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Reduction of Dimension for Parabolic Equations
via Two—Scale Convergence

Sanja Marusi¢* and Eduard Marusi¢-Paloka'

Abstract. Inspired by the similar ideas from homogenization theory, in [9] we introduced
the notion of two-scale convergence for thin domains that allow lower-dimensional approxima-
tions. We generalize that idea to evolutional spaces appearing in study of parabolic equations.
We prove the compactness theorem, analogous to the one in stationary case. We apply our
method to quasi-static lubrication problem.
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1. Introduction

The notion of two scale convergence was introduced for periodic homogenization
by Nguetseng [11] and fully developed by Allaire [1]. Tt is a powerful tool that avoids
formal two-scale expansions and generalizing the idea of the energy method enables
an easy proof of convergence of homogenization process.

Two-scale asymptotic expansions are also the most common tools for study of
processes in thin domains and derivation of lower-dimensional models for their de-
scription (see e.g., [5, 6] (elasticity), [2, 3, 4, 7, 10] (fluid mechanics)). The method
used in those papers can be roughly described as follows:

1. The problem, originally posed in a thin domain, is rewritten on a domain with
unit thickness by introducing a new, dilated (or fast) variable. To do so, the
differential operator has to be replaced with a new one, containing the derivatives
with respect to the dilated variable. As a consequence, the negative powers of
the domain thickness appear, singularly perturbing the operator.

2. On such rescaled domain, independent of the small parameter one can derive the
a priori estimates and pass to the limit in the perturbed equation in order to
get the lower-dimensional approximation. Very often passage to the limit is not
straightforward, but we need to have a good candidate for the limit in order to

*Faculty of Transport and Traffic Engineering, University of Zagreb, Vukeli¢eva 4, 10000 Zagreb,
Croatia, e-mail: marusicsQmafpz.fpz.hr

fDepartment of Mathematics, University of Zagreb, Bijenicka cesta 30, 10000 Zagreb, Croatia,
e—mail: emarusic@math.hr



156 S. Marusi¢ and E. Marusi¢—Paloka

choose an appropriate test function. Such a candidate has to be computed by an
asymptotic expansion (see e.g., [2]). Furthermore, the obtained convergence is
the convergence of the rescaled sequence of the solutions, and not of the original
solutions.

3. If the problem is strongly nonlinear and non-monotone the weak convergence
from step 2 is insufficient to pass to the limit and the correctors giving the strong
convergence have to be found (see e.g., [3, 4]). If one wants to find the correctors
and get the strong convergence, the asymptotic expansion of the solution has to
be computed even for linear problems (see, for instance, [10, 6]).

In analogy with the homogenization theory in [9] we have developed the notion
of two-scale convergence as a tool for deriving lower-dimensional approximations for
stationary problems in thin domains. We generalize that idea to evolutional spaces
L(0,T; W*=") typical for the study of parabolic PDEs. It enables us to avoid the
three steps described above. To apply the two-scale convergence, we only have to find
sharp a priori estimates. Directly from those estimates we can deduce the form of
our limit and choose the test functions of the same form. We do not need to change
the domain and write the problem in new variables, but can pass to the limit in the
original equation. In addition, our method gives the convergence of the traces.

Finally, in this paper, as an illustration of our method, we study the viscous fluid
flow between two rigid, rough surfaces in relative motion (the lubrication problem).

2. Definition of the two-scale convergence for thin domains

Definition 1. Letw C R™ be a bounded C%* domain, and let {S(x')},1¢c. be a family
of bounded C%' domains S(z') C RY. We define a thin domain Q. C R™+¢

Q. = {z = (2% 2%) e R™ | 2! € w,2? € eS(2!)},
I = {z= (2", 2%) e R" | 2! c w,2? € 0S(z)},
. = 90\ L.

We put Q = Qp, ' =14, ¥ = %1. Let T > 0. We say that a sequence {v¢}eso,
such that v¢ € L%(0,T;L"(£)), L1(0,T; L")-two-scale converges to a function V €
LY0,T; L"(Q)) (notation: (L9(0,T;L")-2s)) if

1T @ 4 1 1 1
;g%gfofﬂsﬂx,tm(x ,;,t) dodt= [ [ v gt ol 0oty
Vo e L7(0,T; L7 (), 1/r+1/r' =1, 1/g+1/¢ =1.

