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ENUMERATION OF SYMMETRIC (69,17,4) DESIGNS
ADMITTING Z6 AS AN AUTOMORPHISM GROUP
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ABSTRACT. All symmetric (69,17,4) designs admitting the cyclic
group of order 6 as an automorphism group are classified and their full
automorphism groups are determined.

1. INTRODUCTION AND PRELIMINARIES

A symmetric (v, k, >")design is a finite incidence structure (P, B, 1), where
P and B are disjoint sets and I ~ P x B, with the following properties:

1. IPI = IBI == v,
2. every element of B is incident with exactly k elements of P,
3. every pair of elements of P is incident with exactly>" elements of B.

According to [4]' there are 4 symmetric (69,17,4) designs known. All those
designs admit an automorphism group of order 13.

The aim of this article is to prove the following

THEOREM 1.1. There are 59 mutually nonisomorphic symmetric (69,17,4)
designs admitting the cyclic group of order 6 as an automorphism group. All
of them are self-dual. Exactly 3 of those designs have full automorphism
groups of order 6 isomorphic to group Z6 and 54 designs have full automor­
phism groups of order 12 isomorphic to group Z12. Furtermore, 2 designs
have full automorphism groups of order 156; one of them is isomorphic to
group F39 x Z4 and the other is isomorphic to group F39 : Z4'

Let D = (P, B,I) be a symmetric (v, k, >") design and G ::; AutD. Group
G has the same number of point and block orbits. Let us denote the number
of G -orbits by t, point orbits by PI, ... ,Pt, block orbits by B1, ... ,Bt, and
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put IPrl = Wr, IEil = 0i' Further, denote by "fir the number of points of Pr
which are incident with the representative of the block orbit Ei. For these
numbers the following equalities hold:

(1)

(2)

t

L"fir
r=l

t O.L _J "fir"fjr
r=1 Wr

k,

DEFINITION 1.2. The (t x t)-matrix bir) with entries satisfying proper­
ties (1) and (2) is called the orbit structure for parameters (v, k, >.) and orbit
distribution (WI, ... , Wt), (01, ... , Od·

2. PROOF OF THE THEOREM

From -nowon we shall denote by G an abelian group isomorphic to a cyclic
group of order 6.

The first step in the construction of all symmetric designs admitting G as
an automorphism group is to determine all possible orbit distributions and to
find all possible orbit structures related to them. Action of Gis semistandard,
so it is sufficient to determine point orbit distributions (WI,"" Wt).

LEMMA 2.1. Symmetric (69,17,4) design admitting G as an automor-
phism group has one of the following orbit distributions:

1. (1,2,2,2,2,3,3,3,3,6,6,6,6,6,6,6,6),

2. (1,2,3,3,3,3,6,6,6,6,6,6,6,6,6),

3. (3,3,3,6,6,6,6,6,6,6,6,6,6).

PROOF. The complete orbit structures satisfying (1) and (2) can be ob­
tained only for orbit distributions from the statement of the lemma. 0

Using the computer program by V. Cepulic we obtained 7 orbit struc­
tures which correspond to the first type from lemma 1, 467 orbit structures
corresponding to the second type and 257 orbit structures corresponding to
the third type.

Next step in construction is to "lift" obtained orbital structures for the
group G ~ (p I p6 = 1) to orbital structures for the cyclic group (p3) with
the assumption that they admit p2 as an automorphism. That can be done
only for seven structures related to the first orbit distribution from lem~a 1.
So, by indexing structures corresponding to the second and third type cannot
be obtained symmetric (69,17,4) designs admitting cyclic group of order 6 as
an automorphism group.

The orbit structures related to the first type are the following.
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OSl 11 2 2 2 2 3 3 3 3 6 6 6 6 6 6 6 6

1112200000066000000
2110010300030333000
2110001300003000333
2101022000030300330
2100122000003033003
3102200100000222222
3100000010022420204
3100000001022204042
3100000000122042420
6\11010011102221121
6110101011120112212
6101010121021012212
6101001110221121022
6101001102112212201
6100110110212202211
6100110102121120122
6100101121012221120

OS2 11 2 2 2 2 3 3 3 3 6 6 6 6 6 6 6 6

1112200000066000000
2110010300030333000
2110001300003000333
2101022000030300330
2100122000003033003
3102200100000222222
3100000010022420204
3100000001022204042
3100000000122042420
6111010011102212211
6110101011120121122
6101010121021021122
6101001110212221021
6101001102121112202
6100110110221102212
6100110102112220121
6100101121012212210
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083 I 1 2 2 2 2 3 3 3 3 6 6 6 6 6 6 66

