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Abstract

The paper discusses and surveys some aspects of the potential theory of subordinate Brown-
ian motion under the assumption that the Laplace exponent of the corresponding subordinator
is comparable to a regularly varying function at infinity. This extends some results previously
obtained under stronger conditions.
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1 Introduction

An R%valued process X = (X; : t > 0) is called a Lévy process in R? if it is a right continuous
process with left limits and if, for every s,t > 0, X4 — X, is independent of {X,,r € [0, s]} and
has the same distribution as X; — Xy. A Lévy process is completely characterized by its Lévy
exponent ¢ via

Elexp{i(¢, X;)}] = exp{—t®(£)}, >0, € R

The Lévy exponent ® of a Lévy process is given by the Lévy-Khintchine formula

B(6) = ifl.€) + (6 46D + [

Rd (1 - ei(&x) - Z<£ax>1{|x|<l}) H(d$)7 5 € Rd?

where | € RY, A is a nonnegative definite d x d matrix, and II is a measure on R? \ {0} satisfying
[(1 A |z]?)TI(dz) < co. A is called the diffusion matrix, IT the Lévy measure, and (I, 4,1I) the
generating triplet of the process.

Nowadays Lévy processes are widely used in various fields, such as mathematical finance, actu-
arial mathematics and mathematical physics. However, general Lévy processes are not very easy
to deal with.

A subordinate Brownian motion in R? is a Lévy process which can be obtained by replacing the

time of Brownian motion in R? by an independent subordinator (i.e., an increasing Lévy process).
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More precisely, let B = (B; : t > 0) be a Brownian motion in R? and S = (S; : t > 0) be
a subordinator independent of B. The process X = (X; : ¢ > 0) defined by X; = Bg, is a
rotationally invariant Lévy process in R? and is called a subordinate Brownian motion.

The subordinator S used to define the subordinate Brownian motion X can be interpreted as
“operational” time or “intrinsic” time. For this reason, subordinate Brownian motions have been
used in mathematical finance and other applied fields. Subordinate Brownian motions form a very
large class of Lévy processes. Nonetheless, compared with general Lévy processes, subordinate
Brownian motions are much more tractable. If we take the Brownian motion B as given, then
X is completely determined by the subordinator S. Hence, one can deduce properties of X from
properties of the subordinator S. On the analytic level this translates to the following: Let ¢ denote
the Laplace exponent of the subordinator S, that is, Elexp{—AS;}] = exp{—t¢(N\)}, A > 0. Then
the characteristic exponent ® of the subordinate Brownian motion X takes on the very simple form
®(z) = ¢(|z|*) (our Brownian motion B runs at twice the usual speed). Therefore, properties of
X should follow from properties of the Laplace exponent ¢.

The Laplace exponent ¢ of a subordinator S is a Bernstein function, hence it has a representation

of the form

o=t [ (1= i

(0,00)
where b > 0 and p is a measure on (0, 00) satisfying f(o,oo)<1 At) p(dt) < oco. If p has a completely
monotone density, the function ¢ is called a complete Bernstein function. The purpose of this work
is to study the potential theory of subordinate Brownian motion under the assumption that the
Laplace exponent ¢ of the subordinator is a complete Bernstein function comparable to a regularly
varying functions at infinity. More precisely, we will assume that there exist @ € (0,2) and a

function £ slowly varying at infinity such that
d(N) < A20(N), A — 0.

Here and later, for two functions f and g we write f(A) < g(A) as A — oo if the quotient f(\)/g(A)
stays bounded between two positive constants as A — oo.

A lot of progress has been made in recent years in the study of the potential theory of subordinate
Brownian motions, see, for instance [13, 14, 25, 26, 27, 31, 35] and [6, Chapter 5]. In particular,
an extensive survey of results obtained before 2007 is given in [6, Chapter 5]. At that time,
the focus was on the potential theory of the process X in the whole of R?, the results for the
(killed) subordinate Brownian motion in an open subset still being out of reach. In the last few
years significant progress has been made in studying the potential theory of subordinate Brownian
motion killed upon exiting an open subset of R%. The main results include the boundary Harnack
principle and sharp Green function estimates. For the processes having a continuous component
see [26] (for the one-dimensional case) and [12, 13, 14] (for multi-dimensional case). For purely
discontinuous processes, the boundary Harnack principle was obtained in [25] and sharp Green

function estimates were discussed in the recent preprint [27]. The main assumption in [13, 14, 25]



and [6, Chapter 5] is that the Laplace exponent of the subordinator is regularly varying at infinity.
The results were established under different assumptions, some of which turned out to be too strong
and some even redundant. Time is now ripe to put some of the recent progress under one unified
setup and to give a survey of some of these results. The survey builds upon the work done in [6,
Chapter 5] and [25] The setup we are going to assume is more general than all these of the previous
papers, so in this sense, most of the results contained in this paper are extensions of the existing
ones.

In Section 2 we first recall some basic facts about subordinators, Bernstein functions and com-
plete Bernstein functions. Then we establish asymptotic behaviors, near the origin, of the potential
density and Lévy density of subordinators.

In Section 3 we establish the asymptotic behaviors, near the origin, of the Green function and
the Lévy density of our subordinate Brownian motion. These results follow from the asymptotic
behaviors, near the origin, of the potential density and Lévy density of the subordinator.

In Section 4 we prove that the Harnack inequality and the boundary Harnack principle hold for
our subordinate Brownian motions.

The materials covered in this paper by no means include all that can be said about the potential
theory of subordinate Brownian motions. One of the omissions is the sharp Green function estimates
of (killed) subordinate Brownian motions in bounded C''! open sets obtained in the recent preprint
[27]. The present paper builds up the framework for [27] and can be regarded as a preparation for
[27] in this sense. Another omission is the Dirichlet heat kernel estimates of subordinate Brownian
motions in smooth open sets recently established in [8, 9, 10, 11]. One of the reasons we do not
include these recent results in this paper is that all these heat kernel estimates are for particular
subordinate Brownian motions only and are not yet established in the general case. A third notable
omission is the spectral theory for killed subordinate Brownian motions developed in [17, 18, 19].
Some of these results have been summarized in [34, Section 12.3]. A fourth notable omission is
the potential theory of subordinate killed Brownian motions developed in [21, 22, 37, 38, 40, 41].
Some of these results have been summarized in [6, Section 5.5] and [34, Chapter 13]. In this paper
we concentrate on subordinate Brownian motions without diffusion components and therefore this
paper does not include results from[13, 14, 26]. One of the reasons for this is that subordinate
Brownian motions with diffusion components require a different treatment.

We end this introduction with few words on the notations. For functions f and g we write
ft) ~ g(t) as t — 0+ (resp. t — oo) if the quotient f(t)/g(t) converges to 1 as t — 0+ (resp.
t — 00), and f(t) < g(t) as t — 0+ (resp. t — 00) if the quotient f(t)/g(t) stays bounded between

two positive constants as t — 0+ (resp. t — 00).



2 Subordinators

2.1 Subordinators and Bernstein functions

Let S = (S;: t > 0) be a subordinator, that is, an increasing Lévy process taking values in [0, c0)

with Sg = 0. A subordinator S is completely characterized by its Laplace exponent ¢ via
Elexp(—ASy)] = exp(—tp(A)), A >0.

The Laplace exponent ¢ can be written in the form (cf. [2, p. 72])

H(N) = bA + /000(1 —e M) p(dt).

Here b > 0, and p is a o-finite measure on (0, 00) satisfying

/Oo(t/\l)u(dt)<oo.
0

The constant b is called the drift, and p the Lévy measure of the subordinator S.
A C® function ¢ : (0,00) — [0,00) is called a Bernstein function if (—1)"D"¢ < 0 for every

positive integer n. Every Bernstein function has a representation (cf. [34, Theorem 3.2])

d(\) = a+ bA + / (1 — e p(dt)
(0,00)
where a,b > 0 and p is a measure on (0, co) satisfying f(O,oo)(l At) p(dt) < oco. ais called the killing
coefficient, b the drift and p the Lévy measure of the Bernstein function. Thus a nonnegative
function ¢ on (0,00) is the Laplace exponent of a subordinator if and only if it is a Bernstein
function with ¢(0+) = 0.

A Bernstein function ¢ is called a complete Bernstein function if the Lévy measure p has a
completely monotone density pu(t), i.e., (—1)"D"™u > 0 for every non-negative integer n. Here and
below, by abuse of notation we will denote the Lévy density by pu(t). Complete Bernstein functions
form a large subclass of Bernstein functions. Most of the familiar Bernstein functions are complete
Bernstein functions. See [34, Chapter 15] for an extensive table of complete Bernstein functions.

Here are some examples of complete Bernstein functions:
(i) 6(N) = A%, a € (0,2);
(i) ¢(N) = (A +m¥ )2 —m, a € (0,2),m > 0;
(iit) p(N) = A2 + M2 0 < B < a € (0,2];
(iv) d(N) = X2 (log(1 + \))"/2, a € (0,2),7 € (0,2 — a);

(v) ¢(N) = A*2(log(1 + \)P2,0 < B < a € (0,2].



An example of a Bernstein function which is not a complete Bernstein function is 1 — e,

It is known (cf. [34, Proposition 7.1]) that ¢ is a complete Bernstein function if and only if
the function A\/¢()) is a complete Bernstein function. For other properties of complete Bernstein
functions we refer the readers to [34].

The following result, which will play an important role later, says that the Lévy density of a

complete Bernstein function cannot decrease too fast in the following sense.

Lemma 2.1 ([27, Lemma 2.1]) Suppose that ¢ is a complete Bernstein function with Lévy density
w. Then there exists C1 > 0 such that p(t) < Ciu(t + 1) for every t > 1.

Proof. Since p is a completely monotone function, by Bernstein’s theorem ([34, Theorem 1.4]),
there exists a measure m on [0,00) such that u(t) = f[o 00) e "m(dz). Choose r > 0 such that
f[o,r} e " m(dzr) > f(r,w) e~ m(dx). Then, for any ¢ > 1, we have

/ e " m(dx) > e_(t_l)r/ e “m(dx)
[0,7] [0,7]

> e_(t_l)r/ e “'m(dx) 2/ e " m(dz).
(r,00)

(r00)

Therefore, for any ¢t > 1,

p(t+1) > / e~ DT (d) > eT/ e " m(dr) > ;er/ e " m(dr) = %e*’ﬂ,u(t).
[0,00)

[0,7] [0,r]
Od
The potential measure of the subordinator S is defined by
U(A) = E/ 1{St€A} dt, AC [O, OO) (2.1)
0

Note that U(A) is the expected time the subordinator S spends in the set A. The Laplace transform

of the measure U is given by
1
P(A)

We call a subordinator S a complete subordinator if its Laplace exponent ¢ is a complete

LU(N) = /000 e MdU(t) = E/OOO exp(—ASy) dt = (2.2)

Bernstein function. The following characterization of complete subordinators is due to [41, Remark
2.2] (see also [6, Corollary 5.3]).

Proposition 2.2 Let S be a subordinator with Laplace exponent ¢ and potential measure U. Then

¢ is a complete Bernstein function if and only if
U(dt) = cdo(dt) + u(t)dt

for some ¢ > 0 and completely monotone function u.



In case the constant ¢ in the proposition above is equal to zero, we will call u the potential
density of the subordinator S.

