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I) Introdution

Ω ⊂ Rn, n = 2, 3, Ω̄f = fracture; Ω\Ω̄f = Ω1∪Ω2, Ω1∩Ω2 = ∅;
Ωf ≡ γ: hyperplane; Γ = ∂Ω, Γi := ∂Ω ∩ Ωi, i = 1, 2; Z[2]is so

that 1+1=2 and 2+1=1, (cf V.Martin, J. Jaffré, J. Roberts, 2005)

ui = −Ki∇pi in Ωi, i = 1, 2
div ui = qi in Ωi, i = 1, 2

uf = −Kf∇τpf on γ,

divτ uf = qf +
2∑

i=1

ui · ni on γ,

pi = pf +
d

2Kf
[ξui · ni (ξ ∈]1/2, 1])

−(1 − ξ)ui+1 · ni+1] on γ, i ∈ Z[2]
pi = p̄i on Γi, i = 1, 2
pf = p̄f on ∂γ.
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Weak Formulation u ∈ W, p ∈ M
aξ(u, v) − β(v, p) = −Ld(v), ∀v ∈ W

β(u, r) = Lq(r), ∀r ∈ M.

W = {v = (v1, v2, vf) ∈ Π2
i=1H(div; Ωi) × H(div; γ) : vi · ni ∈ L2(γ), i = 1, 2}

M = {r = (r1, r2, rγ) ∈ L2(Ω1) × L2(Ω2) × L2(γ)}

aξ(u, v) =
2∑

i=1

(K−1
i ui, vi)Ωi

+ (K−1
f uf , vf)γ

+
2∑

i=1

(
d

2Kf

[ξui · ni − (1 − ξ)ui+1 · ni+1] , vi · ni

)
γ

,

β(u, r) =
2∑

i=1

(div ui, ri)Ωi
+ (divτ uf , rf)γ −

(
2∑

i=1

ui · ni, rf

)
γ

,

Lq(r) =
2∑

i=1

(qi, ri)Ωi
+ (qf , rf)γ, Ld(v) =

n∑
i=1

(vi · ni, p̄i)Γi
+ (vf · nf , p̄f)∂γ.
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Norms in M and W

‖r‖2
M =

2∑
i=1

‖ri‖2
0,Ωi

+ ‖rf‖2
0,f

‖v‖2
W =

2∑
i=1

(
‖vi‖2

0,Ωi
+ ‖div vi‖2

0,Ωi

)
+ ‖vf‖2

0,γ + ‖divτ vf‖2
0,γ +

2∑
i=1

‖vi · ni‖2
0,γ.

Unique Solution : aξ(·, ·) is W̃−elliptic:

∃Cα > 0, inf
v∈W̃

aξ(v, v)

‖v‖2
W

≥ Cα

W̃ = {v ∈ W : β(v, r) = 0 ∀r ∈ M}

β(·, ·) satisfies the inf-sup condition:

∃Cβ > 0, inf
r∈M

sup
v∈W

β(v, r)

‖v‖W‖r‖M

≥ Cβ.

(cf. V.Martin, J. Jaffré, J. Roberts, 2005)
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Discretization with RT0

Zi = H(div; Ωi), i = 1, 2, Z =
⊕
i=1,2

Zi

Ni = L2(Ωi), i = 1, 2, N =
⊕
i=1,2

Ni = L2(Ω).

Zh,i × Nh,i ⊂ Zi × Ni, i = 1, 2

Wh,γ ⊂ H(divτ ; γ), Λh = P0(γ)

Wh =
⊕
i=1,2

Zh,i ⊕ Wh,γ, Mh =
⊕
i=1,2

Nh,i ⊕ Λh.

 uh ∈ Wh, ph ∈ Mh

aξ(uh, v) − β(v, ph) = −Ld(v), ∀v ∈ Wh

β(uh, r) = Lq(r), ∀r ∈ Mh.