1112200000066000000
2110010300030333000
2110001030030300330
2101022000030030303
2100122000003303030
3102000100002420222
3100200010020222024
3100000001022204402
3100000000122042240
6111110011101122211
6110001101112111123
6101101211011012221
6101010110221102122
6/01001012121222011
6100110102121210221
6100101110212221201
6100010121013121112

0~112222333366666666

1112200000066000000
2110010300030333000
2110001030030300330
2 10 10 2 2 0 0 0 0 3 0 0 3 0 3 03
2100122000003303030
3102000100002222420
3100200010020024222
3100000001022402204
3100000000122240042
6111110011101221112
6110001101112012222
6101101102120211121
6101010110221102122
6101001121012122012
6100110211012110222
6100101110212221201
6100010012122122210
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085 I 1 2 2 2 2 3 3 3 3 6 6 6 6 6 6 6 6

1112200000066000000
2110010300030333000
2110001030003330300
2101022000030300330
2100122000003033003
3102000010020222204
3100200100002402222
3100000001022240042
3100000000122024420
6111010101102111222
6110101011120112122
6101110012111222110
6 10 1 1 0 121 101 102 1 221
6101001110212212021
6100110110221120212
6100010121022102122
6100001102122211202

086 11 2 2 2 2 3 3 3 3 6 6 6 6 6 6 6 6

1112200000066000000
2110010300030333000
2110001030003330300
2101022000030300330
2100122000003033003
3102000001002422022
3100200000120240222
3100000100022202404
3100000010022024240
6111001101111021222
6110110011111202122
6101110210102111221
6101101121020112112
6101010011221122201
6100101102112212210
6100010112022120122
6100001110222211022



134 SANJA RUKAVINA

087 11 2 2 2 2 3 3 3 3 6 6 6 6 6 6 6 6

1112200D00066000000

2110010300030333000

2110001030003330300
21010220000303D0330

2100122000003033003

3102000001002224220

3100200000120222402
3100000100022040242

3100000010022402024

6111001101111111213

6110110011111112131
6101110112011220112

6 10 1 101 1 102 1 122 102 1

6101010120121012212
6100101211012102221

6 I 000 1 0 1 0 1 2 132 1 121 1
6100001012131122111

The numbers of obtained new orbital structures for the cyclic group (p3)

are as follows: 081-t51, 082-t51, 083-t10, 084-t49, 085-t10, 086-t23
and 087-t7.

We shall proceed by indexing obtained structures, that is by finding all
possible (69,17,4)designs that can be constructed from those structures. That
can be done only for some of them and the numbers of such structures are
the following: 081-t27, 082-t27, 083-t0, 084-t3, 085-t0, 086 -to and
087-t2. From each structure that allows indexing we get 8 mutually iso­
morphic designs. Designs obtained from different structures are mutually
nonisomorphic. 80, we have 59 nonisomorphic designs. Using the computer
program by V. Cepulic we have found out that all obtained designs are self­
dual. They are numbered as follows: 081-t1-27, 082-t28-54, 084-t55-57,
087-t58-59, and presented below. First number in each row, namely l, is the
length of line orbit. It is followed by the line that is representative of line orbit
and others can be obtained by applying l - 1 times given automorphism a.
For brevity, designs are not presented with help of automorphism of order 6
(except those with full automorphism group of order 6). Also, common lines
for more designs are written only once. We also presented the full automor­
phism groups of constructed designs.
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common lines for designs 1-53
1: 0 1 2 3 4 21 22 23 24 25 26 27 28 29 30 31 32
3: 1 2 3 4 9 33 36 39 42 45 48 51 54 5760 63 66
3:1221242730333436374144535663646667
3:1521242730353845464849575860616568
3: 1821242730394042434750515254555962
4:0591011212223333435394041454647
4: 1 5 6 7 8 21 22 23 36 37 38 51 52 53 60 61 62

design 1
12: 0 1 6 12 15 18 29 31 33 34 39 43 48 53 59 61 68
12: 1 5 9 12 14 16 24 26 28 40 47 49 53 54 60 6468
12:1891318202324313840444558596367
12: 1 7 9 15 17 19 21 29 31 35 3742 47 49 55 56 63

design 2
12: 0 1 6 12 15 18 28 32 33 34 40 42 48 53 58 62 68
12: 1 5 9 12 14 16 24 26 28 41 45 49 52 54 62 65 67
12: 1 8 9 13 18 20 21 26 31 3741 43 47 57 58 63 68
12: 1 7 9 15 17 19 21 28 32 35 36 43 46 50 54 56 64