An inspection of the argument, given in [6, Chapter 5] or [41] leading to the proposition above
yields the following two results (cf. [6, Corollary 5.4 and Corollary 5.5] or [41, Corollary 2.3 and
Corollary 2.4]).

Corollary 2.3 Suppose that S = (S; : t > 0) is a subordinator whose Laplace exponent

H(\) = DA+ /O T (1= e ()

is a complete Bernstein function with b > 0 or u(0,00) = oco. Then the potential measure U of S

has a completely monotone density u.

Proof. By [6, Corollary 5.4] or [41, Corollary 2.3], if the drift of complete subordinator S is zero or
the Lévy measure p has infinite mass, then the constant ¢ in Proposition 2.2 above is equal to zero
so the potential measure U of S has a density u. The completeness of the density follows directly

from Proposition 2.2. O

Corollary 2.4 Let S be a complete subordinator with Laplace exponent ¢. Suppose that the drift of
S is zero and the Lévy measure p has infinite mass. Then the potential measure of a subordinator

with Laplace exponent () := \/d(N\) has a completely monotone density v given by
o(t) = put, ).

Proof. Since the drift of S is zero and the Lévy measure p has infinite mass, by [6, Corollary 5.5]
or [41, Corollary 2.4], we have that

W) = a+ /000(1 MY p(dt)

where a = ( fooo t,u(t)dt)_l, the Lévy measure v of ¢ has infinite mass and the potential measure
of a possibly killed (i.e., a > 0) subordinator with Laplace exponent ¢ has a density v given by
v(t) = p(t,00). The completeness of the density follows from [6, Corollary 5.3], which works for
killed subordinator. O

2.2 Asymptotic behavior of the potential and Lévy densities

From now on we will always assume that S is a complete subordinator without drift and that the
Laplace exponent ¢ of S satisfies lim)_,o, ¢(N\) = oo (or equivalently, the Lévy measure of S has
infinite mass). Under this assumption, the potential measure U of S has a completely monotone
density u (cf. Corollary 2.3). The main purpose of this subsection is to determine the asymptotic
behaviors of v and p near the origin. For this purpose, we will need the following result due to
Zahle (cf. [46, Theorem 7]).



Proposition 2.5 Suppose that w is a completely monotone function given by

wi) = [ as
where f is a nonnegative decreasing function. Then
f(s) < (1— efl)_l slw(s™h), s>0.
If, furthermore, there exist 6 € (0,1) and a, so > 0 such that
w(M) < aXOw(t), X>1,t>1/s0, (2.3)
then there exists Co = Cy(w, f,a, s0,9) > 0 such that

f(s) > Cos™tw(s™), s < sp.

Proof. Using the assumption that f is a nonnegative decreasing function, we get that, for any

w(t) = 1/0006_# <§) ds
(e (o=,

r > 0, we have

v

Thus

In particular, we have

and
t

(), s>0,t>0. (2.4)

S

)<t

S

On the other hand, for r € (0, 1], we have

tw(t) = /Oresf (;) ds+/roo e ’f (;) ds
[ (Qaser()e
(1- e_l)_lt/or e_‘% w <z> ds+ f (%) e ",

where in the last line we used (2.4). Now we assume (2.3), then we get that

IN

IN

t
w () <asdw(t), t>1/sg,s <.
s



Thus, for r € (0, 1], we have,

T
tw(t) <a(l- 671)_1 tw(t)/ e s Yds + f (%) e .
0
Choosing r € (0, 1] small enough so that
T
_ 1
a (1 — 6_1) 1/ e s 1ds < =,
0 2
we conclude that for this choice of r, we have
r
I <¥> > citw(t), t>1/sg
for some constant ¢; > 0. Since w is decreasing, we have
fls) > clfw (f) > s tw(sh), s < s,
s \s
where co = ci;r. From this we immediately get that there exists c3 > 0 such that

f(s) > e3stw(s™1), s < so.

O
Corollary 2.6 The potential density u of S satisfies
u(t) < Cst™tp(t™H7H, t>0. (2.5)
Proof. Apply the first part of Proposition 2.5 to the function
w(t) := / e u(s)ds = —,
0 o(t)
O

We introduce now the main assumption on our Laplace exponent ¢ of the complete subordinator
S that we will use throughout the rest of the paper. Recall that a function ¢ : (0,00) — (0, 00) is
slowly varying at infinity if
. ()
lim ——= =1, forevery A >0.
t—00 f(t)
Assumption (H): There exist a € (0,2) and a function ¢ : (0,00) — (0, 00) which is measurable,
locally bounded and slowly varying at infinity such that

d(N) < A20(N), A — . (2.6)



Remark 2.7 The precise interpretation of (2.6) will be as follows: There exists a positive constant
¢ > 1 such that
IR eY

SXXTK()\)SC forall)\e[l,oo)

The choice of the interval [1,00) is, of course, arbitrary. Any interval [a,c0) would do, but with
a different constant. This follows from the assumption that ¢ is locally bounded. Moreover, by
choosing a > 0 large enough, we could dispense with the local boundedness assumption. Indeed,
by [3, Lemma 1.3.2], every slowly varying function at infinity is locally bounded on [a,c0) for a
large enough.

Although the choice of interval [1,00) is arbitrary, it will have as a consequence the fact that
all relations of the type f(t) < g(t) as t — oo (respectively t — 0+) following from (2.6) will be
interpreted as ¢~ < f(t)/g(t) < & for t > 1 (respectively 0 < ¢ < 1).

The assumption (2.6) is a very weak assumption on the asymptotic behavior of ¢ at infinity. All
the examples (in (i), (iii) and (v), we need to take o < 2) above Lemma 2.1 satisfy this assumption.

In fact they satisfy the following stronger assumption
B(N) = A%V, (2.7)

where ¢ is a function slowly varying at infinity. By inspecting the table in [34, Chapter 15], one
can come up with a lot more examples of complete Bernstein functions satisfying this stronger
assumption. In the next example we construct a complete Bernstein function satisfying (2.6), but
not the stronger (2.7).

Example 2.8 Suppose that a € (0,2). Let F' be a function on [0,00) defined by F(z) = 0 on
0<z<1and
F(m):2n7 22(7171)/04 S(L’<22n/a7 n— 1?2’””

Then clearly F' is non-decreasing and 22 < F (x) < 22%2 for all x > 1. This implies that for all

t>0,
/2 F(t F(t
—— < liminf (t) < lim sup (tz) < 2t/
2 e=o0 F(2) 7 2o F(2)

If F were regularly varying, the above inequality would imply that the index was «/2, hence the
limit of F(tz)/F(z) as & — oo would be equal to ¢t®/? for some positive constant ¢. But this
does not happen because of the following. Take ¢ = 22/% and a subsequence z,, = 22/, Then
ta, = 220t/ and therefore

F(tz,)/F(z,) =22 /2" =2

which should be equal to ¢t®/? = ¢(22/%)*/2 = 2¢, implying ¢ = 1. On the other hand, take
any t € (1,2%%) and the same subsequence z,, = 22*/%. Then tz, € [22%/*, 22("+D/e) implying



F(tx,) = F(zy). Thus the quotient F(tz,)/F(x,) = 1 which should be equal to ct* = t* for all

t € (1,2'/9). Clearly this is impossible, so F' is not regularly varying. This also shows that F/(x) is

2

not ~ to any cz®/?, as  — oc.

Let o be the measure corresponding to the nondecreasing function F' (in the sense that o(dt) =
F(dt)):

oo
g = Z 2”5227},/& .
n=1

Since f(o OO)(1 + 1)l o(dt) < 0o, o is a Stieltjes measure. Let

o0

1 2m
A) = ——o(dt) = _—
9 /(o,oo) )\-i-tg( ) Z)\+22”/0‘

n=1

be the corresponding Stieltjes function. It follows from [3, Theorem 1.7.4] or [45, Lemma 6.2] that
g is not regularly varying at infinity. Moreover, since F(z) = z%/2,  — oo, it follows from [45,
Lemma 6.3] that g(\) < X*/2~1, X — co. Therefore, the function f()\) := 1/g()\) is a complete
Bernstein function which is not regularly varying at infinity, but satisfies f(\) < M—/2 0\ o .

Now we are going to establish the asymptotic behaviors of u and p under the assumption (H).
First we claim that under the assumption (2.6), there exist § € (0,1) and a, sp > 0 such that

d(AE) > aXop(t), A>1,t>1/s. (2.8)

Indeed, by Potter’s theorem (cf. [3, Theorem 1.5.6]), for 0 < € < «/2 there exists t; such that
0(t) t\ A€
— <2 — — =2\, A>1t>1.
) = ma"<<At>’<t>> S

() > ca(A)¥20(At) = czto‘/2£(t)/\a/2ig()f)) > e3p(DXY2C A= 1t > 1.

By taking § := a/2 —e € (0,1), a = ¢3, and sop = 1/t; we arrive at (2.8).

Hence,

Theorem 2.9 Let S be a complete subordinator with Laplace exponent ¢ satisfying (H). Then the
potential density u of S satisfies

. . ta/Zfl
u(t) <t o(t™ ) =< i t—0+4 . (2.9)
Proof. Put o 1
- —st —
w(t) := /0 e *u(s)ds = o0

then by (2.8) we have
wM) < a A Ow(t), A>1,t>1/s.

10



Applying the second part of Proposition 2.5 we see that there is a constant ¢ > 0 such that
u(t) > et w1,

for small ¢ > 0. Combining this inequality with (2.5) we arrive at (2.9). O

Theorem 2.10 Let S be a complete subordinator with Laplace exponent ¢ satisfying (H). Then
the Lévy density i of S satisfies

pt) <ttt <72 @Y, t—>04 . (2.10)

Proof. Since ¢ is a complete Bernstein function, the function ¥(\) := A/¢()) is also a complete
Bernstein function and satisfies
)\1—05/2
A) <

A — 00,

where a € (0,2) and ¢ are the same as in (2.6). It follows from Corollary 2.4 that the potential

measure of a subordinator with Laplace exponent v has a complete monotone density v given by

v(t) = u(t, o) :/ p(s)ds.
t
Applying Theorem 2.9 to ¢ and v we get
p(t,00) =v(t) <t it H =9t ), t—0. (2.11)

By using the elementary inequality 1 — e~ < ¢(1 — e7Y) valid for all ¢ > 1 and all y > 0, we get
that ¢(cA) < co(\) for all ¢ > 1 and all A > 0. Hence ¢(s~1) = ¢(2(25)71) < 2¢((2s)71) for all
s > 0. Therefore, by (2.11), for all s € (0,1/2)

v(s) < c1o(s™h) < 2e16((25)71) < cov(25)

for some constants ¢y, cy > 0. Since

t

o(t/2) > v(t/2) - v(t) = / u(s)ds > (t/2)u(t).

t/2
we have for all t € (0,1),
w(t) < 2t71u(t/2) < et to(t) < esto(t7Y),

for some constant ¢z > 0.
Using (2.8) we get that for every A > 1

d(s7) = p(A(Xs) ™) > aX’e((As) "), s < %0.

11



It follows from (2.11) that there exists a constant ¢4 > 0 such that
cto(sTh) <w(s) Sep(s™), s<1.

