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FIRST ORDER DIFFERENTIAL EQUATIONS WITH A
PARAMETER

TADEUSZ JANKOWSKI
Technical University of Gdarsk, Poland

ABsTRACT. Employing the method of upper and lower solutions and
monotone iterative technique, existence of extremal solutions to differential
equations with a parameter is proved.

1. INTRODUCTION

We concentrate our attention on the following differential equation

(1) z'(t) = f(t,z(t),N), teJ=][0,b]

with the conditions:

(2) z(0) = ko, G(z(b),A) = 0,

where f e C(J x Rx R,R), G € C(R x R,R) and k5 € R are given. By a
solution of problem (1)-(2) we mean a pair (z,A) € C*(J,R) x R for which
(1)-(2) is satisfied. Problem (1)-(2) is called a problem with a parameter.
Problems with a parameter have been considered for many years. Some of
them appeared as mathematical model of physical systems (see, for example
[7]).

The important area of research in the qualitative theory of differential
equations is study of existence of solutions. Existence theorems can be for-
mulated under the assumption that f and G satisfy the Lipschitz condition
with respect to the last two variables with suitable Lipschitz constants or
Lipschitz functions (see, for example [1], [2], [4], [6]). The purpose of this
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paper is to formulate an existence theorem for problem {1)-(2) employing the
method of upper and lower solutions. This method gives a solution in a closed
set. Using this technique, we construct monotone sequences giving sufficient
conditions under which they are convergent. It is important to add that the
one-sided Lipschitz condition is assumed on f and . This paper extends the
result of paper [3], where it was assumed that f is nondecreasing with respect
to the last variable.

2. MAIN RESULT

A pair (v,a) € C1(J,R) x R is said to be a lower solution of (1)—(2) if
v'(t) ft,v(t),a), te J,

U(O) S k07

0 < G(u(b),a),

and an upper solution of (1)-(2) if the above inequalities are reversed.

THEOREM 1. Assume that f € C(Jx Rx R, R), G € C(Rx R, R) and

1° (yo, o), (z0,7) € C*(J, R) X IR are lower and upper solutions of prob-
lem (1)}-(2) such that yo(t) < z0(t) on J, and Ag < 7o,

2° f is nondecreasing with respect to the last variable,

3° f(t,w,A) = f(t,u,A) > —M(G~u) for yo <u <ULz wih
M >0,

4° (G is nondecreasing with respect to the first variable,

5% G(u,\) — G(u,A) > =N(A = X) for Ao < A < X <y with N > 0.

Then there exist monotone sequences {yn, An}, {2n,Vn} such that y,(t) =
y(t), zo(t) — 2(t), t € Jand A\p = A, v, = v as n — oo and this
convergence is uniformly and monotonically on J. Moreover, (y, ) and (z,7)
are minimal and mazimal solutions of problem (1)-(2), respectively.

IA

Proor. For k=0,1,---, we construct monotone sequences by formulas:
{ Y () = fye(®), Ae) — Myea(t) — ye(t)], yr+1(0) = ko,
0 = Glyk, M) — N(Akt1 — Ax),

and
{ 21 () = fze(t), ) — M2k (t) — zx(t)], zr41(0) = ko,
0 = G(zk, 1) — N(Vkt1 — )
First of all, we shall prove that
3) Ao <A <71 <0,
Yo(t) < yi(t) < z1(t) < 20(t), ted
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Put p = Ag — A1. Then, we have
0= G(yQ,Ao) - N(/\l - Ao) Z —N(Al — )\0) = Np,

so p £ 0 and hence Ay < A;. Now, let p = Ay — ;. In view of 1°,4° and 5°,
we have

0 G(yo, 20) — G(20,70) — N(A1 = Xo) + N(v1 — 7o)
G(20, A0) — G(20,70) — N(MA1 — Xo) + N(m1 — 0)
N(vo = Xa) = N(A1 = o) + N(71 — %) = —Np.
Hence A\; < «;. Note that if p = v1 — 7, then