We say that a sequence {v°}esqo strongly L9(0,T;L")-two-scale converges to V €

L0,T; L"(Q2)) (notation: (s—L2(0,T;L")-2s)) if
2

_— ve(x,t)V<:c1,x—,t> =0.
€ JlLeorier.)




Reduction of Dimension for Parabolic Equations via Two—Scale Convergence 157

Obviously, if {v¢} (L9(0,T; L")-2s) converges to VO € L4(0,T; L"(Q)), 1 < g,7 < o0,
and

Ehil(l) 55/7'
then v — V9 (s—L9(0,T; L")-2s). Furthermore, if v¢ — V9 (s—L%(0,T; L")-2s) and
w® — W9 (L*(0,T; L7)-2s) where 1/r +1/y=1/8,1/q+1/a=1/0, 0,3 > 1, then

v | Laco,msnr(920)) = [V a0, 107 (92))

v¥w® — VOWC  (L°(0,T; LP)-2s).
As an easy consequence of Definition 1, we also get that v* — V (L%(0,T; L")—2s)
implies

1

7/ v° (-, 2?) da? — V(-,y)dy weaklyin L9(0,T;L"(w)).
€ Jes() 5()

3. Two-scale compactness

The main goal of this paper is to give the compactness theorem for such conver-
gence. We use the obvious notations for the formal partial differential operators

s o6 T O6m
Vpi¢p = O e1+ + Oz €m, divyr ¢ = O + + 6$m’
09 ¢ . ~ OPm1 OPn,
V2o = Dot Em+1 T + 92 €n, div,2 ¢ = DTmis + + oz,
Vy¢ = em+1 + -+ =—en, divyp=——+---+ —.
y¢ amerl 1 ayn Y ¢ amerl ayn

Our next result is the main compactness theorem for the two-scale convergence. This
is, in fact, a simple generalization of the analogous result from [9] to evolutional spaces.

Theorem 1. Let {v°}.50, be a sequence of functions such that v¢ € L9(0,T; L"(Q.)),

1 < q,T S 0 and
1 £
Q|17 [v¥[La(o,miLm(00)) < C.

(i) Then there exists a subsequence {v¢ }oso and a function VO € L(0,T; L"(Q))
such that v¢ — VO (L9(0,T; L") 2s).

(i) Let X9 be a space of measurable functions ¢ on |0, T[ x w such that |S|'/"¢ €
LY0,T; L"(w)). If

i Vleerwin@y) < € (1)

. ’
then there exist a subsequence {v° }or>o0,

VO = VO(Il,t) S VAR {¢ S Xor | V:51¢ € (qu)m}a
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and
WP ey ={¢eL0,T;L"(Q)) | V¢ € LU0, T; L"(€2))"}
such that )
v — VO (L90,T;L")-2s)
Vo = Va VO + v, W (L9(0,T; L")-2s).
(iii) If
13
ARG IVv®|Lago,msnm9.)) < C (2)

then there exist a subsequence {v¢ }oso and WO € YO such that

oo — WO (L(0,T;L")-2s)
eVvS = V,W° (LI(0,T;L")-2s).

(iv) If
. 1 .
limy 17 Vet lpao w0 = 0
then the limit VO satisfies VO = VO(z!') € X7,

Proof. Since time ¢ acts as a parameter, the above theorem is an easy generalization
of the stationary version of the compactness theorem from [9]. We give a sketch of the
proof and refer to [9] for details.