design 3
12: 0 1 6 12 15 18 29 31 33 34 39 43 50 53 58 60 68
12: 1 5 9 12 14 16 24 26 28 40 46 48 53 54 62 64 68
12: 1 8 9 13 18 20 23 24 31 3840 44 47 57 58 63 67
12:1791517192227323338434749545664

design 4
12: 0 1 6 12 15 18 29 31 33 34 41 42 48 52 59 61 68
12: 1 5 9 12 14 162426 28 39 47 49 52 56 60 64 68
12: 1 8 9 13 18 20 21 25 32 36 40 44 46 57 59 64 68
12: 1 7 9 15 17 19 21 29 31 35 37 44 47 49 54 55 63

design 5
12: 0 1 6 12 15 18 28 32 33 34 39 44 48 52 58 62 68
12: 1 5 9 12 14 16 24 26 28 40 45 49 51 56 62 65 67
12: 1 8 9 13 18 20 22 24 32 38 41 43 45 58 59 64 66
12: 1 7 9 15 17 19 21 28 32 35 36 42 46 50 55 56 64

design 6
12: 0 1 6 12 15 18 29 31 33 3441 42 49 52 57 62 68
12: 1 5 9 12 14 16 24 26 28 39 45 50 52 56 61 64 68
12: 1 8 9 13 18 20 21 25 32 3640 44 47 57 58 64 68
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12: 1 7 9 15 17 19 23 28 30 34 36 43 4749 54 56 65

design 7
12: 0 1 6 12 15 18 28 32 33 34 39 44 49 52 59 60 68
12: 1 5 9 12 14 16 24 26 28 40 46 50 51 56 60 65 67
12: 1 8 9 13 18 20 22 24 32 38 41 43 46 57 59 64 66
12: 1 7 9 15 17 19 23 27 31 34 38 44 46 50 54 55 63

design 8
12: 0 1 6 12 15 18 29 31 33 34 41 42 50 52 58 60 68
12: 1 5 9 12 14 16 24 26 28 39 46 48 52 56 62 64 68
12: 1 8 9 13 18 20 21 25 32 36 40 44 45 58 59 64 68
12: 1 7 9 15 17 19 22 27 32 33 38 42 4749 55 56 64

design 9
12: 0 1 6 12 15 18 28 32 33 34 39 44 50 52 57 61 68
12: 1 5 9 12 14 16 24 26 28 40 47 48 51 56 61 65 67
12: 1 8 9 13 18 20 22 24 32 38 41 43 47 57 58 64 66
12: 1 7 9 15 17 19 22 29 30 33 37 43 46 50 54 56 65

design 10
12: 0 1 6 12 15 18 28 32 33 35 40 42 48 53 58 62 67
12: 1 5 9 12 14 16 24 25 29 39 46 50 53 55 60 65 67
12: 1 8 9 13 18 20 21 2631 3641 43 47 57 58 65 67
12: 1 7 9 15 17 19 21 28 32 34 38 43 46 50 54 56 63

design 11
12: 0 1 6 12 15 18 29 31 33 35 39 43 48 53 59 61 67
12: 1 5 9 12 14 16 24 25 29 41 45 50 51 55 61 6468
12: 1 8 9 13 18 20 23 24 31 37 40 44 45 58 59 65 66
12: 1 7 9 15 17 19 21 29 31 34 36 42 47 49 55 56 65

design 12
12: 0 1 6 12 15 18 28 32 33 35 40 42 49 53 59 60 67
12: 1 5 9 12 14 16 24 25 29 39 47 48 53 55 61 65 67
12: 1 8 9 13 18 20 21 26 31 36 41 43 45 58 59 65 67
12: 1 7 9 15 17 19 23 27 31 33 37 42 46 50 55 56 65

design 13
12: 0 1 6 12 15 18 29 31 33 35 39 43 49 53 57 62 67
12: 1 5 9 12 14 16 24 25 29 41 46 48 51 55 62 64 68
12: 1 8 9 13 18 20 23 24 31 37 40 44 46 57 59 65 66
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12: 1 7 9 15 17 19 23 28 30 33 38 44 47 49 54 55 64

design 14
12: 0 1 6 12 15 18 28 32 33 35 40 42 50 53 57 61 67
12: 1 5 9 12 14 16 24 25 29 39 45 49 53 55 62 65 67
12: 1 8 9 13 18 20 21 26 31 36 41 43 46 57 59 65 67
12: 1 7 9 15 17 19 22 29 30 35 36 44 46 50 54 55 64