0= G(20,7) = N(11 — ) £ =~N(v1 — %) = —Np,

and hence 11 < 7. As a result, we have the first part of (3).
Let p(t) = yo(t) — y1(t), t € J. In view of 1°, we see that
P'(t) Yo(t) — y1(t) < f(t,50(t), Ao) — £t 90(2), Ao) + My1(2) — yo(t)]
and p(0) = yo(0) — y1(0) < 0. It shows that p(t) < 0, t € J, so yo(t) <
y1(t), t € J. Put p(t) = y1(t) — z1(t), t € J. Then, in view of 1°,2° and 3°,
we have

p'(t)

INIA

i

y1 () — z1(t)

F(tyo(t), Ao) — My (t) — yo ()] — (¢, 20(t), Y0)

+M21(t) — 20(t)] T

Ft90(8),70) — f(t,20(8),70) — My1 () — yo(t) — z1(t) + 20(2)]
Mzo(t) — yo(t)] — M[yi(t) — yo(t) — 21(t) + 20(t)]

—Mp(t), teJ,

and p(0) = 0, so p(t) < 0, t € J, and :1(t) < 21(t), ¢t € J. Put p(t) =
21(t) — 20(t), t € J. Then, by 1°, we obtain

p'(t) 21 (t) — zo(t) < (2, 20(t),70) — M[21(t) — 20(t)] — f (¢, 20(2), 70)
—Mp(t), teJ with p(0) <0,

so p(t) €0, t € J, and hence 2;(t) < 20(t), t € J. This shows that (3) is
satisfied.

In the next step, we are going to show that (y1, A1) and (z1,7:) are lower
and upper solutions of problem (1)-(2). Note that

y1(t) F(tyo(t), o) — My1(2) — o ()]

F& (), A1) + f(8yo(8), do) — F(E, 31 ()5 A1)
—M[y1(t) — yo(t)]

f(tayl(t)a A1) + f(t’ yO(t)> )‘1) - f(ta yl(t)7 A1)
=My (t) — yo(?)]

F (), M) + My (t) — yo(t)]

—Mfy: () — yo(t)]

= f(t7y1(t)’kl)a tEJa yl(o):koi

A IA

il

o

N

IN
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and
z(t) = f(t,z0(),v0) — Mlz1(t) — z(2)]
= f(ta Zl(t),’)’l) + f(t: ZO( ) 70) f(t7 Zl(t),’)’l) - M[zl(t) - Zo(t)]
> flt,z(t),m) + ft 20(t),m) — f(t,21(8), 1) — M[z1(t) — z0(t)]
> f(t,z1(t),m) — Mzo(t) — z1()] — M[z1(2) — 20(2)]

f(t,zl(t) ’)’1) t e J, 21(0) = ko
Moreover, in view of 4° and 5°, we have
G(yo, Xo) — N(A1 — Xo) £ G(y1, X0) — N(A1 — Xo)

G(y1, %) — G(y1, A1) + G(y1, A1) — N(A1 — Ao)
N(A — o) + Gy, A1) = N(Ar — Xo) = Gy, A1),

o

IA I

and

G(20,%) — N(m1 — ) 2 G(21,70) — N(711 — 70)

G(z1,7) — G(z1,m) + G(z1,m) ~ N(’Yl - Y0)

—N{v —m) +G(z1,m) = N(mn — %) = G(z1,m)-

By the above considerations, (y1, A1) and (21, 71) are lower and upper solutions

of (1)-(2).