Fix A :=21/%((c2a=') v 1)1/% > 1. Then for s < (59 A1)/),

v(As) < cad((As)™H) < exa A T0(s7Y) < BaIAOu(s) < 1v(s)

by our choice of A. Further,

As
(A =1)su(s) > / w(t)dt =v(s) —v(As) > v(s) — Ev(s) = 51}(5) .
This implies that for all small ¢

() >~ u(t) = st Mo(t) > et ()

“o00—1)

for some constants cs5, cg > 0. The proof is now complete. |

3 Subordinate Brownian motion

3.1 Definitions and technical lemma

Let B = (By,P,;) be a Brownian motion in R? with transition density p(t,z,y) = p(t,y — x) given

by
||

p(t, x) = (4mt)~Y? exp (—th) , t>0,z,ycRY.

The semigroup (P; : t > 0) of B is defined by P, f(z) = E,[f(B;)] = [ga p(t,z,y) f(y) dy, where f is
a nonnegative Borel function on R%. Recall that if d > 3, the Green function G®) (z,y) = G® (z—y),
z,y € R%, of B is well defined and is equal to

o0
G (z) = /0 p(t,x)dt = W || 74F2

Let S = (S; : t > 0) be a complete subordinator independent of B, with Laplace exponent ¢(\),
Lévy measure p and potential measure U. In the rest of the paper, we will always assume that S
satisfies (H). Hence limy_,o, ¢(A) = oo, and thus S has a completely monotone potential density
u. We define a new process X = (X; : t > 0) by X; := B(S;). Then X is a Lévy process with
characteristic exponent ®(x) = ¢(|z|?) (see e.g.[33, pp.197-198]) called a subordinate Brownian
motion. The semigroup (Q; : ¢t > 0) of the process X is given by

Qif(x) =E,[f(Xy)] =E / Psf(x)P(Sy € ds) .
The semigroup @ has a density q(t,x,y) = q(t,x — y) given by q(t, z) fo P(S; € ds).

12



We will always assume that the subordinate Brownian motion X is transient. According to the
criterion of Chung-Fuchs type (see ([30] or [33, pp. 252-253]), X is transient if and only if for some
small r > 0, fl =k dr < co. Since ®(x) = ¢(|x|?), it follows that X is transient if and only if

z|<r ®(x)
)\d/271
d\ < 0. 3.1

} o oy

This is always true if d > 3, and, depending on the subordinator, may be true for d =1 or d = 2.
In the case d < 2, if there exists v € [0,d/2) such that

¢(N)

Y

lim inf
A—0

>0, (3.2)

then (3.1) holds.
For z € R? and A Borel subset of R%, the potential measure of X is given by

Glz,A) = E, /0 1y, enydt = /0 Quila(z) di = /O /0 Po14(2)P(S, € ds) dt
— [ Pasu@ds= [ [ psag)uts) sy,
0 AJO

where the second line follows from (2.1). If A is bounded, then by the transience of X, G(z, A) <
oo for every z € R%. Let G(x,y) denote the density of the potential measure G(z,-). Clearly,
G(z,y) = G(y — =) where

Glz) = /O " () Ulde) = /O (@)t dt. (3.3)

The Lévy measure II of X is given by (see e.g. [33, pp. 197-198])

H(A):/A/Ooop(t,x)u(dt)dx:/AJ(x)dx, ACR?,

where

I@)i= [ pttoyntat) = [ pt oo (3.4)

is the Lévy density of X. Define the function j : (0,00) — (0,00) by

2

j(r) = /000(47r)_d/2t_d/2 exp (-L) p(dt)y, >0, (3.5)

and note that by (3.4), J(z) = j(|z|), z € R?\ {0}.

Since z +— p(t,z) is continuous and radially decreasing, we conclude that both G and J are
continuous on R?\ {0} and radially decreasing.

The following technical lemma will play a key role in establishing the asymptotic behaviors of
the Green function G and the jumping function J of the subordinate Brownian motion X in the

next subsection.
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Lemma 3.1 Suppose that w : (0,00) — (0,00) is a decreasing function, ¢ : (0,00) — (0,00) a
measurable, locally bounded function which is slowly varying at co, and 5 € [0,2], 5 > 1—d/2. If
d=1 ord=2, we additionally assume that there exist constants ¢ > 0 and v < d/2 such that

w(t) <et’™', Vi1, (3.6)
Let N 2
I(z) = / (4rt)~ /2, %w(t) dt .
0
(a) If 1
" (l=[*)
1 w(|x
I = — .
(x) |x’d+2/3—2 g(#) ‘m|d—2 , =0
(b) If 1
w(t) ~ BT t—0, (3.8)
then 25 1) 1
I(z) ~ ABrdlr g2z (1) lz| = 0.

Proof. (a) Let us first note that the assumptions of the lemma guarantee that I(x) < oo for every

x # 0. Now, let £ > 1/4 to be chosen later. By a change of variable we get

o0 z 2
/ (4rt) =26~ 50 w(t) dt
0

1 €|z|? 2 00
_ e |x’—d+2/ 4422ty (W) dt+’$|—d+2/ td/z—ze—tw<!x\ ) dt
47T 0 4t §|w\2 4t

r <|xrd+211(x)+yx|*d+212(g;)). (3.9)

We first consider I;(z) for the case d = 1 or d = 2. It follows from the assumptions that there
exists a positive constant ¢; such that w(s) < ¢;s7~! for all s > 1/(4¢). Thus

|=|?

Elal? d/2—2 _—t \x!2 i 2y—2 ¢ d/2 1 d—2
Ii(x) </ 112727t (=1 dt < ol / 11271 gt = egla]@2.
0 0

4t
) =o. (3.10)
<w

(1/(48)) for s > 1/(4).

It follows that
lim |z|~921 (2) <|:L‘|d_2+w£<

|z|—0

|z[?
In the case d > 3, we proceed similarly, using the bound w(s)

14



Now we consider I(z):

2
o L) = —— /°° g2, (120 4
|$‘d72 §\x|2 4t

1
_ 4 /°° T (W) <|x|2)ﬁ , ( 4t ) “gp) .
25252 0(z) Jetal? i)\ 4 27 U(h)

Using the assumption (3.7), we can see that there is a constant ¢; > 1 such that

o (PN (PN
C w 5 C
AT z2) =

for all t and x satisfying |z|?/(4t) < 1/(4€).
Now choose a § € (0,d/2 — 1+ ) (note that by assumption, d/2 — 1+ § > 0). By Potter’s
theorem (cf. [3, Theorem 1.5.6 (i)]), there exists p = p(d) > 1 such that

=2 ((41:5//’@22>5 v (it//@;)(s) =2 ((4t)‘S v (4t)“5> < et Vi) (3.11)

whenever ‘Z# > p and @% > p. By reversing the roles of 1/|z|? and 4t/|z|? we also get that

()

(%)

for ﬁ > p and @% > p. Now we define £ := £ so that for all z # 0 with |z|? < é and t > ¢|x|?

S

> Lt A t70) (3.12)

)

we have that

2 2\ B ((2s)
—1 1 ,d/2-248,—t (40 p 1—0 dj2—248 ,—t M) <|CC’> <4t> ||
c{ eyt e (t° Nt < t e fw l
b ( ) < (415 At [21* ) £(55)
< et 2Bt (10 v 170 (3.13)
Let
o0
c3 = 01_102_1/ 12728t (10 A t0)dt < o0,
0
o
¢y = 0102/ 127248t (10 v 170 dt < 0.
0

The integrals are finite because of assumption d/2 —2 4 5 — 9 > —1. It follows from (3.13) that

00 1
liminf/ 1d/2=2+8 —t,, <|x|2) (|$|2>6 / <4t> E(WQ)
lz[—=0 Jo 4t 4t |z|2 g(ﬁ)

= g )

: d/2—2 —t ‘$|2 |£17‘2 4t 22
imsup [ 2250 (M) (M) () gy Mmoo <.
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This means that

1
—d+2 d—28+2
2|21y () (m “W)
1

B [T 218 || || g 4t 6(\xl2)
= 4 t e 'w | — —_— | —= T
€lz|? e 4t ||? E(w)

Combining (3.10) and (3.14) we have proved the first part of the lemma.

dt < 1. (3.14)

(b) The proof is almost the same with a small difference at the very end. Since ¢ is slowly varying
at oo, we have that
Ugp)

lim
[21=0 £(3fz)

=1.

This implies that

2 2\ B (=)

4t 2

lim $4/2-2+8 —t |z| || £l
|ml|ﬁot <\ w) ! 2|2 ) 0(2L)

By the right-hand side inequality in (3.13), we can apply the dominated convergence theorem to

L(gfaf2,00) (8) = 1927267 1 g ) (1) -

conclude that

1
. —dt27 d—28+2 p(_*_
i ol 1) (Jaf' 272 6 )

00 2 2\ B g(L)

4t P

_ iy 48 dj2—24+8 —t [ |7l |z Tzl
|:):1\E0 /Ot AT 4t ¢ 2|2 ) 0(2L)

= 4°T(d/2-1+5).

Together with (3.9) and (3.10) this proves the second part of the lemma. O

3.2 Asymptotic behavior of the Green function and Lévy density

The goal of this subsection is to establish the asymptotic behavior of the Green function G(z) and
Lévy density J(x) of the subordinate process Y under certain assumptions on the Laplace exponent
¢ of the subordinator S. We start with the Green function.

Theorem 3.2 Suppose that the Laplace exponent ¢ is a complete Bernstein function satisfying the
assumption (H) and that o € (0,2 Ad). In the case d < 2, we further assume (3.2). Then

1 1

) = L) ™ et )

|x| — 0.

Proof. It follows from Theorem 2.9 that the potential density u of S satisfies
2504/271
o=y’

u(t) <t ot ™t = t—0+ .

16



Using (2.5) and (3.2) we conclude that in case d < 2 there exists ¢ > 0 such that
u(t) <’ t>1.

We can now apply Lemma 3.1 with w(t) = u(t), 8 = 1 — /2 to obtain the required asymptotic

behavior. O

Remark 3.3 (i) Since « is always assumed to be in (0,2), the assumption a € (0,2 A d) in the
theorem above makes a difference only in the case d = 1.

(ii) In case d > 3, the conclusion of the theorem above is proved in [46, Theorem 1 (ii)—(iii)] under
weaker assumptions. The statement of [46, Theorem 1 (ii)] in case d < 2 is incorrect and the proof

has an error.
The asymptotic behavior near the origin of J(z) is contained in the following result.

Theorem 3.4 Suppose that the Laplace exponent ¢ is a complete Bernstein function satisfying the

assumption (H). Then
_ o= _ =%

J(x) = z[d T [zfdre

|z| — 0.
Proof. It follows from Theorem 2.10 that the potential density u of S satisfies
p(t) <t lo(t™ ) < 77t t— 04 .
Since p(t) is decreasing and integrable at infinity, there exists ¢ > 0 such that
p(t) <ect ™t t>1.
We can now apply Lemma 3.1 with w(t) = p(t), 5 = 1+ «/2 and v = 0 to obtain the required

asymptotic behavior. O

Proposition 3.5 Suppose that the Laplace exponent ¢ is a complete Bernstein function satisfying

the assumption (H). Then the following assertions hold.

