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Abstract. Firstly, we prove a pointwise comparison result for the suitable symmetrized problem
that depends on a small positive parameter A. Then, by these results and by the Schwarz symmetrization,
we obtain some asymptotic relationship between the solutions ¢ of a general € - problem and a sequence
of real numbers Ag. Finally, it is shown an application the preceding results to getting a priori estimates
in the homogenization theory.

1. Introduction and statement of problem

Let Q be a bounded open set in R¥(N > 1) and p and p' be two real numbers,
1<p<+oo,1/p+ l/p' = 1. We consider the general € - problem (g > 0) for

quasilinear elliptic equations of Leray - Lions type with p - growth in the gradient:
Aeug“{'Ff(ue,vug) :O in Q, (1)
ue € WyP(Q) NL=(Q),
where A, is a family of the operators of Leray - Lions type (see [10]) from W,”(Q)
into W~!¥ (Q), and F, is a family of the nonlinear operators of Nemytski type from
Wy (Q) N L®(Q) into L' (Q), which satisfy:
ANy
Agu=— Z aAe,i(X, u(x),Vu(x)) and F(u, Vu)(x) = fe(x, u(x), Vu(x)).
i=1
@)

The families of Caratheodory functions A, ; and f from Q x R x R into R, for every
€ > 0 satisfy the following properties:

3B.; > 0, 3h,; € I (Q), ¥ € R, VE € RY )
| Aci(x,1,8) IS Beil hei()+ | PP+ EPY], aeinQ,
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(yieh veecw.ent @
Z?:l[AE,i(“n n é) - Ae,i(xa n, é*) ](gl - é,'*) > 0, a.e. in Q,

N
Ja; >0, Vn e R, VE € RV, ZAEJ(X’ nLEE= o |EP, aeinQ, (5)
i=1
Elfl-:,o > O’ V’? S R7 Vé € RN3 Ifs(x, T’?é) I<f£0(1+ l é ip), a.c.in . (6)
Under the assumptions (2) — (6), for every £ > 0 we have the existence of a
solution u, of the equation (1) (see for example [5], [6], 7] and [13]-[14]).
Let A, be a sequence of real numbers defined by

Ae = Jf;_o, where @ and f ¢ are defined in (5) and (6). (7
€

In this note we give all details and proofs of the theorems which were announced
in the author’s note [12]. Precisely, we shall investigate the asymptotic behaviour
in Wé“”(Q) N L>®(Q) of the solutions ue from (1) with respect to the asymptotic
behaviour of A, from (7). That is to say, we want to show that the precise boundeness
in R and the convergence to 0 in R of a sequence A, from (7), implies the precise
boundeness in W, () N L (L) and the convergence to 0 in Wy? (Q) N L= (Q) of
a sequence u; from (1). We remark that the families of operators A, and F, from
(1) — {6) have only one asymptotic condition, that is, the asymptotic condition to
(7) (see (9) and (12)).

About some investigations and applications of various £ - problems in the
homogenization of partial differential equations see 1], [2], [3] and [4].

Next, we consider a symmetrized problem with a parameter A > 0:

—div(| Vvy P72 Vvy) = A(1+ | Vv P) =0, in Q¥/{0},
va € WoP (QH) NL=(9¥), (8)
v, is positive, radially symmetric and decreasing function,
where QF is N-dimensional ball centered at the origin 0 with | Q* |=| Q | (| A |
denotes the Lebesgue measure of a measurable set A in RY).
On the existence and the uniqueness results, and properties concerning the

solution v, of the equation (8) see Lemma 4 below.
Firstly, we shall prove:

THEOREM 1. Ler u, be a solution of the equation (1) and let (2) — (6) be
satisfied. If for A¢ from (7) exists a “small enough” constant B > 0 such that
Ae < B, Ve>O, 9)

then there exist two constants ¢; = ¢|(B) > 0 and c; = c2(B) > 0 such that the
Jollowing a priori estimates hold true:

|| ue [0 @< €1(B) and || Vue ||py< 2(B), Ve > 0. (10)

Moreover, the constants ¢ and ¢, satisfy:

ci(B) =l vg llrc(@ry and  c2(B) =l Vvg llpiams (11)
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where vg is the unique solution of the equation (8) for A = .