design 15
12: 0 1 6 12 15 18 29 31 33 35 39 43 50 53 58 60 67
12: 1 5 9 12 14 16 24 25 2941474951 55 60 6468
12: 1 8 9 13 18 20 23 24 31 3740 44 47 57 58 65 66
12: 1 7 9 15 17 19 22 27 32 35 3743 4749 54 56 63

design 16
12: 0 1 6 12 15 18 29 31 33 35 41 42 48 52 59 61 67
12: 1 5 9 12 14 16 24 25 29 40 45 50 53 54 61 64 68
12: 1 8 9 13 18 20 21 25 32 38 40 44 46 57 59 63 67
12: 1 7 9 15 17 19 21 29 31 3436 44 47 49 54 55 65

design 17
12: 0 1 6 12 15 18 28 32 33 35 39 44 48 52 58 62 67
12: 1 5 9 12 14 16 24 25 29 41 46 50 52 54 60 65 67
12: 1 8 9 13 18 20 22 24 32 37 41 43 45 58 59 63 68
12: 1 7 9 15 17 19 21 28 32 34 38 42 46 50 55 56 63

design 18
12: 0 1 6 12 15 18 29 31 33 35 41 42 49 52 57 62 67
12: 1 5 9 12 14 16 24 25 29 40 46 48 53 54 62 64 68
12: 1 8 9 13 182021 25 32 3840444757586367
12: 1 79 15 17 19 23 28 30 33 38 43 47 49545664

design 19
12: 0 1 6 12 15 18 28 32 33 35 39 44 49 52 59 60 67
12: 1 5 9 12 14 16 2425 29414748525461 65 67
12: 1 8 9 13 18 20 22 24 32 37 41 43 46 57 59 63 68
12: 1 7 9 15 17 19 23 27 31 33 37 44 46 50 54 55 65

design 20
12: 0 1 6 12 15 18 29 31 33 35 41 42 50 52 58 60 67
12: 1 5 9 12 14 16 24 25 29 40 47 49 53 54 60 64 68
12: 1 8 9 13 18 20 21 25 32 38 40 44 45 58 59 63 67
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12: 1 7 9 15 17 19 22 27 32 35 3742 4749 55 56 63

design 21
12: 0 1 6 12 15 18 28 32 33 35 39 44 50 52 57 61 67
12: 1 5 9 12 14 16 24 25 29 41 45 49 52 54 62 65 67
12: 1 8 9 13 18 20 22 24 32 3741 43 47 57 58 63 68
12: 1 7 9 15 17 19 22 29 30 35 36 43 46 50 54 56 64

design 22
12: 0 1 6 12 15 18 29 31 33 35 40 44 48 51 59 61 67
12: 1 5 9 12 14 16 24 25 29 39 45 50 52 56 61 64 68
12: 1 8 9 13 18 20 22 26 30 36 40 44 47 57 58 64 68
12: 1 7 9 15 17 19 21 29 31 3436 43 4749 54 56 65

design 23
12: 0 1 6 12 15 18 28 32 33 35 41 43 48 51 58 62 67
12: 1 5 9 12 14 16 24 25 29 40 46 50 51 56 60 65 67
12: 1 8 9 13 18 20 23 25 30 38 41 43 46 57 59 64 66
12: 1 7 9 15 17 19 21 28 32 34 38 44 46 50 54 55 63

design 24
12: 0 1 6 12 15 18 29 31 33 35 40 44 49 51 57 62 67
12: 1 5 9 12 14 16 24 25 29 3946 48 52 56 62 64 68
12: 1 8 9 13 18 20 22 26 30 36 40 44 45 58 59 64 68
12: 1 7 9 15 17 19 23 28 30 33 38 42 47 49 55 56 64

design 25
12: 0 1 6 12 15 18 28 32 33 35 41 43 49 51 59 60 67
12: 159 12 14 16 24 252940474851 5661 6567
12: 1 8 9 13 18 20 23 25 30 3841 43 47 57 58 64 66
12: 1 7 9 15 17 19 23 27 31 33 37 43 46 50 54 56 65

design 26
12: 0 1 6 12 15 18 29 31 33 35 40 44 50 51 58 60 67
12: 1 5 9 12 14 16 24 25 29 39 47 49 52 56 60 64 68
12:18~1318202226303640444657596468
12: 1 7 9 15 17 19 22 27 32 35 3744 47 49 54 55 63