Let us assume that

v il

<< a S Em-1< <7 <,

Yo(t) S vi(t) <+ S ye—1(t) < yt)
Sz(t) <zp1(t) <--- <z () < z0(t), ted

and
yr(t) < flye(), M), yk(0) = ko,
0 < G(yr, M),
{ z;c(t) 2 f(t7zk(t)7'yk)7 zk(O) - kOa
0 2 G(Zk17k)
for some k > 1. We shall prove that
4) { A < A1 £ Y1 <y
Yk(t) S yrpa(t) < zpga(t) < z(t), tel,
and
{ Vi1t < flyks1(®), Aet1)s Yr+1(0) = ko,
0 < GWk+1,Me41)s

F(t ze1(t), Yer1), 2k+1(0) = ko,
G(zk-‘f-l”yk"'l)'

2;c+1(t)
0

Put pP= )\k et )\k+1, S0
0 = G(yk,; Ax) = N(Agy1 — Xe) > Np,

VIV
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and hence A; < Agr1. Let p = Agr1 — Ye+1. Then, in view of 4° and 5°, we

see that

0

INIA I

Gy, Ae) — Gz, k) — N( Ak — M) + N(Yes1 — o)
Gz, M) — G2k, Ye) — N(Agg1 — ) + N(Ve41 — )
N(v — X)) = N(Akrr — M) + N(yey1 —m) = —=Np.

Hence we have Agy1 < Ygp+1. Now, let p = yr41 — 5. Then

0 = G(z&, ) = N(vk41 — %) < —Np,

80 Vi+1 < Y&, which shows that the first inequality of (4) is satisfied.
Similarly as before, we can show that yx(t) < yr+1(t), and zpq1(t) <
zi(t), t € J. Note that for p(t) = yp41(t) — zx4+1(t), t € J, we obtain

p'(t)

= ft,ye(t), Ax) — Myr41(t) — ye(®)] — £, 22(t), Ax)
+A/[[zk+1(t) — Zk (t)]

< flyr(t), ) = (1t zi(t), %)
—Mye+1(t) — yx(t) — ze41(¢) + 2 (2)]

< Mlzi(t) — ye(@)] — Myr+1(t) — ya(t)
—z41(t) + 2k ()]

= —Mp(t), t€J, and p(0) =0.

It proves that yr41(t) < zit1(t), t € J, 50 yi(t) < yrs1(t) < zis1(f) <
zi(t), t € J, and hence, (4) holds.

Now we are going to show that (yk+1,Ak+1) and (2g+1,ve+1) are lower
and upper solutions of problem (1)-(2). Indeed, we see that

and

Zi-+1 (t)

Ve @) = Fue(t), ) — My () — ya(t)]

Y I

v

= [ty (t), Aesa) + F(Eux(t), Ak)

—f Yk (®), Arg1) — Myg1(t) — yi(t))]
Fyrr (@), Akrr) + (& yk(t), Adktr)

— (ka1 (8)s A1) — Mlyrsa (8) — ye(2)]
Fyrr1 (@), M) + Myks1 () — y(2)]
—My41(t) — yi(2)]

= flt,ye+1(t), Aew1) with  yx11(0) = ko,

IN

IN

@ zi(t),ve) — Mzpa (t) — 24(2)]
i zea (), vera) + F(t 2 (8), 1)

= f (@t 21 (8), Yo1) — Mzi1 () — 2zi(t)]
Ft zkq1 (8), er) + £t 2 (), Yas1)
~f(t zer1 (1), Yor1) — Mzip1 (8) — 22(2)]
F zeqa (8), Yea1) — Mze(t) — 2101 ()] —
@t zk+1(t), Y1) With 241 (0) = ko.