(a) For any K > 0, there exists Cy = C4(K) > 1 such that

J(r) < Cyj(2r), vr e (0, K). (3.15)

(b) There exists Cs > 1 such that

Jj(r) < Cs5(r +1), Vr > 1. (3.16)

17



Proof. For simplicity we redefine in this proof the function j by dropping the factor (47r)*d/ 2 from
its definition. This does not effect (3.15) and (3.16). It follows from Lemma 2.1 and Theorem 2.10
that

(a) For any K > 0, there exists ¢; = ¢1(K) > 1 such that

wu(r) < e p(2r), Vr € (0, K). (3.17)

(b) There exists ca > 1 such that

pu(r) < cop(r+1), Vr > 1. (3.18)

Let 0 < r < K. We have

jn) = [T exp(er? e i

(/OO U2 exp(—r?/t)u(t) dt + /K 2 exp(—r? /t) u(t) dt)
K/2 0

1
>
-2

1
= (1 + 7).
2(1-i- 2)

Now,

0o a2 ’1"2 [e’e) a2 7‘2 37“2
ho= [ rep-Tu = [ e D) w2l d
K/2 t K/2 4t 4t

32

o) 2 o] 2
> —d/2 _~ o > 3K/2/ —d/2 -
> /K L e e de 2 0 | (-t dr.

2

K 2 K/2 ,
I, = / =42 exp(—T)u(t) dt = 4~4/2+1 / s™U? exp(—4—)u(4s) ds
0 0 §

v

-2 4—d/2+1 K72 —d/2 r?
c 4 s exp(—z)u(s)ds.
0 S

Combining the three displays above we get that j(2r) > c3j(r) for all r € (0, K).
To prove (3.16) we first note that for all £ > 2 and all » > 1 it holds that

2 2
(r+1) T
t t—1 7~
This implies that
1)2 2
exp (—W) > e 1/4 exp (—4(;_ 1)> , forallr>1,t>2. (3.19)
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Now we have

j(r—i—l):/ t_d/2exp(—7
0

8 r 2 o0 r g
> ;( /0 2 ep(- T ey an 4 /3 t“’”eXP(—(LU)““)dt)
= %(134-14).

For I3 note that (r + 1) < 472 for all r > 1. Thus

8 8
o= [ e [ e out i

2

2 2 2
N 4_d/2+1/ S_d/QeXp(—Z*)u(éls)dsZCI24_d/2+1 / S_dmexp(—%)u(s)ds,
0 S 0 §

2

_ [T (r+1)° s a
L = /3 td/"’exp(—4t)u(7f)d752/3 td/QeXp{_1/4}eXp(_m

“ua [ a2 7& 1 1ja [T g _r
e (s—1) exp( Ju(s+1)ds >ci e s exp( Yu(s)ds.
2 4s 2 4s

Combining the three displays above we get that j(r + 1) > ¢4 j(r) for all » > 1. O

3.3 Some results on subordinate Brownian motion in R

In this subsection we assume d = 1. We will consider subordinate Brownian motions in R. Let
B = (B;: t > 0) be a Brownian motion in R, independent of S, with

B {eiO(Bt*BO):| = * VO € R, t > 0.

The subordinate Brownian motion X = (X; : ¢ > 0) in R defined by X; = Bg, is a symmetric
Lévy process with the characteristic exponent ®(0) = ¢(6?) for all # € R. In the first part of this
subsection, up to Corollary 3.8, we do not need to assume that ¢ satisfies the assumption (H).
Let X; :=sup{0V X, :0<s<t}andlet L =(L;:t>0) be alocal time of X — X at 0. L
is also called a local time of the process X reflected at the supremum. Then the right continuous
inverse L, L of L is a subordinator and is called the ladder time process of X. The process YLt_l
is also a subordinator and is called the ladder height process of X. (For the basic properties of
the ladder time and ladder height processes, we refer our readers to [2, Chapter 6].) Let x be the
Laplace exponent of the ladder height process of X. It follows from [20, Corollary 9.7] that

() = exp (i /OOO Wd9> — exp <71T /OOO bg(ff;fz))de) WA, (3.20)

The next result, first proved independently in [27] and [28], tells us that y is also complete Bernstein

function. The proof presented below is taken from [27].
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Proposition 3.6 Suppose ¢, the Laplace exponent of the subordinator S, is a complete Bernstein
function. Then the Laplace exponent x of the ladder height process of the subordinate Brownian
motion X; = Bg, is also a complete Bernstein function.

Proof. It follows from Theorem [34, Theorem 6.10] that ¢ has the following representation:

log p(A) = v + /OOO (uitz = Alﬂ) n(t)dt, (3.21)

where 7 in a function such that 0 < n(¢) <1 for all ¢ > 0. By (3.21) and (3.20), we have

oA T Y t 1 de
log x(\) = 2 + — - tdt—=— .
0gx(3) 2+7r/0 /0 <1+t2 A202+t>”() 1+06°

By using 0 < n(t) < 1, we have

) t 1 1 1 1 1 N \202¢
M NPt 14602 = 1421462 \ X202+t N0+t

- 1 1 N A2t
12 \N202 4t N202 4t/

Since

| 1 />~ 1 1Vt [ 1
/ 22d0:/ ?d(g:*i 2 1= =,
0 A202 4+t tJo 2241 t X Jo +1 20/t

we can use Fubini’s theorem to get

¥ ° t 1
lo A = +/ < — > t)dt 3.22
gx(A) 2 ), Gase " i v n(t) (3:22)
; Oo : : ) /Oo ( : 1 )
= —+ — t)dt + — t)dt
2 /0 <2(1+t2) 2(1+1¢) n(t) o \2(1+t) 2/t(A+ V1) n(t)
> 5 1 9
= —_— ds.
71+/0 <1+82 AJFS>77(8)S
Applying [34, Theorem 6.10] we get that y is a complete Bernstein function. O

The potential measure of the ladder height process of X is denoted by V and its density by v.
We will also use V' to denote the renewal function of X: V (¢) := V ((0,t)) = fg v(s) ds.
The following result is first proved in [27].

Proposition 3.7 x is related to ¢ by the following relation

e ™2/ p(A2) < x(\) < €™2/p(N2) for all A > 0.
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Proof. According to (3.22), we have

v 1 [ t 1
osx) =3+ | (5 = n 7vm) 1%

Together with representation (3.21) we get that for all A > 0

/000 <<1it2 - \/E(A:—\/E)> B (14:2 - )\21+t>) U(t)dt‘

1
2

1/ AWE+N RV AR o
2/0 (A2+t)\/i(>\+\/%)dt_2/o (A2+t)x/idt_2'

log X (A) — % log $(A?)

This implies that
1
—7/2 <logx(\) — 51og¢(A2) <m/2, forall A\ >0,

ie.,
e ™2 < x(N)p(A2) Y2 < /2 for all A > 0.

Combining the above two propositions with Corollary 2.3, we obtain

Corollary 3.8 Suppose ¢, the Laplace exponent of the subordinator S, is a complete Bernstein
function satisfying limy_,o ¢(\) = co. Then the potential measure of the ladder height process of
the subordinate Brownian motion X; = Bg, has a completely monotone density v. In particular, v

and the renewal function V are C*° functions.

In the remainder of this paper we will always assume that ¢ satisfies the assumption (H). We

will not explicitly mention this assumption anymore.

Since ¢(A) =< A*/20(\) as A — 0o, Lemma 3.7 implies that
XA = X2(O2)V2 . (3.23)

It follows from (3.23) that limy_,o x(A)/A = 0, hence the ladder height process does not have a
drift. Recall that V(t) = V((0,t)) = f(f v(s)ds is the renewal function of the ladder height process

of X. In light of (3.23), we have, as a consequence of Theorem 2.9, the following result.

Proposition 3.9 Ast — 0, we have

ta/2

V() = o)1=
( ) d)( ) (é(t_Q))l/g

and

ta/271

v(t) <ttt )72 < W
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Remark 3.10 It follows immediately from the proposition above that there exists a positive con-
stant ¢ > 0 such that V(2t) <V (¢) for all ¢ € (0, 2).

It follows from (3.23) above and [29, Lemma 7.10] that the process X does not creep upwards.
Since X is symmetric, we know that X also does not creep downwards. Thus if, for any a € R, we
define

T, =inf{t >0: Xy <a}, oq=1inf{t>0:X; <a},

then we have
Py(rg =04) =1, z>a. (3.24)

Let G(0%)(z,7) be the Green function of X in (0,00). Then we have the following result.

Proposition 3.11 For any x,y > 0 we have

(0,00) Jo vy +2z—a)dz, <y,
G y) = {fz S V(oY + 2z —z)dz, x>y

Proof. Let X(%%) be the process obtained by killing X upon exiting from (0, 0). By using (3.24)

above and [2, Theorem 20, p. 176] we get that for any nonnegative function on f on (0, c0),

E, {/000 f(Xt(O’OO)) dt] = k:/ooo /Oxv(z)f(a: + 2z —y)v(y)dzdy , (3.25)

where k is the constant depending on the normalization of the local time of the process X reflected

at its supremum. We choose £ = 1. Then

[/ F(x0%) ]:/Ooowy)/:v(z)f(xw—z)dzdy

_/0 Z)/O o) (@ +y — 2)dyds = /0 v(z)/:o o(w + = — o) f(w)dwd=

—Zz

= /Ow f(w) /:w v(z)v(w + 2z — x)dzdw + /00 f(w) /Ox v(z)v(w+ z — x)dzdw . (3.26)

xT

On the other hand,

B, | [T x| = [T 600w du

= / GO (2, w) f(w) dw + / GO (2, w) f(w) dw . (3.27)
0 x
By comparing (3.26) and (3.27) we arrive at our desired conclusion. O

For any r > 0, let G(®") be the Green function of X in (0,7). Then we have the following result.
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Proposition 3.12 For allr > 0 and all z € (0,r)

| 6@y < 2w @),

0

In particular, for any R > 0, there exists Cs = Cg(R) > 0 such that for all r € (0, R) and all
€ (0,7),

ra/2

/0 GO (2, y)dy < Co(p(r )p(a=2) 2 < (L(r=2))1/2 (L(z=2))~ /2"

Proof. For any z € (0,r), we have

/ GO (z,y)dy < / GO (2, y)dy
/ / +z—mdzdy+// (y + z — x)dzdy

= /0 v(2) / v(y + z — x)dydz + /0 v(z) / v(y 4z —x)dydz < 2V (r)V(x).
Now the desired conclusion follows easily from Proposition 3.9. O
As a consequence of the result above, we immediately get the following.
Corollary 3.13 For allr >0 and all z € (0,7)
/0 "GO0 () dy < 2V (r) (V(2) AV(r—2)).