design 27
12: 0 1 6 12 15 18 28 32 33 35 41 43 50 51 57 61 67
12: 1 5 9 12 14 16 24 25 294045 49 51 56 62 65 67
12: 1 8 9 13 18 20 23 25 30 38 41 43 45 58 59 64 66
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12:1791517192229303536424650555664

design 28
12: 0 1 6 12 15 18 29 31 33 34 42 46 48 53 55 62 65
12: 1 5 9 12 14 16 24 26 31 39 43 47 53 57 61 6468
12: 1 8 9 13 18 20 21 29 31 35 36 40 44 49 57 59 67
12: 1 7 9 15 17 19 21 26 28 37 41 47 49 54 55 65 66

design 29
12: 0 1 6 12 15 18 28 32 33 34 42 45 49 52 56 62 65
12: 1 5 9 12 14 16 24 26 31 41 43 46 51 57 62 65 67
12: 1 8 9 13 18 20 21 28 32 35 37 41 43 48 58 59 66
12: 1 7 9 15 17 19 23 24 28 38 39 46 50 55 56 64 66

design 30
12: 0 1 6 12 15 18 29 31 33 34 42 45 50 53 55 61 65
12:1591214162426313943465359606468
12: 1 8 9 13 18 20 21 29 31 35 36 40 44 48 58 59 67
12: 1 7 9 15 17 19 22 24 29 38 39 47 49 55 56 63 67

design 31
12: 0 1 6 12 15 18 28 32 33 3442 47 48 52 56 61 65
12: 1 5 9 12 14 16 24 26 31 41 43 45 51 59 61 65 67
12: 1 8 9 13 18 20 21 28 32 35 37 41 43 50 57 58 66
12: 1 7 9 15 17 19 21 25 29 36 40 46 50 54 56 65 67

design 32
12: a 1 6 12 15 18 29 31 33 34 42 4749 53 55 60 65
12:1591214162426313943455358626468
12: 1 8 9 13 18 20 21 29 31 35 36 40 44 50 57 58 67
12: 1 7 9 15 17 19 23 25 27 36 40 47 49 54 56 64 68

design 33
12: 0 1 6 12 15 18 28 32 33 34 44 45 49 51 55 62 65
12: 1 5 9 12 14 16 24 26 31 40 42 46 53 57 62 65 67
12: 1 8 9 13 18 20 22 29 30 33 38 41 43 49 57 59 67
12: 1 7 9 15 17 19 23 24 28 38 41 46 50 54 55 64 66

design 34
12: a 1 6 12 15 18 28 32 33 34 44 47 48 51 55 61 65
12: 1 5 9 12 14 16 24 26 31 40 42 45 53 59 61 65 67
12: 1 8 9 13 18 20 22 29 30 33 38 41 43 48 58 59 67
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12: 1 7 9 15 17 19 21 25 29 36 39 46 50 55 56 65 67

design 35
12: 0 1 6 12 15 18 29 31 33 34 44 45 50 52 54 61 65
12: 1 5 9 12 14 16 24 26 31 41 42 46 52 59 60 64 68
12: 1 8 9 13 18 20 22 27 32 33 37 40 44 49 57 59 68
12: 1 79 15 17 19 22 24 29 38 41474954556367

design 36
12: 0 1 6 12 15 18 28 32 33 35 42 45 49 52 56 62 64
12: 1 5 9 12 14 16 24 25 32 39 44 47 52 58 60 65 67
12: 1 8 9 13 18 20 21 28 32 34 36 41 43 48 58 59 68
12: 1 7 9 15 17 19 23 24 28 37 39 46 50 55 56 63 68

design 37 .
12: 0 1 6 12 15 18 28 32 33 35 42 45 49 52 56 62 64
12: 1 5 9 12 14 16 24 25 32 394447 52 58 60 65 67
12: 1 8 9 13 18 20 21 28 32 34 36 41 43 48 58 59 68
12: 1 7 9 15 17 19 23 24 28 37 39 46 50 55 56 63 68

design 38
12: 0 1 6 12 15 18 28 32 33 35 42 47 48 52 56 61 64
12: 1 5 9 12 14 16 24 25 32 39 44 46 52 57 62 65 67
12: 1 8 9 13 18 20 21 28 32 34 36 41 43 50 57 58 68
12: 1 7 9 15 17 19 21 25 29 38 40 46 50 54 56 64 66

