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* The three-phases immiscible compressible equations

* Why a global pressure ?

* Equivalent global pressure reformulation: TD Condition.

* An example of Global Capillary Pressure function

* TD-interpolation of two-phase data: compatibility condition

* Conclusions
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Notations (1 = water, 2 = oil, 3 = gas)

* dependant variables :

y

S; = Sj(x,t) = reduced saturation, 0 < 5; <1,
§ P = Pj(x,t) = pressure,
P = @;j(z,t) = volumetric flow vector at reference pressure.
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Notations (1 = water, 2 = oil, 3 = gas)

* dependant variables :

y

S; = Sj(x,t) = reduced saturation, 0 < 5; <1,
§ P = Pj(x,t) = pressure,
P = @;j(z,t) = volumetric flow vector at reference pressure.

* fluids and rock data :

( B; = Bj(pj) = pj/p5" = volume factor,
dj = dj(p;) = Bj/u; = phase mobility,
b = B P = mEmaiy
s K = K(x) = absolute permeability,
kr; = krj(s1,s3) = phase relative permeability,
g = gravity constant ,
 Z = Z(x) = depth.
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Three Phases Equations

®* conservation laws :

%, .
E{gij(Pj)Sj} +V-p;=0 , j=123.
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Three Phases Equations

®* conservation laws :

9, .
E{gij(Pj)Sj} +V.p; =0 , j5=123.

* Muskat law :

pj = —K d;(Pj) kri(S1,S53)(VP; — pjgVZ)

, J=12,3.
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Three Phases Equations

®* conservation laws :

9, .
E{gij(Pj)Sj} +V.p; =0 , j5=123.

e Muskat law :
pj = —K d;(Pj) kri(S1,S53)(VP; — pjgVZ)

* capillary pressure law :

P - P, = PZ(9),
Ps— P, = P3*(S3),

 §=1,2.3.
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An example of three-phase relative permeabilities

/ O\
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An example of capillary pressures

Pc (g/o0)

Pc (w/0)
[Pa]

2400 r
2000 r
1600
1200
800
400

Sw So

-400
-800
-1200
-1600
-2000
-2400
-2800 - i
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Classical resolution : “pressure” equation

2 3
~{¢D_ B;jSi}+V-q=0,
=i

where q is the global volumetric flow vector:

3
=) ¢j=—-KXVP+ fiVP? + fsVP? — pgVZ}
j=1
( A(s1,83,p2) = Z?Zl kr;d; = global mobility,
8 fi(s1,83,p2) = krjd;/A —= 5% fractional flow , Z?Zl =1
_ p(s1,83,p2) = Z?Zl fipi = global density.
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Classical resolution : “pressure” equation

2 3
~{¢D_ B;jSi}+V-q=0,
=i

where q is the global volumetric flow vector:

3
=) ¢j=—-KXVP+ fiVP? + fsVP? — pgVZ}
j=1
( A(s1,83,p2) = Z?Zl kr;d; = global mobility,
8 fi(s1,83,p2) = krjd;/A —= 5% fractional flow , Z?Zl =1
| p(s1,83,p2) = Z?Zl fipi = global density.

| Solve for the olil pressure P, ?
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Behaviour of individual phase pressures

oil pressu®

Case of a two-phase
water-oil flow :

oil and water pressures m ______

. pre i
are singular near front it ; i

boundary

I
4 Oil saturation |

water |

0 : ' -
I space
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Let us have a dream...

[

oil pressur®

- - essme \ _____

Does there exists a pressure field (x,t) ~» P such that :
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Let us have a dream...

[

oil pressur®

. rpress\“e \ -

wale

Does there exists a pressure field (x,t) ~» P such that :

P is smooth ; R e O
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Let us have a dream...

[

Does there exists a pressure field (x,t) ~» P such that :
P is smooth , Pooter < P < Py
and P governs the global volumetric flow vector ¢ :

¢=-Kd{VP—pgVZ} ?

( where d(s1, s3,p) = A(s1,53,p2) )
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Searching for a Global Pressure P

ehowtoreplace : ¢ = —KMNVPy+ fiVP? + f35VP? — pgVZ}
by : qg = —Kd{ VP — ngZ} ?
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Searching for a Global Pressure P

e how to replace : g

by :

q

—KMNVP, + fiVP? + f3VP — pgVZ}

—Kd{

e define the Global Pressure :

P=~F

VP — pgVZ} ?

