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A SPECIAL CLASS OF UNIVALENT OPERATORS

TEODOR BULBOACA

ABSTRACT. Let H(U) be the space of analytic functions in the unit disk
U and let h € H(U). We define a subset K(g ), C H(U) such that the
operator Ag 4y.n : K(g,4),n — H(U) given by

z 1
A s = |1 [ ot on e
is well defined. Then we determine a class of functions whose images by
A(g,~),n Operators are univalent. In addition, we give some particular
cases of our main result obtained for appropriate choices of h, 8 and ~.

1. INTRODUCTION

Let H(U) be the space of all analytic functions in the unit disk U = {z €
C:lzl<1}andlethe A= {he H({U): h(0) = 0,1 (0) # 0, h(2)k'(2) #
0, for 0 < |2| < 1}. For f € K(g),n C H(U) let F' = A(g,4),n(f) where

1/8

‘”"/ PO O 0| Bved.

(1.1) Fz) = [

This type of integral operators and different particular cases were studied in
several papers like [1], [2], [3], [6], [7], [8] and others.

In the present paper , first we will determine sufficient conditions on A and
the correspondent classes K(g,,)., such that the operator given by (1.1) will be
well defined. Then we will find a class of functions whose images by A 1).x
operator are univalent in U and in addition some particular cases obtained
for different choices of h, § and ~ will be given.

2. PRELIMINARIES

In order to prove our main results, we will need the following definitions
and lemmas presented in this section.
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VIt
Likein [8], let ¢ € C with Re ¢ > 0 and let N = N(¢) = V1T 2R]:ecc+ Ime,

2N
Considering the univalent function k(z) = —1—z2, we define the "open door”
function
z+b
2.1 (2)=k| ——], U.
21) Be(2) (1+bz) €

Note that R, is univalent in U, R.(0) = ¢ and R.(U) = k(U) is the complex
plane slit along the half lines Re w = 0,Im w > N and Rew = 0,Im w <
—N.

For f, g € H(U) we say that f is subordinate to g, written f(z) < g(z2), if
g is univalent in U, f(0) = ¢g(0) and f(U) C g(U).

We denote by A = {f €e H{U) : f(0) = f/(0) —1 =0} and let D = {¢ €
H(U) : §(2) £ 0 for 2 € U, 4(0) = 1}.

Lemma 1. [{] Let ¢,® € D and let o, 5,7,6 € C with B #0,a+6 =08+~
and Re (a +6) > 0. If f € A satisfies

where R, is defined by (2.1) and if the function F is defined by

z /B
(2.2) F = Ag o (f) where Ag ,(f)(z) = [ﬂ_z_;/o fﬁ(t)t"‘ldt}

then
F(z)
z

2F'(z)  2®'(2)
F(2) + ®(z)

FeA, ;éO,zeUandRe[ﬂ +’y}>0,z€U.

(All powers in (2.2) are principal ones.)

A function f € A is called a starlike function of order a, o < 1, if

zf'(z)
Re

f(2)

functions.

> a for all z € U and we denote by S*(a) the class of all these

Lemma 2. [9] Let B >0, 8+~ > 0 and consider the integral operator Ag
defined by (2.2). Ifa € [—%, 1), then the order of starlikeness of the class

Ap(S*(a)), i.e. the largest number § = &(c; B,7) such that Ag (S*(a)) C
S*(8) is given by d(; B,7) = inf{Re q(z) : z € U}, where

o1 s [ () e
q(z) = 500 " B and Q(z)—/o T4, t dt.
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Moreover if a € [ap, 1), where ag = maz {ﬂ—}’;—_l—, —%} and g = Ag ~(f)
where [ € S*(a), then

(e . _1[ B4y
o) @) = G R - ). f L]

where o F1 represents the hypergeometric function.

Re

)_7:|7Z€U7

The next lemma concerns subordination (or Loewner) chains. A function
L(z;t), z € U, t > 0 is called a subordination chain if L(-;t) is analytic and
univalent in U for all £ > 0, L(z;-) is continuously differentiable on [0, +00)
for all z € U and L(z;s) < L(z;t) when 0 < s <t [10, p. 157].

Lemma 3. [10, p. 159] The function L(z;t) = a1(t)z +--- with a1(t) #0
for allt >0 and t_ljin la1(t)] = +oo is a subordination chain if and only if

OL/0z
Re |:z3L/3t] >0,zeU,t>0.