Mzg1(t) — 20(2)]
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Moreover, in view of 4° and 5°, we have

= Gk, M) = N a1 ~ M) < G(yrg1, M) = N(Arpr — Ar)
= Gr+1, M) ~ G(yrs1, Aer1) + GWht1, Akr1) — N kg1 — Ai)
< N(ggr = M) + Grs1, Akr1) = N kg1 — A) = GWkg1, Abtr),

0 = Glzi, 1) = N(¥er1 = 76) 2 Gz, M) — N (Vo1 — )
= Glzps1, %) = Glae+1, Yot1) + Gzet1, Tet1) = N (Vo1 — )
2 =Nk = e+1) + Glzrtt, Yer1) = N1 = W) = G2kt 1, Yet1)-
It proves that (Yk+1,Ak+1)> (Zk+1,7e+1) are lower and upper solutions of
problem (1)-(2).
Hence, by induction, we have

/\OSAlS"'S)\-nS'YnS"'S’Yls’YOa

Yo(t) Syi(t) < Syn(t) S za(t) -+ S 2(t) < z(h)t € J

for all n. Emploing standard techniques (see [5]), it can be shown that the
sequences {Yn,An}, {Zn,Tn} converge uniformly and monotonically to (y, A),
(z,7), respectively. Indeed, (y,A) and (z,) are solutions of problem (1)-
(2) in view of the continuity of f and G, and the definitions of the above
sequences.

Now, we need to prove that if (u,3) is any solution of problem (1)-(2)
such that

yo(t) Su(t) < z(t), t€J, and Ao < B <7,

then the following inequalities
yo(t) < y(t) Su(t) < z(t) < 20(t), teJ, and M <AL<BLy<0

are satisfied.
First, let p(t) = y1(t) — u(t), t € J. Then

P = yi@) - (t) = F(t,yo(t), Xo) — Myi(t) — yo(t)] — f(¢,u(t), B)
< ftyo(t), B8) = f(t,u(t), 8) — Mly:(t) — yo(t)]
< Mu(t) — yo(t)] — My:1(t) — yo(t)] = —Mp(t) with p(0) =0,

so y1(t) < u(t), t € J. Now, let p(t) = u(t) — z:(¢), ¢t € J. Then

(1) u'(t) — z1(t) = f(t,u(t), B) = f(t, 20(t),v0) + M[21(2) — z0(¢)]
F(t,u(t), %) — f(t, 20(t),v0) + M[z1(t) — 20(t)]
Mzo(t) — u(t)] + M[z1(t) — zo(t)] = —Mp(t) with p(0) =0,

and hence u(t) < z1(¢t), te J
Put p=A; — 8. Then
0 G(yo, o) = N (A1 — Xo) < G(u, do) — N (A1 = o)

G(u, o) — G(u,B8) — N(A — Ao)
N(B—Xo) — N(A1 — Xo) = —Np,

INIA

IA I
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so p < 0, and hence A; < . Now, we put p = 8 — v;. Then

0 = G(u,B) <G(20,8) = G(20,8) — G(z0,7) + N(11 — )
< Ny —B8)+ N{m1 =) = —Np,

and p < 0 which means that 8 < v;. From the above we have
Yo(t) <wi(t) Sult) S z1(t) S 20(t), t€J, and A <A < <M <.
Let us assume that

ye(t) <u(t) < z(t), teJ, and M <B <%

for some k > 1. Put p = Ag41 — B. Then, in view of 4° and 5°, we have
0 Gy, Ak) = Nt = M) < Gu, M) — N (A1 — Ag)
G(u, M) — G(u, 8) = N(Aks1 — M)
N(B = M) = N(Ae+1 — As) = —Np,
so p < 0 and hence Apy1 < 8. Let p= 8 — ve+1. Then we obtain
0 = G(u,B) <Gz, ) = Glzk, B) — G2k, ve) + N (Vo1 — Ya)
< N(yw —B) + N(v+1 — 1) = —Np,
and hence p < 0, so 8 < 7Yi+1- This shows that
Mer1 < B < Ye1-

As before, we set p(t) = yr+1(t) —u(t), t € J. Then, in view of 2° and 3°,
we obtain

IA

P't) = Yy — (@) = F{tye(t), Ae)
—Myp1(t) — yx(®)] — f(t,u(t),8)
< fun(t), B) — F(t,w(t), B) — Mlye+1(t) — yi(t))
< Mu(t) —ye(?)]