+ ch(Sla Sg,P)
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Searching for a Global Pressure P

e how to replace : g
by : q

—KMNVP, + fiVP? + f3VP — pgVZ}

—Kd{

e define the Global Pressure :

VP — pgVZ} ?

P=PFP + ch(ShSSaP)

where the global capillary function : (s1,s3,p) ~ Peg(s1, s3,0)

IS required to satisfy:
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Searching for a Global Pressure P

ehowtoreplace : ¢ = —KMNVPy+ fiVP? + f35VP? — pgVZ}
by : qg = —Kd{ VP — ngZ} ?

o define the Global Pressure: P =P, + P, (51,53, P)

where the global capillary function : (s1, s3,p) ~ Pey(s1,53,p)
IS required to satisfy:
e For any saturation and pressure fields S (x,t), S3(x,t), P(x,t) :
VP.,(51,53,P) =  f1(S1,83, P — P.y(S1, S5, P)) VP2(S1)
+/3(81, 83, P — Pey(51, 83, P)) VP.*(S3)
+0P.,/0P (51,53, P) VP
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Searching for a Global Pressure P

ehowtoreplace : ¢ = —KMNVPy+ fiVP? + f35VP? — pgVZ}
by : qg = —Kd{ VP — ngZ} ?

o define the Global Pressure: P =P, + P, (51,53, P)

where the global capillary function : (s1, s3,p) ~ Pey(s1,53,p)
IS required to satisfy:
e For any saturation and pressure fields S (x,t), S3(x,t), P(x,t) :
VP.,(51,53,P) =  f1(S1,83, P — P.y(S1, S5, P)) VP2(S1)
+/3(81, 83, P — Pey(51, 83, P)) VP.*(S3)
+0P.,/0P (51,53, P) VP

.Pmingplgpépl%épmax
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Searching for a Global Pressure P

ehowtoreplace : ¢ = —KMNVPy+ fiVP? + f35VP? — pgVZ}
by : qg = —Kd{ VP — ngZ} ?

o define the Global Pressure: P =P, + P, (51,53, P)

where the global capillary function : (s1, s3,p) ~ Pey(s1,53,p)
IS required to satisfy:
e For any saturation and pressure fields S (x,t), S3(x,t), P(x,t) :
VP.,(51,53,P) =  f1(S1,83, P — P.y(S1, S5, P)) VP2(S1)
+/3(81, 83, P — Pey(51, 83, P)) VP.*(S3)
+0P.,/0P (51,53, P) VP
® Phin < P < P < P3 < Phax

® 8ch/8P(31,33,p) <k<l1
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Searching for a Global Pressure P

ehowtoreplace : ¢ = —KMNVPy+ fiVP? + f35VP? — pgVZ}
by : g = —Kd{ (1-0P,/0P)VP —pgVZ}

o define the Global Pressure: P =P, + FP.(51,S53,P)

where the global capillary function : (s1, s3,p) ~ Pey(s1,53,p)
IS required to satisfy:
e For any saturation and pressure fields S (x,t), S3(x,t), P(x,t) :
VP.,(51,53,P) =  f1(S1,83, P — P.y(S1, S5, P)) VP2(S1)
+/3(81, 83, P — Pey(51, 83, P)) VP.*(S3)
+0P.,/0P (51,53, P) VP
® Phin < P < P < P3 < Phax

® 8ch/8P(31,33,p) <k<l1

1 1
Dubrovnik, October 13-16 2008 .
searching for a alobal pressure -o. 10119



The Global Capillary Pressure function [

e The first condition is equivalent to :

( OP. P12
a39(31,837]?) — f1(81,83,p—ch(31,33,p)) d§ (51)7

\ oP, a5,
\ 855(81,837]?) = f3(s1,83,p — Pey(s1,53,p)) d§3 (s3) ,

forall P, < U S
and s =(s1,s3) €T.

0

water s; ol
| |
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The Global Capillary Pressure function [

e The first condition is equivalent to :

( OP. P12
a351(31,33719) — f1(81,83,p—ch(31,33,p)) d§ (51)7

\ oP, a5,
\ 8;;(81,837]?) = f3(s1,83,p — Pey(s1,53,p)) d§3 (s3) ,

forall P, < U S
and s =(s1,s3) €T.

e Condition p; < p < p3 is satisfied if :
ch(l, 0,p)=0

Peg =10
g
J
water s; ol

0
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The Global Capillary Pressure function [

e The first condition is equivalent to :

[ OP,
aslg (817 337p)

0P,
\ 855(317337]?)