In particular, for any R > 0, there exists C7 = C7(R) > 0 such that for allz € (0,7), andr € (0, R),

[ 6wy < Colo) T (@) A ol - a)2) )

X

ra/2 70/2 (7“ )a/2
A .
@) \ W) " U =) 2) 7
Proof. The first inequality is a consequence of the identity fOT G(O’T)(:c y)dy = fo GO T) (r—z,y)dy

which is true by symmetry of the process X. The second one now follows exactly as in the proof
of Proposition 3.12. O

Remark 3.14 With self-explanatory notation, an immediate consequence of the above corollary
is the following estimate

' G (z,y) dy < 2V2r)(V(r+z) AV (r—z)). (3.28)

T
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4 Harnack inequality and Boundary Harnack principle

;From now on we will always assume that X is a subordinate Brownian motion in R?. Recall
that (H) is the standing assumptions on the Laplace exponent ¢. We additionally assume that
a € (0,2 A d) and in the case d < 2, we further assume (3.2). The goal of this section is to show
that the Harnack inequality and the boundary Harnack principle hold for X. The infinitesimal

generator L of the corresponding semigroup is given by
Lf(z) = /Rd (fz+y) = fx) —y- V(@) lyy<yy) J(y)dy (4.1)

for f € CZ(R?). Moreover, for every f € CZ(RY)

F(X0) — F(Xo) — /O Lf(X,)ds

is a P,-martingale for every z € R?. We recall the Lévy system formula for X which describes
the jumps of the process X: for any non-negative measurable function f on Ry x R% x R? with
f(s,y,y) = 0 for all y € RY, any stopping time T (with respect to the filtration of X) and any
z € RY,

Eo | Y f(s, Xo, Xo)| =Ea [/OT < g f(s,Xs,y)J(Xs,y)dy> ds} : (4.2)

s<T

(See, for example, [15, Proof of Lemma 4.7] and [16, Appendix A].)

4.1 Harnack inequality

It follows from Theorem 3.4 and the O-version of [3, Propositions 1.5.8 and 1.5.10] that

r /¢ -2
r_2/0 s 1j(s)ds = (:a ) = ¢(r2), r—0 (4.3)
and - .
/ s1(s)ds = é(;a ) Z o), roo, (4.4)

For any open set D, we use 7p to denote the first exit time from D, i.e., 7p = inf{t > 0: X; ¢
D}.

Lemma 4.1 There exists a constant Cg > 0 such that for every r € (0,1) and every t > 0,

P, <sup | Xs — Xo| > 7’) < Cg¢(r_2)t.

s<t
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Proof. It suffices to prove the lemma for z = 0. Let f € CZ(R?),0 < f <1, f(0) =0, and f(y) =1

for all [y| > 1. Let ¢1 = sup, Y=, [(9°/0y;0ux) f(y)|. Then |f(z +y) — f(2) =y - Vf(2)| < Gly[*.
For r € (0,1), let f.(y) = f(y/r). Then the following estimate is valid:

2
aly
[fr(z+y) = fr(2) =y V()] < 2|7,21{|y<r} + Lyl

1 [
2(Lgyi<ry ",z + Liyl>ry) -

IN

By using (4.3) and (4.4), we get the following estimate:
LA < [ 1+ 0) = 56 =y VI el Ty

lyl*
c2 /Rd (1{|y<r}r2 + Lz | J(@)dy

S C3¢(7’72) )

IN

where the constant cs is independent of r. Further, by the martingale property,

TB(O,'I‘)/\t
Eo /(X (750 A 1)) — £(0) = Eg /0 Lf,(X,)ds
implying the estimate
EOfT‘(X(TB(O,T) A t)) < CS¢(T_2)t .

If X exits B(0,r) before time ¢, then f,(X (75, At)) = 1, so the left hand side is larger than
Po(Tp(0,r) < 1)- O

Lemma 4.2 For every r € (0,1), and every x € R?,

1
i f EZ T, r Z T 177 JaN_OoN
el o Be [pen] 2 55t

where Cg is the constant from Lemma 4.1.
Proof. Let z € B(z,7/2). Then

]P)Z(TB((E,T) < t) < IP)Z(TB’(z,r/Q) < t) < C8¢((T/2)2)t
Therefore,
E, [TB(x,T)] > tPZ(TB(x,r) > t) > t(l - CS¢((T/2)_2)t) :
Choose t = 1/(2Csé((r/2)72)) so that 1 — Cgp((r/2)~2)t = 1/2. Then

E. [Tp@n] > S e
: 2C39((r/2)72)2  4Cs¢((r/2)72)
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Lemma 4.3 There exists a constant Cy > 0 such that for every r € (0,1) and every x € RY,

C.
sup E, [Tz | < — .
e Ber) [ B(z, )} o(r=2)

Proof. This lemma follows immediately from Theorem 3.2 and the 0-version of [3, Proposition
1.5.8]. An improved version will be given in Proposition 4.9 later on. Here we present a different
proof that does not need the transience of X.

Let r € (0,1), and let x € R Using the Lévy system formula (4.2), we get

1 > PX () —al > 7)

:/ G o (2:9) / il —yl) dudy,
B(z,r)

B(z,r)

where G'p(; denotes the Green function of the process X in B(z,7). Now we estimate the inner
-, C

integral. Let y € B(x,r), u € B(x,r) . If u € B(x,2), then |u—y| < 2|u — z|, while for u ¢ B(z, 2)
we use |u—y| < |u— x|+ 1. Then

[ itu-sbde = [ Queshdut [ eyl
B(z,r) B(z,r) NB(z,2) B(z,r) NB(z,2)°¢

/ . j(2|u—x|)du+/ . J(lu—z|+1)du
B(z,r) NB(z,2) B(z,r) NB(z,2)°¢

/ . c_lj(|u—ac|)du+/ . ¢ i(ju — z|) du
B(z,r) NB(z,2) B(z,r) NB(z,2)°¢

:/ Vi(lu— ) du,
B(a,r)

)

v

v

where in the next to last line we used (3.15) and (3.16). Now, It follows from (4.4) that

> / G o) (%:9) dy / e (fu— a]) du
B(z,r) B(z,r)

= E, [TB(x’T)] cle v () do

T

= d(r?)E; [T

which implies the lemma. O

Lemma 4.4 There exists a constant C1g > 0 such that for every r € (0,1), every x € R?, and any

A C B(xz,r)
A
]P)y (TA < TB((JC,3’I‘)) > 010|Bigj’7‘)’7 fOT all Yy < _B("IJ'7 27') .
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Proof. Without loss of generality assume that Py(Ta < Tp(y3,) < 1/4. Set 7 = Tz 3. By
Lemma 4.1, Py(7 < t) < Py(1py) < t) < c1d(r—2)t. Choose tg = 1/(4c1¢(r=2)), so that Py(r <
to) < 1/4. Further, if z € B(z,3r) and u € A C B(x,r), then |u — z| < 4r. Since j is decreasing,
j(ju—2]) > j(4r). Thus,

Py(Ta <7) > E, Z 1oix, 2x,x.e4)

s<TANTNLg

TAATALg
_ Ey/ /j(|u—Xs|)duds
TANT Atg
/ / (4r) duds

= j4r)|A|Ey[Ta AT Ato),

v

where in the second line we used properties of the Lévy system. Next,

Ey [TA ANT AN to]

Y

Ey[to; Ta > 7 > to]
toPy(Ta > 7 > to)

to[l — Py(TA < 7‘) — ]P)y(T < to)]
to 1
2 8ep(r2)”

v

v

The last two displays give that

11 ()
seor )~ 8 Mgy

The claim now follows immediately from (2.6) and Theorem 3.4. O

Py(Ta < 1) > j(4r)|A]

Lemma 4.5 There exist positive constant C11 and Cya, such that if r € (0,1), z € RY, 2 € B(z,r),

and H is a bounded nonnegative function with support in B(x,2r)¢, then

EzH(X(TB(x,r))> < CnE; [TB(J:,T)] /H(y).j(’y - x’) dy ,

and

E:H(X(TB@u)) 2 Cr2B:[7p(n) /H(y)j(!y —x[)dy
Proof. Let y € B(z,r) and u € B(z,2r)¢. If u € B(z,2) we use the estimates
2 Uu— 2] < Ju—y| < 2Ju—a], (45)

while if u ¢ B(x,2) we use
lu—z|—1<|u—y| <|u—2x|+1. (4.6)
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Let B C B(x,2r)¢. Then using the Lévy system we get

TB(x,r) .
E. [1B(XTBW>)} ~E. i(ju — X|) duds.
0 B

By use of (3.15), (3.16), (4.5), and (4.6), the inner integral is estimated as follows:

/ J(lu— X,)du = / j<|u—Xs|>czu+/ il — Xa|) du
B BNB(z,2)

BNB(z,2)¢

< / j(2_1|u—x|)du+/ j(lu—z| —1)du
BNB(z,2) BNB(z,2)°¢

/ cj(]u—x|)du—|—/ cj(lu —x|) du
BNB(z,2) BNB(z,2)°¢

- c/Bmu—deu

A

IN

Therefore

TB(x,r) .
E, [1B(XTB<I,T))] < E, ¢ [ j(lu—al)du
0 B
= CE.(7pn) / 15 (w)j(u — 2]) du.

Using linearity we get the above inequality when 15 is replaced by a simple function. Approximating
H by simple functions and taking limits we have the first inequality in the statement of the lemma.

The second inequality is proved in the same way. O

Definition 4.6 Let D be an open subset of R4, A function u defined on R? is said to be
(1) harmonic in D with respect to X if
E; [[u(X:p)|] <oo  and  u(x) =E; [u(X-p)], x € B,
for every open set B whose closure is a compact subset of D;

(2) regular harmonic in D with respect to X if it is harmonic in D with respect to X and for each
z €D, u(zr) =E,; [u(X;,)].

Now we give the proof of Harnack inequality. The proof below is basically the proof given in
[39] which is an adaptation of the proof given in [1]. However, the proof below corrects some typos

in the proof given in [39].

Theorem 4.7 There exists C13 > 0 such that, for any r € (0,1/4), xg € R?, and any function u

which is nonnegative on R? and harmonic with respect to X in B(zo, 16r), we have

u(z) < Cizu(y), forall xz,y € B(xg,r).
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Proof. Without loss of generality we may assume that u is strictly positive in B(xg, 167). Indeed,
if u(z) = 0 for some = € B(xzg, 167), then by harmonicity 0 = u(z) = Ez[u(X,,)] For z € B =
B(x,€) C B(wg,16r). This and the fact that the Levy measure of X is supported on all of R?
and has a density imply that u = 0 a.e. with respect to Lebesgue measure. Moreover, by the
harmonicity, for every y € B(xg,16r), u(y) = Ey[u(X7;)] = 0 where B = B(y,6) C B(xo, 167).
Therefore, if u(x) = 0 for some z, then wu is identically zero in B(xg, 16r) and there is nothing to
prove.

We first assume u is bounded on R?. Using the harmonicity of u and Lemma 4.4, one can show
that u is bounded from below on B(zg,r) by a positive number. To see this, let € > 0 be such that
F ={x € B(x0,3r) \ B(xg,2r) : u(z) > €} has positive Lebesgue measure. Take a compact subset
K of F so that it has positive Lebesgue measure. Then by Lemma 4.4, for x € B(xg,r), we have

|K]|
u(z) = E, [U(X(TK /\TB(IQ,3T‘))>1{TK/\TB(IO,3T)<OO} > ce m7

for some ¢ > 0. By taking a constant multiple of u we may assume that infpg(,, ) u = 1/2. Choose
29 € B(xo,r) such that u(zp) < 1. We want to show that u is bounded above in B(zg,r) by a
positive constant independent of u and r € (0,1/4). We will establish this by contradiction: If
there exists a point x € B(xg,r) with h(u) = K where K is too large, we can obtain a sequence of
points in B(zg, 2r) along which u is unbounded.