Πh : W → Wh interpolation operateur in RT0 and Ph : M → Mh is the

L2-projection.
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II) A posteriori error estimate

Introduction

→ a priori error estimates ‖ u − uh ‖≤ F (h, u, f)

→ only yield information on the asymptotic error behaviour

→ require regularity assumptions about u which is not satis-
fied in the presence of singularity (as sharp fronts, wells,...)

→ overall accuracy of the numerical approximation is deteri-
ored by local singularity

Obvious remedy:

→to refine the discretization near the critical regions = to place
more grid point where the solution is less regular.

→how to identify those regions,

→ how to obtain a good balance between the refined and unrefined
regions such that the overall accuracy is ”optimal”.
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Obtain reliable estimates of the accuracy of the computed numerical solution

The need: error estimator which can, a posteriori, be extracted from the
computed numerical solution and the given data of the problem

Reasonable error estimator should at least satisfy three minimal requirements

Reliability = estimator yields upper bounds on the error

‖u − uh‖V ≤ G(uh, fh, f)

uh is the computed solution.

Efficiency = estimator yields lower bounds on the error

G(uh, fh, f) ≤ C‖u − uh‖V

Locality= information on the local distribution of the error.

G(uh, fh, f) = (
∑
T∈Th

η2
T )1/2, ηT ≤ C‖u − uh‖W (T )

ηT : Local error estimator
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Principal tools

eh = u − uh, εh = p − ph.

The residual equations{
aξ(eh, v) − β(v, εh) = −Ld(v) − aξ(uh, v) + β(v, ph), ∀v ∈ W

β(eh, r) = Lq(r) − β(uh, r), ∀r ∈ M.

The orthogonality property{
aξ(eh, vh) − β(vh, εh) = 0, ∀vh ∈ Wh

β(eh, rh) = 0, ∀rh ∈ Mh.

Local interpolation error bounds on elements and faces
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Residual error estimators

Notations: Tih: for i=1,2, regular families of triangulations of Ωi by closed
triangles (n = 2) or tetrahedra (n = 3) and Tfh: regular families of triangula-
tions of the hyperplane γ by closed segments (n = 2) or triangles (n = 3). Eih:
the set of the edges or faces E of Tih,and E0

ih := Eih\(Γi ∪ γ), EΓ
ih := Eih ∩ Γi,

Eγ
ih := Eih ∩ γ, Efh the set of the edges of Tfh, E0

fh := Efh\∂γ.

For wh ∈ Wh the tangential component of wh on a face E is defined by

(wh)τ,E :=

 wh · tE in 2D

wh × nE in 3D

and, if [·]E denote the jump across E, we define the jump of K−1vh in the
tangential direction across E by

Jt,E(uh) :=


1

2
[(K−1uh)τ,E]E if E ∩ Γi = ∅

(K−1uh + ∇ (Php̄i))τ,E if E ∩ Γi 6= ∅,
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For any T ∈ Ti,h, for i = 1, 2, and for any t ∈ Tf,h,

η
(i)
T := hT‖K−1

i uih + ∇pih‖0,T ηt := ht‖K−1
f ufh + ∇τpfh‖0,t

ζ
(i)
T := hT‖curl(K−1

i uh,i)‖0,T +
∑

E∈∂T

h
1/2
E ‖Jt,E(uh,i)‖0,E

ζt := ht‖curl(K−1
f uh,f)‖0,t +

∑
e∈∂t

h1/2
e ‖Jt,e(uh,f)‖0,e

ω
(i)
T := ‖(qi − Phiqi)‖0,T ωt := ‖(qf − Phfqf)‖0,t

ω
(i)
T := h

1/2
T ‖Php̄i − p̄i‖0,∂T∩Γi

ωt := h
1/2
t ‖Php̄f − p̄f‖0,∂t∩∂γ

δ
(i)
t := h

1/2
t ‖pih − pfh −

d

2Kf

(ξuih · ni − (1 − ξ)ui+1,h · ni+1) ‖0,t

Upper bound on the velocity

Proposition 1 : The error eu is bounded from above by the indicators

‖eu‖W �
2∑

i=1

∑
T∈Tih

(
ζ

(i)
T + ω

(i)
T + ω

(i)
T

)
+
∑

t∈Tfh

(ζt + ωt + ωt) (1)
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Proof:

for i=1,2,f (as in Hoppe and Wohlmuth (1999))

H(div; Ωi) = H0(div; Ωi) ⊕ H1(div; Ωi)

where

H0(div; Ωi) := {vi ∈ H(div; Ωi), s.t.

div vi = 0, and (vi · ni)|γ = 0 }
H1(div; Ωi) := {vi ∈ H(div; Ωi), s.t. ;∫

Ωi

K−1
i w0

i vidx = 0, ∀w0
i ∈ H0(div; Ωi)}.

