sufficient to show that
it is closed. For this let us consider (z') = ((zi)) as sequence in [F(Ejy, M)]
such that ||z' —z|| 2 0 (i = o0), where z = (z}) € F(Ey, M). So for given
& > 0, we can choose and integer ig such that

Izt — z|| < £/2, Vi > io.
Consider
M(|lzk] 5, /€) < 1/2M 2llw — 24ll5, /€) + 1/2M (2|2} 5. /)
< 1/2M(llwk — zills /e’ = 2llz) + 1/2M @i |l5 /6)-
Since
(M (llz}, — zxllg/N2* — zI)), (M 2llzil|E. /€)) € F

and F is normal space so (M (||lzx]|g./€)) € F. This implies 2 = (zx) €
[F'(Ex, M)]. Hence [F(Ey, )] is complete. O

PROPOSITION 5.2. [F(Ey,M)] is an AK space.

PROOF. Let ¢ = (z) € [F(Ex,M)]. Therefore, for every p > 0,
(M(||zxl|E./p)) € F. Since (ex) is a Schauder basis of F', so for given
£(0 < £ < 1), we can find an integer ng such that

(7) 1> Mllzell/e)exllr < 1.
k>ng
Using the definition of norm, we have
(8) Iz — 2t} = inf{g > 0: | D M(lzellz/Oexlir <1},
k>n41
where z1" = n-th section of z. From (7) and (8), it is obvious that

llz — M| < e, for all n > ny.
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Therefore [F(Ey, M)] is an AK space. 0
THEOREM 5.3. Let (z*) = ((z%)) be a sequence of elements of [F(Ey,, M)
and z = (z3) € [F(Ey, M)]. Then z* — z in [F(Ey, M)] if and only if
(i) = =z in By for each k > 1;
(i) [|l=*|| = ilz|| as i = oo.

PROOF. Necessary part is obvious.
Sufficient part. Suppose that (i) & (ii) hold and let n be an arbitrary positive
integer, then

llz* — zlf < lla* = 2| + |2 - 2] + [l — 2],

where ™, z[" denote n-th sections of z* & z respectively. Letting 1 — o0,
we get

limsup ||z* — z{| < limsup ||z* — 2| + lim sup ||z — || + ||z — 2]

i—00 i—$00 i—00
< 2ljz! - 2.
Since n is arbitrary, so taking n — oo, we get limsup;_,, ||z* — z|| = 0 ie.

|zt —z|| > 0asi— o0. O
THEOREM 5.4. [F(Eg, M)] is separable if Ey is separable for each k.

PROOF. Suppose E; is separable for each k. Then, there exists a count-
able dense subset H; of Er. Let Z denote set of finite sequences z = (z;)
where 2 € H for each k and

(Zk) = (21,22,.- . azn’91l+1;01l+2)~ . )

for arbitrary integer n. Obviously Z is a countable subset of [F(Ey, M)]. We
shall prove that Z is dense in [F(Eg, M)]. Let = (z) € [F(E, M)]. Since
[F(Ey,M)] is an AK space, so ||z — z[™|| = 0 as n — oo, where z[® = n-th
section of x. So for given € > 0, there exists an integer ny > 1 such that

lz — =™ < £/2 for all n > n;.
We take n = n,. Therefore
llz — zl™]]| < /2.
We choose y = (yx) = (¥1,--- ,Yny»Oni+1,0n,+2,--.) € Z such that
lei™ — yellg, < e/(M(1)2n]lex]|F) for each .
Now

e =yl = llz — 2] 42l — g
<o = 2™+ flal) -yl <.
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This implies that Z is dense in [F(Ex, M)]. Hence [F(E}, M)] is separa-
ble.
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