(i) We define the rescaled function Ve(x!, y,t) = v°(a!, ey, t) for which
VL, mizr@) < C.
We can extract a subsequence {V'} converging to some V0 € L9(0,T; L"(Q))

weakly in L9(0,7; L"(€2)). That is equivalent to the (L9(0,T;L")-2s) conver-
gence of v° .

(é) If, in addition, (1) holds, then
Vo1 VE | Lao, i) < Cs IV VE|La(o,riLm()) < Ce.

We first get that V,V® = 0 implying V° = VO(z!,t). We have, in addition, that
5_1|VyV€|Lq(07T;LT(Q)) < C. Therefore, there exists W9 € Y& such that

eV, Ve =~ V,W? weakly in L1(0,T; L"(2)).

The proof of (ii) is the same as the proof of existence of W in (4). The proof of (iv)
is analogous to the proof that V0 = VO(zl ¢) in (ii). [ |

We also have the same convergence results for traces as in the stationary case.
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Proposition 1.
(i) Suppose that {v}.>0 is a sequence of functions

v® € LU0, T;Wh(QL)), 1<q,r<oo
such that (1) holds. Then, in addition to (i) from Theorem 1, we have
2

2
hm—// [ z,t) < tﬂ w<x1,x—,t) dS. dt = 0,
6~>OE . €
2 5
hr%ge 1// [ 0<9317 ,t)] ¢<:c1, ,t) dl.dt =0,
e—

for any ¢ € LY 0,T; L (2)) and ¢ € Lq/(O, T; L’“/(I’)).

(i) Suppose that |S(zt)| > co > 0 (for simplicity) and that each S(z1) is star-shaped
with respect to (x1,0). If (2) holds, then, in addition to Theorem 1 (iii), we get

2 2
lim —— 1// < 0<931, ,t)> d)(zl,z—,t) dl'. dt =0,
e—0 & . €

for any ¢ € LY (0,T; L™ (I)).

Proof.
(i) As in the proof of Theorem 1, we get the uniform estimates for rescaled sequence
Vein L0, T; WHT(2)), and the result follows from the boundedness of the trace
operator v : Lq(O T;Whr(Q)) — L0, T; L™ (09)).

8 m|R
8

™ |
o |

o |8

(ii) The rescaled sequence V(xl,y) = v°(z!,ey) satisfies the uniform estimate
[VElyar < C implying that [yo(V®)|Le0,1;r)) < C, and we see that Ve — V0
weakly in L?(0,T; L"(T")). [ |

Remark 1. The estimate (1) is typical for the case when the boundary condition on
I'c is dynamic, like Neumann’s or Robin’s. Consequently, the convergence of traces on
I'c is not of particular interest as is the convergence on Y., where Dirichlet’s condition
can be imposed. On the other hand, the estimate (2) is typical for Dirichlet’s problems,
and the above result is important for trace on I'. However, we have no information
about the value of VO on X. This effect, typical for Dirichlet’s problems in thin domains
1s called the boundary layer phenomenon.

However, the boundary layer on the lateral boundary ¥ for incompressible fluids
appears only in direction tangential to the boundary, while the normal traces converge.

Proposition 2. Let {v°} be a sequence such that v¢ € L1(0,T; L™(2)), 1 < q,r < oo,
dive® =0, v n=0onT? = [0,T[xT. and (2) holds. Then there exist a subsequence
{v°'} that (L9(0,T; L")-2s) converges to some VO € L4(0,T; L"(R)), div, V° = 0 and

div,1 (fs(xl) Vo dy) = 0. Furthermore (ﬁ fa/s(') o sz) N (fs(.) Vo dy)
weakly in LY (0, T; W=7 (dw).