_/\

forall P, < U S
and s =(s1,s3) €T.

e Condition p; < p < p3 is satisfied if :

P.y(1,0,p)=0

e Q:How to compute P.,(s) ?

dP12

g1 (51) ,
P2

fl(sla $3,P — ch(Sla 83ap))

f3(s1,83,p — Peg(s1,83,D0))

a5 (s3)

0

water oil

|
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The Global Capillary Pressure function [

e The first condition is equivalent to :

[ OP,
aslg (817 337p)

0P,
\ 855(317337]?)

_/\

for all i <p< B

and s =(s1,s3) €T. 995
e Condition p; < p < p3 is satisfied if :
P.,(1,0,p)=0 Peg(s)?
e Q:How to compute P.,(s) ? ’
e A : Dby integration along a curve T
joining (1,0) to s | Py~ 0 O
water oil

dP12

g1 (51) ,
P2

a5 (s3)

fl(sla $3,P — ch(Sla S3ap>)

f3(s1,83,p — Peg(s1,83,D0))
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The Global Capillary Pressure function [

e The first condition is equivalent to :

[ OP,
aslg (817 337p)

0P,
\ 855(817337]?)

_/\

forall P, < U S
and s =(s1,s3) €T.

dP12

g1 (51) ,
P2

a5 (s3)

fl(sla $3,P — ch(Sla S3ap>)

f3(s1,83,p — Peg(s1,83,D0))

gas

e Condition p; < p < p3 is satisfied if :

P.y(1,0,p)=0

e Q:How to compute P.,(s) ?

e A : Dby integration along a curve
joining (1,0) to s !

e But there are plenty of curves ...

— Total Differential Condition water oil

|
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The Global Capillary Pressure function [

e The first condition is equivalent to :

)
OF dP)?
: 8519(31,33,]?) = f1(81,83,p—ch(31,33,p)) s (51)7
8PC dPC2
\ 855(81,837]?) = f3(s1,83,p — Pey(s1,53,p)) 75 (s3) ,
forall P < p < Prax o

and s =(s1,s3) €T.

0

e Condition p; < p < p3 is satisfied if :
P.,(1,0,p)=0 Peg(s)?
e A : Dby integration along a curve
joining (1,0) to s !
— Total Differential Condition water oil
| |

e Q:How to compute P.,(s) ?
ch _
e But there are plenty of curves ... =
| Dubrovnik, October 13-16 2008 |

The Global Capillarv Pressure function P-. —o. 1119



Global Pressure Formulation : conclusion

e A fully equivalent global pressure formulation exists as soon as
the three phase data satisfy the Total Differential (TD) Condition
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Global Pressure Formulation : conclusion

e A fully equivalent global pressure formulation exists as soon as
the three phase data satisfy the Total Differential (TD) Condition

e A natural parametrization of TD-three-phase data is made of :

- a global capillary function : s € T, Ppin < p < Prax ~ Peg(s, )
satisfying : 0FP.,/0F(s,p) <k <1,
- a global mobility function: s € T, Ppin < p < Phax ~ d(s,p) .

| |
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Global Pressure Formulation : conclusion

e A fully equivalent global pressure formulation exists as soon as
the three phase data satisfy the Total Differential (TD) Condition

e A natural parametrization of TD-three-phase data is made of :

- a global capillary function : s € T, Ppin < p < Prax ~ Peg(s, )
satisfying : 0FP.,/0F(s,p) <k <1,

- a global mobility function: s € T, Ppin < p < Phax ~ d(s,p) .

e the associated fractional flows and relative permeabilities are :

vi(s,p) = OPsy /05 (s,p) / AP /dsi(s;) , j=1,3

{ ij(S,p) — Vj(s,p)d(s,p)/dj(p— PCQ(Svp) _|_P0j2(3j)) J=13,
kTQ(S,p) — (1 - Vl(S,p) - V3(S,p))d(8,p)/d2(p— PCQ(S7P)) )

l l
1 1
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Global Pressure Formulation : conclusion

e A fully equivalent global pressure formulation exists as soon as
the three phase data satisfy the Total Differential (TD) Condition

e A natural parametrization of TD-three-phase data is made of :