~Myk1(t) —yr(t)] = —Mp(t), teJ with p(0) =0,

hence p(t) < 0, t € J, and yg+1(t) < u(t), t € J. Put p(t) = u(t)—2zx41(t), t €
J. Indeed, in this case, we have

pt) = w(t) =z, (1) = f(5u(®), B) — f(E 2:(1), 1)
+Mzi11(t) — 22(8)]
< G u(®) ) — £ 2e(8); %)

+M[Zk+1 — z1(1)]
< Mlz(t) —ul®))+
Mz 41(t) — 2 (t)] £ —Mp(t) with p(0) = 0.

Hence p(t) <0, t € J, so u(t) < zg41(t), t € J. This shows that
Yr+1(t) Su(t) < 2ea(t), teJ
By induction, this proves that the inequalities

yn(t) Sult) < za(t), t€J, and A <BL M
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are satisfied for all n. Taking the limit as n — oo, we conclude that
y(t) <u(t) <z(t), teJ, and AL<F<Ly.

It means that (y,)), (z,7) are minimal and maximal solutions of (1)—(2).
This completes the proof of the theorem. O

Now we are going to prove some relations between the members of se-
quences from Theorem 1 and sequences defined below by formulas:

Teor(B) = F(t06(), ) = Plgrr1(t) — 7x(8)],
Gr+1(0) = ko, Jo(t) = yo(t), teJ,
0 = G(gka >‘/x) - Q()‘]\‘-G—l - A]\')a

Ao = Ao
Za () = f2(0). ) — Plae (t) — 2(8)],
Zre1(0) = ko, Zo(2) = ~o(t), tedJ,

0 = ?.(l\ﬁ)_ Qk+1 — k)5

for £ =0,1,---

LEMMA 1. Let the assumptions of Theorem 1 be satisfied. If M
P, N <Q, then

A < An <9 < s
5 _ <A <7 <
() {y,n(t)_ (0) < 2

forn=20,1,---

IN

ProoF. Note that the relations: A, < vn, yn(t) < 2x(t), t € J, n =
0,1,--- follow from Theorem 1.
Let p = g1 — y1. Then

p'(t) = [t yo(t), o) — Pl () — yo(t)]
=t yo(t), o) + My:(t) — yo(?)]
= —Pljut) — (1))

+(M = P)[y:(8) = yo(t)] < =Pp(t), p(0) =0,
which proves that 71 (t) < y1(t), t € J. If we now put ¢ = A; — Ay, then

G (Y0, M) — Q(A1 — o) — G(yo, Ao) + N (A1 = Ao)
= —Q1— A1)+ (N =Q)(A — X) < —Qq,

so A; < A;. Similarly, we can show that z(¢) < zi1(t), te€ J, v <. 1t
means that (5) holds for n=1.

0
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Now we assume that (3) is satisfied for n = k. Put p = Gr41 — Yr+1, 50
p(0) = 0. Then, by the assumptions 2° and 3° of Theorem 1, we get

p(t) = F& 0@ A) — Plgrs1(t) — gu(t)]
—fltye(t) Ak) + Myra () — ye(@)]
< FaR(E), M) — F{ (), Ax)
—Plgrs1(t) — gr ()] + Myr+1(t) — ya(t)]
Mye(t) — yu(t)]—
Plgr+1(t) — yrr1 () + g1 (1) — u(8)]
+Myr+1(t) — yu (1))
= —Pp(t) + (M = P)lyr+1(t) — yn(t)
+yi(t) — 5 ()] < —Pp(t),
so p(t) < 0 on J, and hence Fr+1(t) < yiyi(t) on J.
If we put ¢ = Apy1 — Axg1, then, in view of assumptions 4° and 5° of
Theorem 1, we get
0 Gk, Ak) = Q(Akr1 — Ak) — Glyr, Ak) + N( Ak — Ax)
G(yx. /\1.) = Gy, M) = Q41 = M) + N(Apg1 — Ax)
Nk = M) = Q(ks1 — M) + N (A1 — Ax)
-Qq+ (N — Q) (Aks1 — M + A — M) < =Qg,

s0 ¢ < 0, and hence g1 < Apo1.