Proof. Follows from Theorem 1 and a simple partial integration. |
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4. An application

4.1. Description of the problem

We consider the flow of a viscous fluid in a thin domain between two plates in
relative motion. This is a classical problem of a lubricant injected in a slipper bearing
(see [2, 7] for a stationary case). We suppose that two surfaces I'* are rough (so that
the bearing needs to be lubricated), and that they are moving with time dependent
velocities sy (t), respectively. The microscopic flow of lubricant, which is supposed
to be a viscous, Newtonian fluid, is governed by the Navier—Stokes system. We are
interested in a global (macroscopic) behaviour of the flow of lubricant. In fact, by
asymptotic analysis of the Navier—Stokes system in a thin domain (with thickness
that tends to 0), we want to find a 2-D model for description of such a thin film flow.
In the stationary case the macroscopic law is the Reynolds law. Here, we get the
quasi-stationary Reynolds law, where time appears only as a parameter.

We suppose that w C R2 is a bounded C%! domain, and that the shape functions
h* € C?(w) satisfy ht > 0, h~ < 0. We finally define
Q. = {z= (2" 23) € R | 2! = (21, 22) € w,eh™ (z') < 23 < eh™ (2},
E = {z3 = ch*}).
For time interval [0, T], T > 0, the flow is assumed to be governed by the Navier—Stokes
system

ous

e pAuE 4+ (uFV)us +Vp© = f in QF = Q. x]0,T], (3)
divu® =0 in QF, (4)
uf = e?sy = 2(sF,55,0) on TTE =TF x 0,77, (5)
u =elg (xl,%) on Xl =% x]0,T], (6)
u®(+,0) =eug in Q, (7)

(
where s (t), s3(t), s; (), s5(t) € HY0,T), f € CHw x [0,T))3, uo € H?*(w)3,
g = (g1,92,0) € H'(0,T; H3?(%))3, Js9(t) -n =0 and gz, hE 1) = si(t) (ae.)
for t €]0,T.
Under the above conditions, due to the fact that we are treating the case of a
small Reynolds number

po o 0()
we can apply Theorem 3.7 from [12] and conclude that the problem (3)—(7) has a
unique solution

u® € H'(0,T; H'(Q)) nWH>(0,T; L*(Q))?
and p® € L%(0,T; L?(Q:)/R).
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4.2. A priori estimates

The only part in applying our method that demands an effort is the derivation of
sharp a priori estimates.

Proposition 3. Under the above conditions there exists a constant C > 0, indepen-
dent of €, such that

1 -2, €

VI |E u |L2(Qg) <C (8)
£ _

NEOR| V(e 2ua)|L2(QET) <C (9)

1 out
_— = <C 10
VIQ: | 0t [p2ory ™ (10)

1
N[ VP 20,711 (00)) < CF (11)
1

T |pE|L2(QET) <C (12)

i

Before starting the proof, we recall the result from [8] (see also [9]).

Lemma 1. For any r € [1,3[ and q € [1, ;’%T[ there exists a constant C(r,q), inde-
pendent of €, such that

|| La(ny < C(r, g)ettia )|V¢|LT(QE)7
for any ¢ € WET(Q.) such that ¢ = 0 on some part of T'T with positive measure.

To begin the proof of Proposition 3, we define the function h € H(0,T; H(Q2))3
such that, for any ¢ € [0, T

divh(,t)=0 in,
h(t) =s+(t) onT=,
ha',y,t) = g(z',y,t) on X,

and |h| g1 (0,7;51 (0)) < C. We now define

o) = 1 (2. 22) o 22) o1 2))

so that the function v® = u® — 2H¢ is divergence free and has a zero trace on 9.
We can now prove (9).