- a global capillary function : s € T, Ppin < p < Prax ~ Peg(s, )
satisfying : 0FP.,/0F(s,p) <k <1,

- a global mobility function: s € T, Ppin < p < Phax ~ d(s,p) .

e the associated fractional flows and relative permeabilities are :

vi(s,p) = OPsy /05 (s,p) / AP /dsi(s;) , j=1,3
{ kri(s,p) = vi(s,p)d(s,p)/d;(p — Peg(s,p) + PI*(s5)) j=1,3,

er(Sap) — (1—V1(S,p)—V3(S,p))d(8,p)/d2(p—ch(S,p)) )
e by construction, TD-three-phase data satisfy :
8V1 dPéLQ 6V3 dP032

. e (50) T (51) = 52 (5.0) G~ (o)

|
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An example of global capillary pressure function

7e+0
6e+0
e+03
5e+0
e+03 4e+0
e+03
e+03
e+03
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TD-interpolation of two-phase data - 0

Sw

[-]

Sg

kr(wo),, —&—
kr(wo), —v—
kr(go), —=—

kr(go)y —e—

1l

So
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TD-interpolation of two-phase data - 1

e Given : two phase data on OT :

kr(s) , P.(s) for each pair of fluids,
d;(p;) = fluid mobilities , j =1, 2, 3.

water water — oil data Oil

1 1
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TD-interpolation of two-phase data - 1

e Given : two phase data on OT :

kr(s) , P.(s) for each pair of fluids,
d;(p;) = fluid mobilities , j =1, 2, 3.

e Find, for each global pressure level p,
two functions :

s € T~ Puy(s,p), s € T~ d(s,p)

water water — oil data Oil
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TD-interpolation of two-phase data - 1

e Given : two phase data on OT :

kr(s) , P.(s) for each pair of fluids,
d;(p;) = fluid mobilities , j =1, 2, 3.

e Find, for each global pressure level p, /

Q
two functions : &&“Q)

s €T~ Py(s,p), s€ T~ d(s,p)

whose associated fractional flows : water water — oil data oll
vi(s,p) = OP,y/8s;(s, p) / AP /dsi(s;) , j=1,3
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TD-interpolation of two-phase data - 1

e Given : two phase data on OT :

kr(s) , P.(s) for each pair of fluids,
d;(p;) = fluid mobilities , j =1, 2, 3.

e Find, for each global pressure level p, /

Q
two functions : &&“‘b

seTf\»ch(s,p) : SET«»d(S,p)

whose associated fractional flows : water water — oil data Oil

vi(s,p) = OP,y/8s;(s, p) / AP /dsi(s;) , j=1,3
produce relative permeabilities :

{krj(s,p) = v;(s,p)d(s,p)/dj(p — Pey(s,p) + P2%(s5)) j=1,3,

er(Sap) — (1_V1(87p) —V3(S,p))d(8,p)/d2(p—ch(S,p)) )
which coincide with the given two-phase data on OT.

|
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TD-interpolation of two-phase data - 2

(0P,

) 08,
0P,

\ 853

(s,p)

If the fractional flows

f1(87p2) 9 f3(87p2)

are known along a curve

4

P
then ch 9 %(87]9) 9
1

OP,,
05

(s,P)

are known along the same curve.

dP12

fl(S,p—ch(S,p)) dS (31)7

dP32

(S,p) — f3(37p_PCQ(37p)) dSs (33)7

gas

ch:O

water oil

|
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TD-interpolation of two-phase data - 2

(0P, dp!?

< gsl (Svp) — f1(87p_ch(87p)) ddé§2(81) )
Feg B p

\ (953 (Svp) — f3(87p ch(sap)) ng (83) )

gas

If the fractional flows

f1(87p2) ) f3(87p2)
are known along a curve

4

OP. 0P,
then PCQ’ Wj(QS?p)? aS;<S7p)

are known along the same curve.

water oil

| |
| |
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TD-interpolation of two-phase data - 2

(0P, dp!?
< ggl (Svp) — f1(87p_ch(87p)) ddé§2(81) )
cg o o C
\ (953 (Svp) — f3(87p ch(sap)) ng (83) )
if the fractional flows gas
f1(87p2) ’ f3(87p2)
are known along a curve Peg(s)?
g
9, ! OP
ch cg
then ch 9 6—;5'1<87p) Y 853 (87p)

are known along the same curve.