design 39
12: 0 1 6 12 15 18 29 31 33 35 42 45 50 53 55 61 64
12: 1 5 9 12 14 16 24 25 32 40 44 47 51 57 61 64 68
12: 1 8 9 13 18 20 21 29 31 34 38 40 44 48 58 59 66
12: 1 7 9 15 17 19 22 24 29 37 39 47 49 55 56 65 66

design 40
12: 0 1 6 12 15 18 28 32 33 35 42 46 50 52 56 60 64
12: 1 5 9 12 14 16 24 25 32 3944 45 52 59 61 65 67
12: 1 8 9 13 18 20 21 28 32 34 36 41 43 49 57 59 68
12: 1 7 9 15 17 19 22 26 27 36 41 46 50 54 55 65 67

design 41
12: 0 1 6 12 15 18 29 31 33 35 42 47 49 53 55 60 64
12: 1 5 9 12 14 16 24 25 32 40 44 46 51 59 60 64 68
12: 1 8 9 13 18 20 21 29 31 34 38 40 44 50 57 58 66
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12: 1 79 15 17 19 23 25 27 38 40 47 49 54 56 63 67

design 42
12: 0 1 6 12 15 18 28 32 33 35 43 45 49 53 54 62 64
12: 1 5 9 12 14 16 24 25 32 40 42 47 53 58 60 65 67
12: 1 8 9 13 18 20 23 27 31 33 38 41 43 50 57 58 67
12: 1 7 9 15 17 19 23 24 28 37 40 46 50 54 56 63 68

design 43
12: 0 1 6 12 15 18 29 31 33 35 43 46 48 51 56 62 64
12: 1 5 9 12 14 16 24 25 32 41 42 45 52 58 62 64 68
12: 1 8 9 13 18 20 23 28 30 33 37 40 44 48 58 59 68
12: 1 7 9 15 17 19 21 26 28 36 39 47 49 55 56 64 68

design 44
12: 0 1 6 12 15 1828323335434748535461 64
12: 1 5 9 12 14 16 24 25 32 40 42 46 53 57 62 65 67
12: 1 8 9 13 18 20 23 27 31 33 38 41 43 49 57 59 67
12: 1 7 9 15 17 19 21 25 29 38 41 46 50 54 55 64 66

design 45
12: 0 1 6 12 15 18 29 31 33 35 43 45 50 51 56 61 64
12: 1 5 9 12 14 16 24253241 42 47 52 57 61 64 68
12: 1 8 9 13 18 20 23 28 30 33 37 40 44 50 57 58 68
12: 1 7 9 15 17 19 22 24 29 37 40 47 49 54 56 65 66

design 46
12: 0 1 6 12 15 18 28 32 33 35 43 46 50 53 54 60 64
12: 1 5 9 12 14 16 24 25 32 40 42 45 53 59 61 65 67
12: 1 8 9 13 18 20 23 27 31 33 38 41 43 48 58 59 67
12: 1 7 9 15 17 19 22 26 27 36 39 46 50 55 56 65 67

design 47
12: 0 1 6 12 15 18 29 31 33 35 43 47 49 51 56 60 64
12: 1 5 9 12 14 16 24 25 32 41 42 46 52 59 60 64 68
12: 1 8 9 13 18 20 23 28 30 33 37 40 44 49 57 59 68
12: 1 7 9 15 17 19 23 25 27 38 41 47 49 54 55 63 67

design 48
12: 0 1 6 12 15 18 29 31 33 35 44 46 48 52 54 62 64
12: 1 5 9 12 14 16 24 25 32 39 43 45 53 58 62 64 68
12: 1 8 9 13 18 20 22 27 32 35 36 40 44 50 57 58 67
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12:1791517192126283640474954566468

design 49
12: 0 1 6 12 15 18 28 32 33 35 44 45 49 51 55 62 64
12: 1 5 9 12 14 16 24 25 32 41 43 47 51 58 60 65 67
12: 1 8 9 13 18 20 22 29 30 35 37 41 43 49 57 59 66
12: 1 7 9 10 17 19 23 24 28 37 41 46 50 54 55 63 68

design 50
12: 0 1 6 12 15 18 29 31 33 35 44 45 50 52 54 61 64
12: 1 5 9 12 14 16 24 25 32 3943 47 53 57 61 64 68
12: 1 8 9 13 18 20 22 27 32 35 36 40 44 49 57 59 67
12: 1 7 9 15 17 19 22 24 29 3741 47 49 54 55 65 66