For n=2 we have H0(div; γ) = {0} and so H(div; γ) = H1(div; γ) = H1(γ).
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Notations

W 0 = H0(div; Ω1) × H0(div; Ω2) × H0(divτ ; γ)

W 1 = H1(div; Ω1) × H1(div; Ω2) × H1(divτ ; γ)

u = u0 + u1

u0 ∈ W 0, aξ(u
0, v0) = −Ld(v

0), ∀v0 ∈ W 0, (2)

u1 ∈ W 1, β(u1, r) = Lq(r), ∀r ∈ M. (3)

The problems (2) and (3) are independent, and we check suc-

cessively bounds of e0
u and e1

u.
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• v0 = curl φ ∈ W 0, φh := P C
h φ, and v0

h = curlφh

aξ(eu, v0) = −Ld(v
0 − v0

h) − aξ(uh, v0 − v0
h)

=
2∑

i=1

∑
T∈Tih

(∫
T

curl(K−1
i uh,i)(φi − φih) +

∑
E⊂∂T

∫
E

Jt,E(uh,i)(φi − φih)

)
+
∑

t∈Tfh

(∫
t

curl(K−1
f uh,f)(φf − φfh) +

∑
e∈∂t

∫
e

Jt,e(uh,f)(φf − φfh)

)

+
2∑

i=1

(curl(φi − φih) · ni, (p̄i − p̄ih)Γi

+(curl(φf − φfh) · nf , p̄f − pfh)∂γ.

v0 = e0
u gives

‖e0
u‖0 = ‖e0

u‖div �
2∑

i=1

∑
T∈Tih

(
ζ

(i)
T + ω̄

(i)
T

)
+
∑

t∈Tfh

(ζt + ω̄t) .
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• From the approximate problem we have

divuih = Pihqi for i = 1, 2

divufh = Pfh

(
2∑

i=1

uih · ni + qf

)

(
2∑

i=1

‖dive1
ui

‖2
0,Ωi

+ ‖dive1
uf

‖2
0,Ωf

+ ‖
2∑

i=1

e1
ui

· ni‖2
0,γ

)1/2

�
∑

T∈Tih

ω
(i)
T +

∑
t∈Tfh

ωt
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Upper bound on the pressure

Proposition 2 The error εp is bounded from above by the indicators

‖εp‖W �
2∑

i=1

∑
T∈Tih

(
η

(i)
T + ω

(i)
T + ω

(i)
T

)
+
∑

t∈Tfh

δ
(i)
t


∑

t∈Tfh

(ηt + ωt + ωt)

Proof:
Dual problem (for the pressure) Find v̄ ∈ W, r̄ ∈ M solution of

aξ(v̄, v) − β(v, r̄) = 0, ∀v ∈ W
β(v̄, r) = −(εp, r), ∀r ∈ M.

Regularity result

∃Cs > 0, ‖v̄‖1 + ‖r̄‖1 ≤ Cs‖εh‖M .

Lower bound on the error by standards arguments
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III) A Numerical test in 2D

~u · ~n = 0

~u · ~n = 0

Ω1

K1 = 10−6

Ω2

K2 = 10−6

Ωf

K
f

=
1
0

−
4

p
=

0

p
=

1

~u · ~n = 0

~u · ~n = 0

p = 0

p = 1

d=0,01.
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Initial mesh
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Initial pressure
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Final mesh: 320 elements 500 edges, in each Ωi
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Final pressure
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Pressure with uniform mesh: 520 elements, 800 edges in each Ωi
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