Using Lemmas 4.2, 4.3 and 4.5, one can see that there exists ¢; > 0 such that if z € R%, s € (0, 1)
and H is nonnegative bounded function with support in B(z,2s)¢, then for any y, z € B(z,s/2),

EZH(X (TB(x,s))) < EyH(X(TB(x,s)))' (4'7)

By Lemma 4.4, there exists ¢z > 0 such that if A C B(zg,4r) then

A
]P)y (TA < TB(z0,16r)) > Co | ‘ |

—, YyebB . 4.
B(IE(L 4T)| I y € (x()? ST) ( 8)

Again by Lemma 4.4, there exists c3 > 0 such that if x € R?, s € (0,1) and F' C B(xz,s/3) with
(FI/|B(z,5/3)| > 1/3, then

P, (TF < TB(J;’S)) > c3. (4.9)
Let 1 1
3
== =(=A=)n. 4.10
=3 C=EAN (4.10)
Now suppose there exists x € B(zg,r) with u(z) = K for K > Ky := 2|B£f§’1)| Y 2(61222d. Let s be
chosen so that 31B (o, dr)|
s xo, 4r
B(z,-)|=——F"F—<1. 4.11
Note that this implies
9\ 1/d
s =12 () rK Ve <o, (4.12)
26
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Let us write By for B(x, s), 7, for TB(x,s)s and similarly for Bss and 1. Let A be a compact subset
of

A'={y € B(x, ) s uly) > CK}.
It is well know that u(X;) is right continuous in [0,7g(z, 16r)). Since 20 € B(wo,r) and A" C
B(x, 3) C B(wo,2r), we can apply (4.8) to get

1 > u(z0) = Bz [w(X(Ta A TB(w0,16r)) 1T <rp(ag 160}
> (KPP (Ta < TB(xg,16r))
| A
> K———.
= 2 g an)
Hence
Al _ Bz, dr)] 1

[B(z, 3)| ~ c2K|B(2,3)] 2
This implies that |A’|/|B(z,s/3)| <1/2. Let F be a compact subset of B(x,s/3)\ A’ such that

B 1
- > . 4.13
B3 =3 (4.13)

Let H=u- 1p; . We claim that
Ex[u(X(75)); X(75) & Bas] < nkK.
If not, E, H (X (75)) > nK, and by (4.7), for all y € B(x, s/3), we have

u(y) = Eyu(X(7s)) > Ey[u(X(75)); X(75) ¢ Bas]
I 'ELH(X (15)) > ¢ 'nK > (K,

\%

contradicting (4.13) and the definition of A’.
Let M = supp, u. We then have

K = u(@)=E[u(X(7s NTF))]
= [ (X(Tp)); Tr < 7s) + Ex[u(X (75)); 75 < Tr, X (75) € Bas]
Eau(X(75)); 75 < T, X(75) & Bas]
Po(Tr < 75) + MPBy(1s < Tr) + nK
= CK]P’ (Tr < 7s) + M(1 =Py (Tr < 75)) + nK,
or equivalently
M 1—-n—-¢
— > .
K — I—P:C(TF <7'5) 6
Using (4.9) and (4.10) we see that there exists S > 0 such that M > K(1 4 2/3). Therefore there
exists ¢’ € B(z,2s) with u(z') > K(1+ f).
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Now suppose there exists 1 € B(zg,r) with u(x;) = K; > Kpy. Define s; in terms of K;
analogously to (4.11). Using the above argument (with 27 replacing z and z9 replacing '), there
exists zo € B(x1,2s1) with u(x2) = Ko > (1 + 8)K;. We continue and obtain so and then x3, K3,
s3, etc. Note that z;41 € B(7;,2s;) and K; > (1+ 8)"1K;. In view of (4.12),

- 2\ & 2\ 1)
lwipn—ml < r+24(—) rY K U<r(1424( =) K ) (1+5)
i=0 C2C i=1 CQC i1

- 2 1/d KV 4oy 2 1/d g i(l n B),i/d — eV

B 2 ! 2 b .

where ¢4 := 25(;2()1/51 S, (1 +B)74. So if K1 > ¢4V Ky then we have a sequence z1, 2, ...
contained in B(wg,2r) with u(z;) > (1 4+ B)"'K; — oo, a contradiction to u being bounded.
Therefore we can not take K larger than ¢ V Ko, and thus SUPy e B(zo,r) W(Y) < 4 v Ky, which is
what we set out to prove.

In the case that u is unbounded, one can follow the simple limit argument in the proof of [39,
Theorem 2.4] to finish the proof. O

By using the standard chain argument one can derive the following form of Harnack inequality.

Corollary 4.8 For every a € (0,1), there exists Cr4 = Ci4(a) > 0 such that for every r € (0,1/4),
zo € R, and any function u which is nonnegative on R? and harmonic with respect to X in
B(zg,r), we have

u(z) < Crauly), for all z,y € B(xg,ar).

4.2 Some estimates for the Poisson kernel

Recall that for any open set D in R?, 7p is the first exit time of X from D. We will use Gp(z,v)
to denote the Green function of X in D. Using the continuity and the radial decreasing property
of G, we can easily check that Gp is continuous in (D x D)\ {(z,z) : z € D}. We will frequently

use the well-known fact that Gp(-,y) is harmonic in D \ {y}, and regular harmonic in D\ B(y,¢)
for every € > 0.

Using the Lévy system for X, we know that for every bounded open subset D, every f > 0 and
allz € D,

Eo [f(Xep); Xrp # Xop] = /

[ Gole2)a~ dzf )y, (4.14)
D" JD

For notational convenience, we define
Kp(z,y) = / Gp(z,2)J(z — y)dz, (z,y) € D x D". (4.15)
D
Thus (4.14) can be simply written as

By [f(Xep) Xrp # Xop] = /D Kp(a,9)f(y)dy, (4.16)
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revealing Kp(x,y) as a density of the exit distribution of X from D. The function Kp(z,y) is
called the Poisson kernel of X. Using the continuity of Gp and J, one can easily check that Kp is
continuous on D x D°.

The following proposition is an improvement of Lemma 4.3. The idea of the proof comes from
[44].

Proposition 4.9 For all ¥ > 0 and all zg € RY,
Ew[TB(zo,r)] < QV(QT)V(T - |IL‘ - :L'OD ) T e B(an 7") .
In particular, for any R >0, r € (0, R) and ¢ € RY,

EolTB@on] < Cr(op(r)e((r — |z — o)) 72)) 71/
ro/2 (r—|:c—x0])°‘/2

(E(r=2)) 72 (6((r — |2 — wo[)=2)) /2

~

x € B(xg,71),

where C7 = C7(R) is the constant form Proposition 3.13.

Proof. Without loss of generality, we may assume that zo = 0. For = # 0, put Z; = % Then

Zy is a Lévy process on R with
E(c0%t) = B(e¥T1 Xy = TI0m ) = o-06")  geR.

Thus Z; is of the type of one-dimensional subordinate Brownian motion studied in Section 3.3. It
is easy to see that, if X; € B(0,r), then |Z;| < r, hence

E, [TB(OJ‘)] < E|x\ [’ﬂ?

where 7 = inf{t > 0: |Z;] > r}. Now the desired conclusion follows easily from Proposition 3.13

(more precisely, from (3.28)). O
As a consequence of Lemma 4.2, Proposition 4.9 and (4.15), we get the following result.

Proposition 4.10 There exist Cy5, C1g > 0 such that for every r € (0,1) and zg € RY,

IN

Cis 3y — ol — ) (D 2)((r — |z — aol)72)) ~/? (4.17)
ro/2 ('r—]:):—xo\)o‘/Q
(2172 (€((r — |z — wo|)2)) 12

KB(mo,r) (l‘, y)

= j(ly — ol —7“)(

for all (z,y) € B(xg,r) X ma and

Kian(anet) = Cuo J0 00 = illy = aol) (1.18)

for all y € B(zo,r)°.
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Proof. Without loss of generality, we assume zo = 0. For z € B(0,r) and r < |y| < 2
lyl =r <lyl =zl < [z =yl <[zl + |yl <7+ |y < 2[yl,
and for z € B(0,r) and y € B(0,2)¢,
lyl=r <lyl =zl <[z =yl < |zl + yl < v+ [yl < Jy[+ 1.
Thus by the monotonicity of j, (3.15) and (3.16), there exists a constant ¢ > 0 such that
cj(lyl) < d(z—ul) < ilyl=r),  (2,9) € BO,r) x B(0,r)".

Applying the above inequality, Lemma 4.2 and Proposition 4.9 to (4.15), we have proved the

proposition. O

Proposition 4.11 For every a € (0,1), r € (0,1/4), xo € R? and 1,22 € B(xo,ar),

Kp(rory(@1,y) < Culpyn(®2,y),  y€ Blzo,r)",

where C14 = Cy4(a) is the constant from Corollary 4.8.
Proof. Let a € (0,1), r € (0,1/4) and 2o € R? be fixed. For every Borel set A C B(xo,r)c, the

function z — P, (X € A) is harmonic in B(zg,r). By Corollary 4.8 and (4.16), we have for

TB(zg,r)
all z1, 29 € B(xg,ar),

AKB(IO,T)(xlay)dy = Pml(XTB(wo,'r) EA)

< 0141922 (XTB(-’L‘OJ‘) S A) = /AKB(xo,r) (x27y) dy.

This implies that Ky ) (71,y) < C14K (s, (22,y) for a.e.y € B(xo,r) ¢, and hence by continuity
of Kp(zyr)(T,-) for every y € B(xo,r) ‘. O

The next inequalities will be used several times in the remainder of this paper.

Lemma 4.12 There exists C > 0 such that

8&/2 ra/2
T _1/9 g 077 O<S<7"§4, (419)
(=) (2
Sl—a/2 T.l—a/?
(€(s72)) (£(r=2))
ST (U)ot e o< <<, (4:21)
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o (0 —a\1/2 _on1/2
/ [CCH) R G ) Y (4.22)

glta/2 ra/2 )
T (s (0(r=2) 2
/0 Tds < Cwy 0<r<4, (4.23)
< f(s72 or—2
/T iHa)ds <cC (Ta ) o<r<a (4.24)
T -2 -2
/ @ds <C g(r_g), 0<r<4, (4.25)
0o s re
and
/Tsa_ld < C r O0<r<4 (426)
o 4(s7?) ° = (r=2)’ r=s :

Proof. The first three inequalities follow easily from [3, Theorem 1.5.3], while the last five from
the O-version of [3, 1.5.11]. O

Proposition 4.13 For every a € (0, 1), there exists C17 = Ci7(a) > 0 such that for every r € (0, 1)
and o € R?,

ro2md (U(Jy = x| — 1))

, Vx € B(xg,ar), y € {r <|zo—y| <2r}.
(=D (g — wol =) 7 € Blzo,ar), y € {r < |eo—y| < 2r}

KB(xo,r) ($7y) < Cyr
Proof. By Proposition 4.11,
C1
KB(xo,r)(xvy) < d/ KB(xo,r)(way)dw
" JB(xg,ar)
for some constant ¢; = ¢j(a) > 0. Thus from Proposition 4.9, (4.17) and Remark 3.10 we have that

C
KB(xo,r)(xvy) < ’I“il/ / GB(mg,r)(w7Z)J(z_y)dZdw
B(zo,r) J B(zo,r)
‘

- E. (a0 )} (2 — y)d2

Td B(zo,r)
a/2 — |y = a/2
co r (r—1|z — xol)
< S0 J(z —y)dz
(G212 /B@O,r) (€(r =]z —zo)) 22’ 7 Y

for some constant cg = ca(a) > 0. Now applying Theorem 3.4, we get

i N R T
B(zo,r) (6((

K <
B(xo,r)(x7y) Py (6(7’_2))1/2 7’—|Z—x0|)_2))1/2 ‘Z_y’d—i-a

for some constant c3 = c3(a) > 0. Since r — |z — zg| < |y — z| < 3r < 3, from (4.19) we see that

(r—le=m)™ _ (ly—z)”
=Tz =m) D)7 = Wy =227
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for some constant ¢4 > 0. Thus we have

W/Zd/ (£(]z —y| 722
DT Joan 1= 9l
%ra/z_d/ (£(|z — y| =)/
(r=2)Y2 S ly—zol-r)e |2 — yldte/?