The assumption, B is “small enough”, is needed in the lemma 4 below.
Next, we shall obtain the limit behaviour of u, from (1) with respect to the limit
behaviour of A¢ from (7):

THEOREM 2. Let u; be a solution of the equation (1) and let (2) — (6) be
satisfied. If A from (7) satisfies:

As =0, as €0, (12)
then the following estimate holds true:
uc =0 strongly in Wy (Q) N L®(Q). (13)

The proofs of the preceding theorems will be made in Section 3.

A GENERALIZATION. Now, we give some generalization of the results from
Theorem 1 and Theorem 2 to a slightly general equation with p - growth in the
gradient:

{ Acue + He(ue) + Fe(ue, Vue) =0 in Q, (14)
ue € Wp¥(Q) L™ (),

where the families of operators A, and F; are as in the equation (1), and H, from
L>(Q) into L'(Q) satisfies:

He(u)(x) = he(x,u(x)) ae.inQ, (15)

where the family k. of Caratheodory function from X R into R, for every € > 0
satisfies:

V1 € R, he(x,n)sgn(n) 2 0a.e. in Q;
Jhep € LY(Q), hep = 0, VM > 0, 3C. = Cc(M) > 0, (16)
VNER, | nISM, |h(x,n)|< Ce(M)heo(x) ae. in Q.

THEOREM 3. Let u; be a solution of the equation (14) and let A, be defined by
(7). Let (2) — (6) and (15) — (16) be satisfied. If A¢ satisfies (9) then for uc we have
(10) — (11). Also, if A¢ satisfies (12) then for u; we have (13).

Thanks to the proofs of Theorem 1 and Theorem 2, the proof of the preceding
theorem we leave to reader.

AN APPLICATION TO THE HOMOGENIZATION THEORY. It is very well known that
in many problems of the classical and abstract homogenization theory (see [1], [2],
[3] and [4]), where @ and f¢ o from (5) — (6) are independent of € (therefore (9) will
be satisfied), it is very important to obtain a priori estimates which are independent
of a small parameter € (for p = 2 see [2]). These a priori estimates, in this note, we
obtain particularly from the general result of Theorem 1. In this direction we will
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replace the assumptions (5)-{6) with the following:

N
3o >0,VneR VEERY, Y Aci(x,n,E)& > a | EP, ae.inQ, Ve >0,
i=1
(17)
Ifo>0,VNER, VEERY, |fe(x,n,E) IS fo(l+ | EP), ae.inQ, Ve > 0.
(18)
where the ratio fo/« is “small enough” (see the proof of lemma 4 below).
According to the result of Theorem 1, it is easy to check that the following
result holds true:

THEOREM 4. Let u; be a solution of the equation (1) and let (2) — (4) and
(17) — (18) be satisfied. Then there exists two positive constants ¢ and ¢, such that
the following a priori estimates hold true:

“ Ue ”Loo(g)g c1 and ” Vu, “UJ(Q)S ¢, Ve>0. (19)

Moreover, there exists a small constant A > 0 independent of € such that the
constants ¢\ and c¢; satisfy:

Ci =” Vi ”Lco(gn) and c2 :H ‘711}~ “lP(Q“)y (20)

where v, is the unique solution of the equation (8).

2. Comparison results with a parameter

This section deal with the comparison results from Lemma 3 and Lemma 5
below. Before giving the proofs of these results, we first repeat a comparison
principles of two Lemmas from [12].

For fixed a,b € R, a < b and for every ¢ € (a, b], let W, denotes an arbitrary
subset of C([a, c]) - denotes space of all continuous functions on [, ¢] and let X be
an operator from W, into C([a, c]) which is independent of ¢ and satisfies:

{ for every ¢ € (a, b) there exists & = a(c) € (0, 1) such that (21)

” K(p - Kl[/ ”L°°(a,c)< a(c) “ -V “L°°(a,c) V(P, Y e Wa,c-

We first give a local result in any [a, b] for the sub { sup} -comparison:

LEMMA 1. Assume that (21) holds and let ¢,y € W,, be two arbitrary
functions which satisfy: the restrictions @ |jac), W o) € Wa, for all c € (a,b) and

{ ¢(a) = y(a),
o(s) < (Ko)(s), { @(s) > (K@)(s) }, w(s) = (Kw)(s), Vs € [a,b]. @)
Then

{ there exists no ¢ € (a, b) such that

0 # yin(a,cand 0(s) > v(s), {0(s) < ()}, Vselad. &)
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Let ag, by € R, ag < by be two fixed numbers. Now, we give a global result on
[@o, bo) for the sub { sup} -comparison:
LEMMA 2. Let @, y € C{[ag, bo]) be two arbitrary functions which satisfy:

¢(ao) = Y(ao), for all a\ € |ag, bo) for which @(a1) = y(ar)
there exists by = by(a;) € (a1, bg] which satisfies.

there exists no ¢ € (ay, b,) such that (24)
@ # yin(ai,cland o(s) 2 w(s), { 0(s) < y(s) }, Vs € lay,cl.
Then we have
o(s) S w(s), {o(s) > w(s) }, Vs € [ao, bo]- (25)

For the proofs of Lemma 1 and Lemma 2 see in [12].
Now we consider a nonlinear ordinary differential equation with a parameter
A>0:

day Jds = 1+ Co(A)® "M (5), Vse (0,] Q]

; (26)
@(0) =0 and & "M@ (5) 50 as s— 0,
where @), : [0,| Q |] = [0, +00), and Cp(A) defined by
Co(d) = /(NP (27)

Here Cy denotes the measure of N - dimensional unit ball in R¥. One can show that
there exists a unique function wy € C!([0,] Q |]) which satisfies (26), where A is
“small enough” (see the proof of lemma 4 below).

We are now able to prove:

LEMMA 3. Let A and ji be two real numbers, 0 < A < p and let ®, and W, be
two corresponding unique solutions of the equation (26). Then we have:

w1(s) < 0u(s), Vse[0,] Q] (28)

Before giving the proof of Lemma 3, we will need some technical results.

In this direction, we will use repeatedly the following notations: let the real
numbers A, a, b, m and M satisfy: A > 0,a € [0,] Q |), b € (a,] Q |]; for
a=0letm=0andM > 0; fora > 0letm > 0and M > m/a. Next, let set
Zap = Zyp(m, M) and operator K, = K, (a, m) from Z,  into C([a, b]), be given by:

Zop ={®:[a,b] = [0,+c0) : ¢ € C([a,b]), ¢(a) =m, ¢(s) < Ms on [a,b]},
(29)

(K20)(s) =m—a+s+ Co(A) / P NG (Ydr Vg € Zop,  (30)

where Cy(A) was defined by (27).
With these notations we now can state the following technical results:



66 M. Pa3i¢

PROPOSITION 1. Forall A > 0, a € [0,| Q |) and any m,M as in (29) — (30),
we have:

foreveryc € (a,| Q|| are Z,. C C(la,c]), K3Zsc € C([a,c]) and
there exists b = b(a,M, ) € (a,| Q |] such that
for every c € (a,b) there exists a = a(a,c,M,A) € (0, 1) such that
” KA(P - KAV/ ”L°°(a,c)< (X(a, C,M,A) ” -y ”L°°(a,c) 3 VQ’, LS Za,c-

(31)
Proof. On the similar way as in the proof of (19) from [12], we prove {31). O

PROPOSITION 2. Let A and p be two real numbers, 0 < A < u. Then for any
fixed a,b,m, M as in (29), we have:

(Ka@)(s) < (Ku@)(s), Vs € [a,b], Y € Zop. (32)

Proof From A < u follows Co(A) < Co(u) (see (27)) which together
with (30) immediately implies (32) (Kx = Ka(a,m), K, = K,(a,m) and Z,, =
Zap(m,M)). O

PROPOSITION 3. Let A and | be two real numbers, 0 < A < U and let w;
and @, be two corresponding unique solutions of the equation (26). Then for all
a € [0,| Q |) for which wy(a) = w,(a) there exists M as in (29) such that for
m = w; (a) = wy(a) and any b = b(a) € (a,| Q |] we have:

W), Oy € Zyp and wy 1[a,c]a @y I[a,c]e Zse, Ve € (a, b)a (33)
02 (s) < (Kuwa)(s) and wu(s) = (Kuwu)(s), Vselab],  (34)
wy(s) = (Kawa)(s) and wu(s) = (Kywu)(s), Vs € [a,b]. (35)

Proof. Leta € [0,| Q |) and w, (a) = w,(a) = m. Integrating (26) over [a, 5],
from (30) we have that w; = K3 @; and @, = K,w,. Now by these equalities and
by (32) we obtain (34)-(35). Finally, we have (33) for M = max{M; M, } where
M and M, we obtain by Remark 1 from [12]. [.