design 51
12: 0 1 6 12 15 18 28 32 33 35 44 47 48 51 55 61 64
12: 1 5 9 12 14 16 24 25 32 41 43 46 51 5762 65 67
12: 1 8 9 13 18 20 22 29 30 35 37 41 43 48 58 59 66
12: 1 7 9 15 17 19 21 25 29 38 39 46 50 55 56 64 66

design 52
12: 0 1 6 12 15 18 29 31 33 35 44 47 49 52 54 60 64
12: 1 5 9 12 14 16 24 25 32 39 43 46 53 59 60 64 68
12: 1 8 9 13 18 20 22 27 32 35 36 40 44 48 58 59 67
12: 1 7 9 15 17 19 23 25 27 38 39 47 49 55 56 63 67

design 53
12: 0 1 6 12 15 18 28 32 33 35 44 46 50 51 55 60 64
12: 1 5 9 12 14 16 24 25 32 41 43 45 51 59 61 65 67
12: 1 8 9 13 18 20 22 29 30 35 37 41 43 50 57 58 66
12: 1 7 9 15 17 19 22 26 27 36 40 46 50 54 56 65 67

automorphism IJ for designs 1-53:
IJ = (1,4,2,3)(5,8,6,7)(9,10,11)(12,13,14)(15,16,17)(18,19,20)
(21,31,26,27,22,32,24,28,23,30,25,29)
(33,67,38,63,34,68,36,64,35,66,37,65)
(39,55,44,51,40,56,42,52,41,54,43,53)
(45,61,50,57,46,62,48,58,47,60,49,59)
full automorphism group for designs 1-53: Z12
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design 54
1: 19 22 25 28 31 40 41 43 44 45 48 52 53 55 56 57 60
3: 0 1 2 3 4 21 22 23 24 25 26 27 28 29 30 31 32
3: 1 2 3 4 10 34 37 40 43 46 49 52 55 58 61 64 67
3: 1 2 3 4 11 35 38 41 44 47 50 53 56 59 62 65 68
3: 13 22 25 28 31 34 35 37 38 39 42 51 54 64 65 67 68
4: 1 5 6 7 8 21 22 23 36 37 38 51 52 53 60 61 62
4:18111219202327313436404248585968

12: 0 5 9 10 11 21 22 23 33 34 35 39 40 41 45 46 47
12: 0 1 6 12 15 18 28 32 33 34 42 46 50 52 56 60 65
12: 0 2 5 13 16 19 27 32 37 38 40 45 50 51 56 58 66
12: 2 6 10 12 13 17 21 22 29 41 42 48 55 58 62 65 66

automorphism (J for design 54:
(J = (0,9,14)(1,66,26,4,36,29,2,63,23,3,33,32)
(5,7,6,8)(10,16,17)(11,12,20)
(13,15,18)(21,42,35,30,51,68,24,39,38,27,54,65)
(22,45,55,31,60,43,25,48,52,28,57,40)
(34,49,62,67,58,50,37,46,59,64,61,47) (41,53,44,56)
full automorphism group for design 54: P39 x Z4

common lines for designs 55-57
1: 0 1 2 3 4 21 22 23 24 25 26 27 28 29 30 31 32
2: 0 5 9 10 11 21 22 23 33 34 35 39 40 41 45 46 47
2: 0 7 12 13 14 21 22 23 36 37 38 51 52 53 57 58 59
2: 1 5 6 7 8 21 22 23 42 43 44 54 55 56 63 64 65
2: 3 5 6 7 8 27 28 29 33 34 35 48 49 50 57 58 59
3:1292730333639424548515254555760
3: 3 4 12 21 24 39 42 46 4749 50 53 56 57 60 63 66
3: 1521242730343537384649515464656768
3: 18 21 24 27 30 33 36 40 41 43 44 58 59 61 62 63 66

design 55
6: 0 1 3 6 12 15 1829343639434752626468
6: 0 7 9 15 18 22 29 31 41 48 49 51 56 60 61 65 66
6: 1 4 8 9 16 17 18 21 26 35 37 41 50 52 57 61 64
6: 1 5 9 12 19 20 23 24 28 374748 54 59 61 66 68
6: 1 7 9 13 14 17 25 30 32 34 39 43 46 50 59 65 66
6: 3 5 9 10 14 16 24 28 32 36 40 51 56 57 62 64 65
6: 3 8 9 12 19 20 22 30 32 35 36 41 43 49 53 55 67
6: 5 12 16 17 18 23 25 27 31 35 42 43 46 48 51 53 62
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design 56
6: 0 1 3 6 12 15 18 29 34 36 41 42 47 52 61 64 68
6: 0 7 9 15 18 22 29 31 40 48 49 51 56 60 62 65 66
6: 1 4 8 9 16 17 18 21 26 35 37 40 50 52 59 60 64
6: 1 5 9 12 19 20 21 25 29 38 45 49 55 59 61 66 67
6: 1 7 9 13 14 17 25 30 32 34 41 42 46 50 58 65 66
6: 3 5 9 10 14 16 24 28 32 36 39 51 56 59 61 64 65
6: 3 8 9 12 19 20 23 30 31 33 37 41 43 50 51 56 68
6: 5 12 16 17 18 23 25 27 31 35 42 44 46 48 51 53 61