CGT‘a/2_d /oo (6(8_2»1/2
(C(r2)172 | sl+a/2

dz

KB(IQ,T) (:L'a y)

dz

ds
y—zo|—r
for some constants c5 = c5(a) > 0 and ¢ = cg(a) > 0. Using (4.22) in the above equation, we

conclude that
K (z,y) < crr®/2=4 (0((ly — wo| — 1) ~2))V/?
B(xo,r)\ > Y) = )12 (ly — wo| — r)o72

for some constant ¢7 = ¢7(a) > 0. O

Remark 4.14 Note that the right-hand side of the estimate can be replaced by rdv(‘V(r)

y—xo|—1)’
4.3 Boundary Harnack principle

The proof of the boundary Harnack principle is basically the proof given in [25], which is adapted

from [4, 42]. The following result is a generalization of [42, Lemma 3.3].

Lemma 4.15 There exists a positive constant Cig > 0 such that for any r € (0,1) and any open
set D with D C B(0,r) we have

P, (X, € B(0,r)°) < Cigr™ @ Z(T_Q)/ Gp(z,y)dy, x € DN B(0,7/2).
D

Proof. We will use C2°(RY) to denote the space of infinitely differentiable functions with compact
supports. Recall that L is the Lo-generator of X in (4.1) and that G(x,y) and Gp(z,y) are the
Green functions of X in R? and D respectively. We have L G(x,y) = —d,(y) in the weak sense.
Since Gp(z,y) = G(x,y) — Ez[G(X+,,v)], we have, by the symmetry of L, for any z € D and any
nonnegative ¢ € C2°(R?),

/ G (x,y)Lo(y)dy = / G,y Lo(y)dy

D R4
R4 R4

- / Gz, y)Lo(y)dy - / / G (2 y)Lo(y)dyPs (X, € dz)
Rd 0 c JRd

——oa)+ [ [ 6RaXy € d2) = ~60) + Eulo(X,, )
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In particular, if ¢(x) = 0 for x € D, we have

E, [6(X,,)] = /D Gp(a,y)Lo(y)dy. (4.27)

For fixed a € (0,1), take a sequence of radial functions ¢,, in C2°(R?) such that 0 < ¢,,, < 1,

0, lyl<a
dm(y) =4 1, 1<|y<m+1
0, |yl >m+2,

and that }, ; |%;yj¢m| is uniformly bounded. Define ¢y, (y) = ¢m(¥) so that 0 < ¢, <1,
0, |yl <ar 92

Omr(y) =41, r<|y|<r(m+1) and sup Z 'ay oy qﬁm,r(y)‘ < er i (4.28)
d = 3 ]
0yl > r(m+2), VR g T

We claim that there exists a constant ¢; = ¢;(a) > 0 such that for all r € (0,1),

sup sup Lo, (y)] < er™® E(T‘_2). (4.29)
m>1ycRd

In fact, by Proposition 3.4 we have

L Ol ) = B0 (0) = (T o) )10 () 5Dl

< / (qu,r(zv + y) - Qbm,r(x) - (qum,r(zv) : y)lB(O,r) (y))J(y)dy + 2/ J(y)dy
{lyl<r} {r<lyl}
C
<= yIZJ(y)der/ J(y)dy
T JHlyl<r} {r<lyl}
Cg 1 92 1 —2
<= ey )dy + ¢ / Tyl )dy
r? i<y Y172 i * Jirpyly lyltHe i

cy [T 4(s7?) © (s72)
§ 7"72 ) Sa—l dS =+ C4/T st

Applying (4.24)-(4.25) to the above equation, we get

[ Ol ) = @) = (T o) )L (D)0 < s 82,

for some constant ¢y = c4(d,,¢) > 0. So the claim follows. Let A(z,a,b) := {y € R? : a <
ly — x| < b}. When D C B(0,r) for some r € (0,1), we get, by combining (4.27) and (4.29), that
for any x € DN B(0, ar),

m—o0

P, (X-, € B(0,r)°) = lim P, (X,, € A0,r,(m+1)r)) < Cr ¢ K(r2)/DGD(x,y)dy.
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Lemma 4.16 There exists Cao > 0 such that for any open set D with B(A, kr) C D C B(0,r) for
some r € (0,1) and k € (0,1), we have that for every x € D\ B(A, kr),

o, —d-a 1 (5™
/D GD($>y)dy < Cyr*k d—a/2 W (1 + m) P, (XTD\B(A,M) € B(A, HT)) .

Proof. Fix a point z € D\ B(A,kr) and let B := B(A,%). Note that, by the harmonicity of
Gp(z, ) in D\ {z} with respect to X, we have

Gz, A) > / | Kp(A,y)Gp(e,y)dy > / Kp(A,y)Gp(z,y)dy.
DNB° DNB(A,35)

Since % <|ly— Al <2rforye B(A, 34ﬂ)C N D and j is a decreasing function, it follows from
(4.18) in Proposition 4.10 and Theorem 3.4 that

(F)
Gp(z,A) > 016((%2)/1303(14 . Gp(z,y)J(y — A)dy

KT

EZ =/ i oD
(@2
(

v

c17(2r)

ﬁ

a
(

> cokYrT d

(2r)7%)
(%) 2) /DmB(A,?’ZT)c Gp(z,y)dy,

for some positive constants ¢; and c3. On the other hand, applying Theorem 4.7 we get

14

/B(A ?m'r) GD(x?y)dy S = /;(A 3117") GD(xa A)dy < C4T ﬁdGD(x A)
4 L

for some positive constants cs and c4. Combining these two estimates we get that

KT\ —2

/ Gp(z,y)dy < cs (rdﬁd+r K QW) Gp(z,A) (4.30)
D

for some constant c5 > 0.

Let Q = D\ B(A, %). Note that for any z € B(A, %) and y € Q, 27y — 2| < [y — A < 2|y —2|.
Thus we get from (4.15) and (3.15) that for z € B(A4, %),

cg ' Ka(z, A) < Kq(z,2) < cgKq(z, A) (4.31)

for some ¢ > 1. Using the harmonicity of Gp(-, A) in D \ {A} with respect to X, we can split
Gp(-, A) into two parts:

Gp(z,A) =E; [Gp(Xr,, A)]

kT KT
= Eﬂc [GD(XTnvA) : XTQ € B(A7 Z)] + ECL‘ [GD(XTKZ’A) XTQ € { < |y - A| < 7}
= I + Is.
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Since Gp(y, A) < G(y, A), by using (4.31) and Theorem 3.2, we have

1
h < coka(ed) [ Goly. Ay < e Kale,4) [ . - dy.
B(A,5r) B(Azry |y — Al4el(|ly — A]72)
for some constant ¢y > 0. Since |y — A| < 4r < 4, by (4.19),
_ Ala/2 /2

= C8
Uy — Al7?) ((4r)=2)
for some constant cg > 0. Thus

1 (4r)/?
(a,50) [y = A[4=o72 £((4r)72)

1
dy < ¢ /ia/z'f’aiKQ(éU,A)

Il S C768KQ($,A)L £(<4T)_2)

for some constant c¢g > 0. Now using (4.31) again, we get

1
I, < ¢ ﬁa/z_dra_d/ Ko(z, 2)dz
L (2 Josp o7

1 KT
_ a/2—d,.a—d n
c10k r f((4r)*2)Px (Xm € B(A, 1 )

for some constant ¢1g > 0. On the other hand, again by Theorem 3.2 and (4.32),

I2 = / GD(y7A)]P)JJ(XTQ € dy)
{5 <ly-AI<F}

1 1
< 011/ = —5 P (Xr, € dy)
(e <py-al<ery [y — Al L(ly — A’ %) !

1
< oftzdposd _—_p (X T4 <

for some constants ¢;1 > 0 and c¢19 > 0.
Therefore .
< a/2—d a—d ( kr ) )
Gp(z,A) < ci3k T R P, (X, € B(A4, 5 )

for some constant c¢;3 > 0. Combining the above with (4.30), we get

(i) (k) 2)
for some constant c14 > 0. It follows immediately that

o —do 1 05
/DGD(x,y)dy < epyr®rT4a/? W <1 + 6((227’)_2)> P, (XTD\B(AM) € B(A, m’)) .

a

—d— 1 (%)) KT
@ d—a/2 N2/ 7
/DGD(J;’,y)dy < ecpurtk 7_2) <1 + ) P, (XTD\B(A,“T) € B(A, ) ,

Combining Lemmas 4.15-4.16 and using the translation invariant property, we have the following
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Lemma 4.17 There exists Co1 > 0 such that for any open set D with B(A,kr) C D C B(Q,r)
for some r € (0,1) and k € (0,1), we have that for every x € DN B(Q, 5),

c —deay2 HrT?) 0(5)7?)
P, (Xrp € BQurY) < Cor 202 il <1 + 6((227~)—2)> P (Xopypiay € Bld,r)) .

Let A(z,a,b) :={y € R?:a < |y — x| < b}.
Lemma 4.18 Let D be an open set and r € (0,1/2). For every Q € R? and any positive function

u vanishing on D¢ N B(Q, 7)), there is a o € (Xr, tr) such that for any x € DN B(Q, 3r),

«

r
E; |u(X; : X, B(Q,0)°| < - — 4.
u( DmB(Q,n)) DNBQ.) © (@ 0)] Co2 o((2r)2) /B(Q,lgr)c J(y — Q)u(y)dy (4.33)
for some constant Caa > 0 independent of Q@ and u.