water oil

| |
| |
Dubrovnik, October 13-16 2008

TD-interpolation of two-phase data - 2 -o. 16/19



TD-interpolation of two-phase data - 3

Let p = given global pressure level.

e Determination of Pfgata on OT : gas

solve the differential equation

water oil

1 1
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TD-interpolation of two-phase data - 3

Let p = given global pressure level.

e Determination of P3** on 0T : pdata gas
solve the differential equation Y
- on the water-gas side — p%ata
T
P.,=0
Cg‘
water oil
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TD-interpolation of two-phase data - 3

Let p = given global pressure level.

e Determination of P3** on 0T :
solve the differential equation

- on the water-gas side — pdata
- on the water-oil-gas sides — pcdgata

water oil

1 1
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TD-interpolation of two-phase data - 3

Let p = given global pressure level.

e Determination of P3** on 0T :
solve the differential equation

- on the water-gas side — pdata
- on the water-oil-gas sides — pcdgata

e TD-compatibility condition :
Pdata(gas) Pdata(gas)

or, in term of fractional flows
at global pressure p :

1 12 1 32
12,data 13,data dPC 32,data 31,data ch — 0
(1 = Y ) T T (V3 — Vs ) T
0 S1 0 S3

ch:O

water oil
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TD-interpolation of two-phase data - 3

Let p = given global pressure level.

e Determination of Pfgata on OT : pata gaSPdata

solve the differential equation
- on the water-gas side — Pt
- on the water-oil-gas sides — Pg*

e TD-compatibility condition : T

Pdata(gas) Pdata(gas) s
cg‘—

or, in term of fractional flows

water
at global pressure p :

1 12 1 32
12,data 13,data dPC 32,data 31,data dpc — 0
! (1 = Y ) T ; (V3 — Vs ) =0.

d81 d83

e Determination of (9P, /dn)% on JT : use v, and vs .

Dubrovnik, October 13-16 2008
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TD-interpolation of two-phase data - 4

e Determination of d42*2 on 9T at global pressure p :

[ kri2dy(p — P3ata 4 P12) 4 kri? dy(p — Plata) (water-oil)
dista =¢ Erldd;(p — Pdata + P12) + kridds(p — Pdata + P32) (gas-water)
| kr3?ds(p ngata + P32) + kr3? do(p ngata) (gas-oil)

1
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TD-interpolation of two-phase data - 4

e Determination of d42*2 on 9T at global pressure p :

[ kri2dy(p — P3ata 4 P12) 4 kri? dy(p — Plata) (water-oil)
dista =¢ Erldd;(p — Pdata + P2) + kri® ds(p — Pdata + P2?) (gas-water)
| kr3?ds(p ngata + P32) + kr3? do(p ngata) (gas-oil)

e Possible choices for P., and d on T at global pressure p :
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TD-interpolation of two-phase data - 4

e Determination of d42*2 on 9T at global pressure p :

[ kri2dy(p — P3ata 4 P12) 4 kri? dy(p — Plata) (water-oil)
dista =¢ Erldd;(p — Pdata + P2) + kri® ds(p — Pdata + P2?) (gas-water)
| kri?ds(p ngata + P32) + krs? da(p ngata) (gas-oil)

e Possible choices for P., and d on T at global pressure p :

- by smooth interpolation :

( A*P, = 0 inT ,
Py = Pd¥ta  ongT, —Ad = 0 inT,
OP. O P.data d = d¥®2 onoT.
L = g on OT ,
N On on
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- by optimization : use for example krP®re(s) , kr3tone(s) as targets.

e Finite element parameterization : reduced HCT for F.,, P1 for d.
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TD-interpolation of two phase data : conclusion

e Let the three sets of water-oil, gas-oil and water-gas
two-phase data satisfy the TD-compatibility condition.

e Then they can be interpolated by TD-three-phase data by
chosing, for each global pressure level p :

- a C! global capillary pressure P, : T ~ R

- a C global mobility d: T~ R
such that P., and d satisfy on 9T boundary conditions derived
from the three sets of given two phase data.

e in T, P, and d can be chosen freely, for example :
- by smooth interpolation : A*P., =0, —~Ad=0inT,
- by optimization : try to match kry™ne(s) , kr3tone(s) .
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