Proof of Lemma 3. With the help of the Proposition 1 and Proposition 3, we
have in the particular case that (21)-(22) hold true on [a, b] for alla € [0,| Q |) for
which w; (@) = wy(a), b = b(a, M, u) -from (31), M -from (33), ¢ = wy, ¥ = @y,
K = K,(a,m), m = wy(a) = wy(a) and W, = Z,.(m, M) (see (29)-(30) for
A = u). Then from Lemma 1 and (23) in this particular case, we have (24) for
ap =0,by =| Q |, p = w; and ¥ = @,. Then from Lemma 2 and (25) immediately
follows (28). O

LEMMA 4. There exists a unique solutionv; € C(QH)NWh> (QH)NCA(Q*/{0})
of the problem (8), where A is “small enough”. Moreover v, depends only on the

constants N, p, A, Cy, | Q | and for all x € Q¥ and for all s € (0,| Q || we have:

* N * CO(A) I ’(—1-;—1/N) p’/p
valx) =vi(Cn|x|") and VA(S)ZT P w; ""(r)dr, (36)
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where ), is the unique solution of the equation (26) and Co(A), A, Cy from (27).

Remark. In the recently author’s note [14] was remarked that the preceding
existence result for the equation (8) and the existence result for the equation (26)
are in fact only valid under the following supplementary hypothesis: A is “small
enough”, that is to say if A satisfies:

!

1/N
A< NCy ( {)
Np +1)

2| QF [N
This fact obviously follows from the classical Banach fixed - point theorem {on this
classical technique, see for example the proof of Theorem 1, [12], pp. 364). But, in
the case for A “big enough” it seems it is not elementary to prove that there is no any
bounded solution of (8) and (26). For more details, see [8]. O

)llp' .

Summarizing the above results of Lemma 3 and Lemma 4, we can prove:

LEMMA 5. Let A and (L be two real numbers, 0 < A < u and let v) and
v be two corresponding unique solutions of the equation (8). Then the following
comparisons hold true:

va(x) Svu(x) in Q¥ and || i lizee(@n <l Vi llzooins (37)

It Vva llren <Il Vvu llr @y - (38)

Proof. Since Co(A)/A < Co(u)/u (see (27)) then according to (28) and (36)
obviously follows (37). Also we have:

19 = Ny [ 070 =
el !

= (NCYMYP C"f))” / SN Gf (s)ds <
A .
1Q !

< (NC¥yp Co(u))p / & Mg (5)ds =

12
= (vely [0 2 Pk ds = Vv Iy

3. Proofs of the main results

In this part, we shall give the proofs of Theorem 1 and Theorem 2. As the
first, the relation between the general € - problem (1) and the suitable symmetrized
problem (8) for A = A, where A, is from (7), is given by the following resuit:
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LEMMA 6. Let u, be a solution of the equation (1) and let (2) — (6) be satisfied.
Then a priori estimates hold true:

| ue llzoo@ <l ve ooy and || Ve {|p@) <l Ve llpon), V€ >0, (39)

where v, is the unique solution of the equation (8) for A = A, and A is from (7).
Proof. This proof immediately follows, using Theorem 3 from [12]. O

THE PROOF OF THEOREM 1. Thanks to (9) and (37)-(38) for A = A (va = ve)
and u = B (vu = vg), from (39) we have:

|| e ||Loo(@) I Ve |lzoo(@n <Il VB [lLoo(@ny= c1(B), Ve >0, (40)

| Ve @<l VVe llren<il Vvp llp@n= c2(B), Ve >0, (41)
which prove the desired results. O

THE PROOF OF THEOREM 2. According to (12) we have particularly that there
exists a constant § > 0 such that A, < B, Ve > 0. With the help of (39), (36) - for
A = A¢ (where A; from (7)) and (28) - for A = A, (W) = @) and u = B, since
Co(Ae)/Ae = 0 as A, — O (see (27)), we obtain:

Co(4e)

e ooy < ve g =v204) = 522 [
€ 0+

|Q] ’ U
) (—1+1/N)wg /p(r)dr <

]QI 7 U
< CO(AE)/ P (—H—I/N)wg /p(r)dr —0 as A —0,
A’G 0+
Also we deduce:

el dv*
1/N - VY,
| e Wiy <l P W= (VCYp [ 1=t 2 p s

0+
e '
— (veyp( Dy [ G emay (ga <
€ 0+
Q. ’
s(Nc,‘/”)P(%ie))P A & CHN P (5)ds 0 as A = 0. O
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