Proof. Without loss of generality, we may assume that Q = 0. Note that by (4.23)

11

?7‘
Lo [ el = ) sl = o) uty) dydo
57 JA0,02r)

ly|Astr

— / / Uyl — o)) 2 (| — 0)2 dou(y) dy
A(O,%OTQT)

10
6"’

lyl—&r
§/ / 0(s 22579245 | u(y)dy
A0,8r2r) \ Jo
—2\ 1/2 1—a/2
10\ 2 107
< ¢ T T d
<af .. <(|y| &) ) (W1-7) s

T 0

for some positive constant ¢;. Using (4.20) and (4.21), we get that there are constants ¢z > 0 and

c3 > 0 such that
1/2
ot 107“)_2 / (1v 107")1_&/2 (y)d
yl — yl — u(y)dy
A(0,107 27 6 6

107
6

< o /A ( 0y =22y 1 2u(y)dy

0,18 2r)

T,l—a/2

C3——— 5175 14 -2 u dy .
T T sy (0

Thus, by taking c4 > 6¢1c3, we can conclude that there is a o € (%Or, %7’) such that

IA

0,43 2r)

—a/2
— )22 1yl — o) 2 o oy m
/ ooy =) ol = 0 Pulwdy < o e / sy, At (830
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Let x € D N B(0, %T) Note that, since X satisfies the hypothesis H in [43], by Theorem 1 in
[43] we have

); X

TDNB(0,0)

=
8
£
<

€ B(0, O')C]

TDNB(0,0)

E, [u(XTDmBm,U))% Xrpnsoa € B(0,9)% Tonp0,0) = TB(OJ)}
= ]Ea: |:U(XTB<0’U)); XTB<0,U) € B(Oa 0_)07 TDNB(0,0) = TB(O,O‘)i|
E, |:’U,(X7—

B(O,a)); XTB(O,a) € B(O, U)c] = / KB(O,U) (a:, y)u(y)dy
B(0,0)¢

In the first equality above we have used the fact that u vanishes on DN B(0,0). Since o < 2r < 1,
from (4.17) in Proposition 4.10, Proposition 4.13 we have

E; |:U<XTDOB(O,0));XTDmB(O,a) S B(O,a)c] < /B(O o KB(O,O‘)(‘T7y)u(y)dy

o2 () =) )2
Y e (T e

u(y)dy

. a/2 (0 — ’w‘)o‘/Z
+cs5 /}3(072r)cj(’y| —0) (L(0=2))1/2 (¢((o — \ac])—Q))l/?u(y)dy

for some constant c5 > 0.
When y € A(0,2r,4) we have 15|y| < |y| — o, while when |y| > 4 we have |y| — o > |y| — 1.
Since 0 — |z| < o < 2r, we have by (4.19) and the monotonicity of j,

0/ (o —[))* <|y!> re

I Gayi72 et — a2 = 9 \12) i@y 2y

y € A(0,2r,4)

and
A )

,r.OZ
< ] —1)——~
G Wo— a2 = D@y
for some constant c¢g > 0. Thus by applying (3.15) and (3.16), we get

3yl —0)( ly| >4

UO‘/2 (U_ ‘x|)a/2 e

J(ly| — o) (L0272 (£((0 — |z])-2))1/2 < C7j(‘y’>m

for some constant c¢; > 0. Therefore,

Ua/Q (U _ ‘x’)a/z ro

a9 = G it )BT O S ST 7O
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On the other hand, by (4.19), (4.34) and Theorem 3.4, we have that

/ o/2—d e((y| - 0)72))1/2
A02r) (22 (lyl = )72

0ot (Al = o))V
( 6 ) (E(U—Z))I/Q /A(O,U,Qr) (vl —0)0‘/2 (y)dy

u(y)dy

c Tﬁd (27‘)0‘/2 ,r,—oc/2 B )

U@ (((2r)2) /A(Ogg,n,%)my! Ju(y)dy
o oy i,

= %@ /A(0712T72r)€(|y! )yl (y)dy

,ra

< 010/ J(y)uly)dy
£((2r)72) A(0,13% 2r)
for some positive constants cg, cg and c19. Hence, by combining the last two displays we arrive at

,,,.Ol

Xopmaon € BO.0Y] < en gy [, S0y

DﬂB(O,o—)); TDNB(0,0)

E, [u(XT

for some constant c¢11 > 0. O

Lemma 4.19 Let D be an open set and r € (0,1/2). Assume that B(A,kr) C DN B(Q,r) for
k € (0,1/2]. Suppose that v > 0 is reqular harmonic in D N B(Q,2r) with respect to X and u =0
in DN B(Q,2r). If w is a reqular harmonic function with respect to X in D N B(Q,r) such that
u(x), =€ B(Q, %) U (DN B(Q,r)),
w(a:) = 3r
07 T c A(Q7T)7)7

then
((2r)?)

u(A) > w(A) > Cas HO‘W

3
u(z), x€ DNB(Q, 57“)
for some constant Caz > 0.

Proof. Without loss of generality we may assume ) = 0. Let z € DN B(0, %r) The left hand side
inequality in the conclusion of the lemma is clear from the fact that « dominates w on (DNB(0,7))°
and both functions are regular harmonic in D N B(0,r). Thus we only need to prove the right hand
side inequality. By Lemma 4.18 there exists o € (12, 1) such that (4.33) holds. Since u is regular
harmonic in D N B(0, 2r) with respect to X and equal to zero on D¢ N B(0,2r), it follows that

/ o J@uly)dy  (4.35)
B(0,187)¢

,rOé

(2r)=2)

for some constant ¢; > 0. On the other hand, by (4.18) in Proposition 4.10, we have that

w@) = [ Konson(Apuldy > [
B(0,%5)°

u(z) = Ey [U(XT

DmB(O,a));

X

TDNB(0,0)

S B(0,0’)c:| <c

. KB(A,M") (A7 y)u(y)dy
B(0,30)e

(k1)
> o /3(073;)6 J(A—y)ie((m)_g) (y)dy
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for some constant co > 0. Note that |y — A| < 2|y| in A(0,%,4) and that |y — A| < |y| + 1 for
ly| > 4. Hence by the monotonicity of j, (3.15) and (3.16),

for some constant ¢z > 0. Therefore, by (4.35)

14
w(A) > 6461_1 o (

Definition 4.20 Let k € (0,1/2]. We say that an open set D in R? is r-fat if there exists R > 0
such that for each @Q € 0D and r € (0,R), DN B(Q,r) contains a ball B(A-(Q),kr). The pair
(R, k) is called the characteristics of the k-fat open set D.

Note that all Lipschitz domain and all non-tangentially accessible domain (see [24] for the
definition) are k-fat. The boundary of a k-fat open set can be highly nonrectifiable and, in general,
no regularity of its boundary can be inferred. Bounded k-fat open set may be disconnected.

Since ¢ is slowly varying at oo, we get the Carleson’s estimate from Lemma 4.19.

Corollary 4.21 Suppose that D is a k-fat open set with the characteristics (R, k). There ezists
a constant Cay depending on the characteristics (R, k) such that if r < R A %, QeoD, u>0is
regular harmonic in D N B(Q, 2r) with respect to X and w =0 in DN B(Q,2r), then

W(A(Q)) > Cosulz), YxeDABQ, ;r) .

The next theorem is a boundary Harnack principle for (possibly unbounded) s-fat open set and

it is the main result of this subsection.

Theorem 4.22 Suppose that D is a k-fat open set with the characteristics (R, k). There exists a
constant Cos > 1 depending on the characteristics (R, k) such that if r < R A i and Q € 0D, then
for any nonnegative functions u,v in R which are regular harmonic in D N B(Q,2r) with respect
to X and vanish in D¢ N B(Q,2r), we have

LuAQ)  u@) . u(A(Q))
5 L@,Q) = vle) = P uAQ)

Proof. Since ¢ is slowly varying at oo and locally bounded, there exists a constant ¢ > 0 such that
for every r € (0,1/4),

A (% S WG S R WL B A
(o ey s ) = (430
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Fix r € (0, RA i) throughout this proof. Without loss of generality we may assume that Q =0
and u(A4,(0)) = v(A4,(0)). For simplicity, we will write A,(0) as A in the remainder of this proof.
Define u; and ug to be regular harmonic functions in D N B(0,r) with respect to X such that

_ [ uw), weAQr ),
) = 07 € B (0 B0

and
u(z), x€ B(0,2)°U (DN B(0,r)).

and note that u = uj +ug. If DN A(0, 7, 3T) = (), then u; = 0 and the inequality (4.40) below holds
trivially. So we assume that D N A(0,r,

3r
ug(m):{o’ r e A,r, %),

is not empty. Then by Lemma 4.19,

%)
r 2 r
uly) < e G u(A), € DB ),

for some constant ¢; > 0. For x € DN B(0, 5), we have

TDNB(0,r) ) : XTDmB(o,r)

wie) = B |ux e DnA©.r )]

3r
< ( sup u(y)> P, <XTDHB(07T) € Dn A(0,r, 2))

DﬂA(O,r,%

S ( Sup u(y)> ]P)CC <XTDMB(O,T) E B(O7 r)c)

DﬂA(O,T,%T

—al((5r)7?) c
S ar g WA (ansm,r) € B(0,r) ) :
Now using Lemma 4.17 (with D replaced by DNB(0,)) and (4.36), we have that for » € DNB(0, 5),
uy(x) (4.37)

a3y L(kr)™2) b(r2 0((55)=2) KT
< ki 52E2T52§ 6(((4r))2) (1 + E((42r)2)> u(A) Py (Xr(DmB(o,r))\Bm,%) < B(A’?))

< cyu(A)P, (XT € B(A, ’")) (4.38)

(DﬂB(O,r))\B(A,"QT) 2

for some positive constants c2 and c¢3 = c3(k). Since r < 1/4, Theorem 4.7 implies that

RT

uy) > eru(d),  yeBAT)
for some constant ¢4 > 0. Therefore for x € D N B(0, 5)
KT
u@) = B [0 ppiomins)| 2wl Pe (Xrppommns € BAS)) . (439)

Using (4.38), the analogue of (4.39) for v, and the assumption that u(A) = v(A), we get that for
r e DNB(0,5),

RT

—)) < ez v(z) (4.40)

B(A
e B4,

ui(z) < csv(A)P, (X

T(DNB(0,r)\B(A, &)
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for some constant ¢5 = ¢5(k) > 0. For x € D N B(0,r), we have

) = [ Koo ()

= / , / G (o) (,y)J (y — 2)dy u(z) dz.
B(0,38)¢ J DNB(0,r)

Let
s(x) 1_/ GDﬂB(O,r)($7y)dy-
DNB(0,r)
Note that for every y € B(0,r) and z € B(0, 3)°,
1
gl S lel=r < el =yl < ly—2] < Jyl+ 2] < v+ 2] <20,
and that for every y € B(0,r) and z € B(0, 12)¢,
ol =1 < ly—2| <l +1.
So by the monotonicity of j, for every y € B(0,r) and z € A(0, 377", 12),
(BN L (k
j21el) < gl < Jw -2 < 5 () < 5 (B
and for every y € B(0,r) and every z € B(0, 12)¢,
izl =1) < J(y —2) < jlz[+1).
Using (3.15) and (3.16), we have that, for every y € B(0,r) and z € B(0, ¥ )¢,
cgi(lz) < J(y—=2) < ci(l2])

for some constant cg > 0. Thus we have

< () () ==

for some constant ¢;7 > 1. Applying (4.41) to u, and v and Lemma 4.19 to v and vq, we obtain for
r € DN B(0,5),

s(x) _ o ua(A) —al((s5r)7?) u(4) —a (k1))
< < < — L < = A
ug(x) < crug(A) s4) = = oa(A) vo(x) < gk 12 2) v(A) vo(x) = cgk (27 va(x),
(4.42)
for some constant cg > 0. Combining (4.40) and (4.42) and applying (4.36), we have
u(z) < cgv(z), x € DN B(0, g),
for some constant cg = cg(k) > 0. O
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