design 57
6: 0 1 3 6 12 15 18 29 34 36 40 4447 52 60 64 68
6: 0 7 9 15 18 22 29 31 39 48 49 51 56 61 62 65 66
6: 1 4 8 9 16 17 18 21 26 35 37 39 50 52 58 62 64
6: 1 5 9 12 19 20 22 26 27 36 46 50 56 59 61 67 68
6: 1 7 9 13 14 17 25 30 32 34 40 44 46 50 57 65 66
6: 3 5 9 10 14 16 24 28 32 36 41 51 56 58 60 64 65
6: 3 8 9 12 19 20 21 31 32 34 38 41 43 48 52 54 66
6: 5 12 16 17 18 23 25 27 31 35 43 44 46 48 51 53 60

automorphism (j for designs 55-57:
(j = (1,2)(3,4)(5,6)(7,8)(9,10,11)
(12,13,14)(15,16,17)(18,19,20)(21,25,23,24,22,26)
(27,31,29,30,28,32)(33,37,35,36,34,38)
(39,43,41,42,40,44)(45,49,47,48,46,50)
(51,55,53,54,52,56) (57,61,59,60,58,62)(63,67,65,66,64,68)
full automorphism group for designs 55-57: Z6

design 58
1: 1 5 6 7 8 21 22 23 36 37 38 51 52 53 57 58 59
1: 2 5 6 7 8 24 25 26 33 34 35 54 55 56 60 61 62
1: 3 5 6 7 8 27 28 29 39 40 41 48 49 50 63 64 65
1: 4 5 6 78 30 31 32 42 43 44 45 46 47 66 67 68

13: 0 1 2 3 4 21 22 23 24 25 26 27 28 29 30 31 32
13: 0 5 9 10 11 21 22 23 33 34 35 39 40 41 45 46 47
13: 0 6 9 10 11 24 25 26 36 37 38 42 43 44 48 49 50
13: 0 7 12 13 14 2728 29 33 34 35 42 43 44 51 52 53
13: 0 8 12 13 14 30 31 32 36 37 38 39 40 41 54 55 56

automorphism (j for design 58:
(j = (0,9,20,10,12,19,18,15,16,11,14,17,13)
(1,58,23,59,38,22,21,51,52,57,37,53,36)
(2,61,26,62,35,25,24,54,55,60,34,56,33)
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(3,39,49,40,63,48,50,27,28,41,65,29,64)
(4,42,46,43,66,45,47,30,31,44,68,32,67)
full automorphism group for design 58: F39 : Z4

design 59
1: 0 1 2 3 4 21 22 23 24 25 26 27 28 29 30 31 32
4: 0 5 9 10 11 21 22 23333435394041454647
4: 1 5 6 7 8 21 22 23 36 37 38 51 52 53 57 58 59
6:12152730333639424546484951545760
6: 9 21 24 29 32 39 41 42 44 52 55 57 58 60 61 63 66

12: 0 1 7 9 17 18 26 30 34 41 49 53 54 58 63 67 68
12: 1 4 6 9 14 15 16 22 28 33 37 39 44 56 62 63 68
12: 1 5 9 12 14 19 21 26 30 43 45 50 52 56 60 64 65
12: 5 9 17 19 20 22 27 28 32 33 38 43 49 54 55 59 66

automorphism u for design 59:
u = (1,4,2,3)(5,8,6,7)
(9,13,11,12,10,14)(15,20,17,19,16,18)
(21,30,26,29,22,31,24,27,23,32,25,28)
(33,39,38,44,34,40,36,42,35,41,37,43)
(45,55,50,51,46,56,48,52,47,54,49,53)
(57,68,62,64,58,66,60,65,59,67,61,63)
full automorphism group for design 59: Z12

REMARK Only designs 54 and 58 admit an automorphism group of order
13. Hence, all constructed designs except them are new.
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