The next lemma is a slight modification of a result of K. Sakaguchi which
provides a sufficient condition for univalence.

Lemma 4. [11, Corollary 3] Let Re 3 > ——;— and for F € H(U), with
F'(0) #0 let

(2.3) J(B,F)(z) =(B-1)

2F'(z) | 2F"(2)

o) T FR -

1
If Re J(1,F)(z) > —%, z €U or Re J(B,F)(z) > —g3 2 € U when 8 # 1
and F(0) =0, then F is univalent in U.

The last lemma deals with the univalent solutions of Briot-Bouguet differ-
ential equations and represents a simplified form of Theorem 1 from [5].

Lemma 5. [5,Theorem 1] Let 8,y € C with 8 # 0 and let h(z) = c+hiz+---
be analytic in U. If Re [Bh(2)+~] > 0, 2z € U then the solution of the
differential equation

. —————qu(z) = h(z), wt =c
q(z) + B 47 h(z), with q(0) = c,

is analytic in U and the solution satisfies Re [Bq(z) +4] > 0, z € U.

3. MAIN RESULTS

QOur first result gives us sufficient conditions on h function such that the
integral operator (1.1) is well defined.
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Theorem 1. Let 8,7 € C with Re (8+7) > 0 and let h € A. Then the
integral operator given by (1.1) is well defined on the subset

27'(2)
72 4 stm@ < R[M(z)} .

Proof. In order to prove our theorem we will use Lemma 1 for o := 8 and

~ := 8. Taking in this lemma ¢(z) = (%Z)) -1 h'(z) and <I>(2) — (%2_))7’

since h € A we easily deduce ¢,® € D.
z¢'(z)
#(2)

Kippyn = {f € H(U) : £(0) =0, f(0) £ 0,5

A simple computation shows that = J(v,h)(2) — v hence the con-

dition

zf'(z) | 2¢'(2)

B 02) + o) + v < Rg+~(2) is equivalent to
B+ 70, (@) < Ronn(2)

ie. f € K,)n and using Lemma 1 we deduce that the function F' =
Agy),n(f) is analyticin U. O

Theorem 2. Let 8,y € C with § + -y > 0. For a function h € A we denote
by

— zh'(z) _ zh'(z)
m—mf{Re'yh(z) .zEU} and by M—sup{Re'yh(z) rzeUyp.
Let 6 be a real number such that
. B+y-—1
(3.1) m—(B8+7) <d<min mim = ————
and
(3.2) maz{0; M} < bty

2F(1,28+y+6-m),B+7+1;3)
and suppose that h function satisfies the inequality

(3.3)

B+
Re J(—y, B)(z) > —= — ,
e J=m b)) 2 2 oF(1,2(8+7+6-m),B+y+1;3

If f € Kgy),n and Re J(B, f)(2) > =48, z € U, then F = Ag ) 1(f) given
by (1.1) is univalent in U. In addition f is also univalent in U.

zeU.

Proof. Since f € K(g,4),» , using Theorem 1 we have that F' = A(g ) n(f)
is analytic in U and by (1.1) we deduce

1 hz) F'(z) 1P

= WF(Z) B xTia 7
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Letting
I PN IC) F'(z)  1"*
Gt @O R

we will prove that L(z;t) is a subordination chain. Using (3.5), a simple
computation shows

(3.5)  L(zt) =

,t>0

BL/az zh'(2)
(3.6) “otj5r = L HOTE) +153
where
(3.7) T(z) = J(B, F)(z) + T _ 2 2)

hz)  h(z)

According to Lemma 3 and using (3.5), to prove that L(z;t) is a subordi-
nation chain it is sufficient to show the next two inequalities:

(3.8) ReT(z) >0,z€U and Re {T(z) +WZZ;S)} >0,zeU.
From f'(0) # 0 we have F'(0) # 0 and if L(z;t) = a1 (t)z + - -- we get
a !
Jim lon(0] = tim |20 = i |57 00+ 97| = oo
Since
— zp'(z) Zh( z) _ zh'(z)
96, 1)) =3ty + L) - ] where p(s) = T(:) 413,

h(z
using the assumption Re J(3, f)(z) > —6, z € U, we deduce
)

(2
zp'(z

(3.9) Re {p(z)+ }> —6+m,zel.

p(z)
Considering the differential equation
zp'(z) _ zh'(2)

from (3.1) we have
e {7(68,0() + 1572

and by Lemma 5 we conclude that this equation has an analytic solution in
U.
p(z)

Denoting by ¢(z) = Ao

zq'(z) m—94
(3.10) Re {q(z)-l— (ﬂ-{—'y)q(z)} > 1y zeU.