IN

AIAIA

Similarly, for p = zg4+1 — Zr+, we obtain

pt) = f@z@),n)
=Mz (t) — ze(@)] = f(E, 2k, )
+P[Ze41(t) — Z4(1)]
< fltz(®), ) — F(E 2 (8), W)
—J\I[zk+1(t) b Zl,-(t)] + P[Zk+1 (f) — Z_'],-_(t)]
< M) - 200 = AUlzag () — 24 (0)
+P[zp11(8) — Z(1)] < —Pp(t), p(0) =0,
and as the result we have z; 1 (t) < Zp41(f) on J. Moreover, if ¢ = Yea1— 41,
then

0 = Glzom) — N(vksr — ) — G(Z, W) + Q(Fr41 — Vi)
< G(Zkve) — GGy k) — N(vker — ) + Q(:H-l - )
< NGk =) = N(vsr — ) + QU1 — W) < —Qq,

80 Yhr1 < Vet
By the above and mathematical induction, we see that (5) is satisfied.
This ends the proof. O

3. REMARKS

REMARK 1. We observe that the special case when f is monotone non-
decreasing with respect to the second variable is covered by our theorem. To
see this, it is enought to put A/ = 0 in condition 3°.
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REMARK 2. If we assume that G is nondecreasing with respect to the
second variable, then there exists N > 0 such that for A > X we have

G(u,A) = G(u,A) >0 =02 -X) > N2 = \).
This shows that condition 5° holds.

REMARK 3. Note that, by 1° and 4°, we obtain

G(y0,%) < G(z0,%) <0< G(yo, o),
so
0 < G(yo, M) ~ G(yo,70)-

Moreover, if G is also nondecreasing with respect to the second variable,
then

0 < G(yo,Ao) < G(yo,70) < G(20,7%) <0,

0 < G(yo, Ao) < G(20,X0) < G(20,7%) <0,
so
G(yo,20) = G(yo.Y0) = G(20,20) = G(20,70) = 0.

In the same way we can show that
G(yn:/\n) = G(yna 771) = G(Zn: /\n) = G(zna')'n) =0, n=0,1,---.

It proves that in assumptions of Theorem 1, function G can not be in-
creasing with respect to the second variable on the whole interval [Ag,vo], but

it can be increasing only on some subintervals of [Ag, 3] and [B, 7], where

(g, B) is the root of the equation G(y,A) = 0.
REMARK 4. Let

_Sin/\7 ,\E[—%,Tr_l],
G(u”\) = G(’\) = __5_+__]:i - Sin(ﬂ' - 1), AE (71" - 1:27T]'
1+7

Note that G is continuous on [-%,27], and it is increasing on (§,7 — 1).
Condition 5° is satisfied with NV = 1. Note that A = 0 is the unique solution
of the equation G(A) = 0. To find this solution we can apply the method of
monotone iterations. Put Ag = =%, 70 = 27. Then Ag < 7o and G(Xo) =
1>0, G(yo) =~ —1.8415 < 0, so Ag and 7, are lower and upper solutions of
the equation G(A) = 0.

Below, in the table, there are some values of {A,, 7. }:
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1 An Tn G(/\n) G("/n)
0 —1.5708 6.2832 1.0000 —1.8415
1 —0.5708 4.4417 0.5403 —1.3968
2 -0.0305 3.0449 0.0305 —1.0596
3 0.0000 1.9853 0.0000 —0.9153
4 1.0700 -0.8772
5 0.1928 —0.1916
6 0.0012 —0.0012
7 0.0000 0.0000

Indeed, A\, = 0, v, = 0, so A =0 is the unique solution of G(A\) = 0.
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