Lemma 2.

|VU8|L2(O,T;L2(QE)) § 083/2.
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Proof. Multiplying (3) by v® and integrating over Q' we obtain
3
€
|Vu5|%2(93) =3 |u0|%2(w) + MEQ/ VutVH® + 52/ (u*V)H®v® + ot

Since

/QT (WV)H u® < 053/2|VU6|%2(95T)|VH8|L°°(0,T;L2(QE)) < CE|VUE|%2(QET),

the claim is proved. [
Lemma 3.

ous

< .
ot Ve

Loo(0,T:L2(Q0))

Proof. We follow the proof of Theorem 3.7 from [12]. Let {ug,} denote the sequence
of Galerkin’s approximations for u®. For ¢ = 0, by direct integration we obtain

2

ous,
‘ ot (0 L2(Q) = (EulAuohz(Qe) +€2‘/E|UO|L°°(W)|V“0|L2(W) + \/E|f('70)|L2(w))
ous, OH® 2
L2(Qc) L2(Qc)
leading to
6 €
m(,0)| <OV
L2(Qc)

As in the proof of Theorem 3.7 from [12], we conclude that 1 — Ce®/2|Vu,|12(q.) > 0
du
[z

n and integrating

for any ¢ € [0,T]. Now, deriving with respect to ¢, multiplying by =z

over Q' we obtain
2
ou;, OH*
<C = (-,0
y (‘ 0 V( ot )

L2 (Qa at

2 2 2

N

+et

L2(QT)

€
‘ ous,

ot

)gc\/g.

L2(Qf)
| ]
Lemma 4.

IVp©lL20,mm-1 () < e3/2,

Proof. Let ¢ € H}(Q1)3. Then

lo) = |

of

ous

(VU’EV¢ - (U’EV)U’E¢ + f¢) - / a—;n ¢ < CES/2|V¢|L2(O,T;L2(QE))-

Q7
|

Finally, we need a variant of Necas inequality (see [9] for the proof).
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Lemma 5. There exists C > 0 such that, for any ¢ € L?(QL),

\«zxw SRy T

< Ce VP2 001 (00)-
L2(Ql)
Now an application of Lemma 5 on (11) proves (12), ending the proof of Proposition 3.

Theorem 1 and Propositions 1 and 2 imply the existence of U? € Y22, PO =
PO(a!t) € L*(wr), wr = w x ]0, T, such that (up to a subsequence)

0
) sflwm%eg, pF— PO (LX0,T;L7)-25),  (13)
0
aUg —_ 0,
oy

h+
div, (/ uU° dy) =0 inwp,

U’=sy onTE=T%x]0,T],

Ud=0 onTi = U =0,

ht ht
(/ Uody)~n</ gdy)~n on Jw.
_ h—

Since UY = 0, we choose a test function ¢ € Y22 such that ¢ = 0 on 9Qr, ¢35 = 0.
Using the above convergence, we pass to the limit in the variational form of (3)

a )
[ [ veve s [ @ = [ g [ pdiva o,
ar Ot " Jor ar ar ar

where ¢ (z,t) = ¢ (x*, %, ), and we get

oU° 09 _ 04 ( >
u/QT 9y Oy QTf(bJr/WTP div, /7 ody ). (14)

This is a two-scale problem.

Proposition 4. There erist a unique U° = (U, UY,0) € Y22 and a unique (up to a
constant) P € L*(wr) solution of (14). Furthermore, we have

2770
waayU; =f—VuP’ inQr=0Qx]0,T]

ht
div </ U° dy> =0 inwr, (15)

nt nt
</ Uody> ‘n = </ gdy> ‘n ondwp, U°z',h*t)=s.
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The uniqueness implies that not only subsequences, but whole sequences in (13) are
convergent. The above problem (15) can be decoupled and we obviously have (16)—
(18). To summarize, we have the following result.

Theorem 2. Let (u®,p®) be the solution of the Navier—Stokes system (3)—(7). Let
P e L?(0,T; HY(w)) and U° € Y22 be the solutions of the quasi-stationary Reynolds
system (where t is only a parameter)

1 _ ht — —h~
U0 = 5oy =) =) = Vi P) b =g sy +
—div (*(f = V. P%)) = 6uV0 - (sy +s_) inuwr, (17)
h+

0*(f — VP -n= 12p(/ gdy) ‘n—6uf(sy +s-)-n ondwr, (18)

where 0 = ht —h™. Then
UE
= U, p*— P° (L*(0,T;L%2s).
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