}>—5+mZO,Z€U

, then g(0) = 1 and from (3.9) we obtain
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Since (3.10) holds, by using Lemma 2 for B:= 8+, v:=0, a:= T;T_é
Y
we obtain
1
Re q(z) > ,2€U
a(2) 2F(L2B+7+6-m),B+7+1%)
or
B+
3.11 Re p(z) > ,zeU.
(311) Ple) 2F1(L,2(8+v+38-m),B+7+1;3)
From (3.11) and (3.2) we deduce
B+y zh(2)
ReT(z) > — Re >
O Ry ro-m By i )
B+ '
> -M>0,z€U,
2Fi(1,28+7+0-m),B+7+1;3) -
hence ReT(z) >0,z€U.
Similarly, from (3.11) and (3.2) we have
(3.12)
Zh'(Z)} B+~
Re {T(z)+ > >0,zeU
{r0+ 563} > mamrr e

hence both conditions of (3.8) are satisfied and according to Lemma 3, the
function L{z;t) is a subordination chain; thus f(z) = L(z;0) is univalent in
U.

Using (3.7) we obtain

36, F)) = T+ Z 1 5 1) 5 sy
and by combining this equality with (3.12) and (3.3) we get

B+

Re J(B,F)(z) > TF(L2B+y+0-m),Bfty+11)

1
+Re J(—v,h)(z) > —g 2 ev

hence by Lemma 4, the function F is univalent in U, which completes the
proof of the theorem. O

4. PARTICULAR CASES

1. Taking h(z) = ze**, A < 1 in Theorem 2, for the case v € R we have
m =y — |y]|A| and M =~ + |7||A|. Then (3.3) becomes
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- ~ >
Re |1 —~(1+ A2) el 2
1 B+
4.1 —=— ,zeU.
(4.1) 2 oF(L,28+v+6-m),f+v+1;3
Let consider the case 8+ > 1 and let § := v — |y|[A\| — ﬂ—+;—_—1 Then

oF (L,2(8+v+6—m),B+v+1; —%) = 2 and (4.1) is equivalent to

1 3 B-v
42 Re |~vhz — >_2 P27 .
4.2) 6[72 1+/\z]_2 g ZcU
Since
Re |-ydz———| > A - —L zcuU
T T IO M As Y

we deduce that (4.2) holds if  2[y|[A> = (B—v+2]7+3)|A[+B8—-7+1>0
and using Theorem 2 we obtain:

Corollary 1. Let 8,y € R with B+ v > 1 and let A € C with |A| < 1 such
that
2l[|A < B -
and
2P = (B ~7v+20+ )N +B-v+1>0.
If f e HU) with f(0) =0, f'(0) #0 and

ﬂZ]{(S) +14+~(1+Az) - R < Rgy~(2) satisfies
Re J(8, (&) > W+ 2711 s ew

then F' = Ag ) zex=(f) is univalent in U; in addition f is also univalent in
U.

2. Taking h(z) = 1 _: 2’ A <1 in Theorem 2, a simple calculus shows
. Y 2
that if v > 0 th = dM=——.
at if v > en m 1+|)\lan Y

Y B+y-1
141X 2
reasons to the first particular case, (3.3) becomes

—v -1 - 1
Re { v 1 )\z} > B+

> L _PTY ey
T4xz T 1+ 5 g %€

Let consider the case f+v > 1 and let § := . By similar

and since

~-y—1 1-2Az —y—=1  1—|Al
Fe {1+)\z +1+)\z}> T i i€y
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by using Theorem 2 we have:

Corollary 2. Let 3,y € R withy>0and 8+~ > 1 and let A € C such that

—y—=1  1—|A 1 B+x
>_- _
TP S VIR R

and p
o=
A< 2=
Dy
"2) A
If f € HW) with f(0) = 0, f'(0) # 0 and ﬁz}t(g) +1i+—;— < Rysn(2)
satisfies

~1
ReJ(,B,f)(z)>ﬂ+g —1_:"/\|,Z€U

(f) is univalent in U; in addition f is also univalent in

then F = A(Bn’),
U.

TFx=
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