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I) Introdution

QCR" n=2,3, Qf — fracture; Q\Qf = Q1UNo,

21NNy = @;

Qf = ~: hyperplane; I' =02, I'; :=00N;, =+ =1,2; Z[z]is SO
that 1+1=2 and 2+1=1, (cf V.Martin, J. Jaffré, J. Roberts, 2005)
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Weak Formulation

{ ueW, peM

a¢(u,v) — B(v, p) —L4(v), Yo e W

B(u,r) L,(r), Vr e M.
W = {v=(vi,v2,vy) € II}_ H(div; Q;) X H(div;7y) : v; - n; € L*(v),¢ = 1,2}
M = {r=(ri,r27ry) € L*(2) x L*(Q) x L*(7)}
2
ag(u,v) = Y (K 'ui,vi)a + (K; 'up,vg)y
=1
+ Z (2—Kf [guz n; — (]- - €)ui—f—1 ‘ ni—l—l] s Uy ° ni),y’

2 2
B(u,r) = Z(div Wiy i), + (diVe up, )y — (Z w; Ny, rf> ,
i=1 i=1 .

2
Z(qia 'ri)Qi + (qfa 'rf)'ya Ld(’U) = Z('Uz . nz’aﬁz’)I‘i + (vf Ny, ﬁf)a'w

=1

Ly(r)



Norms in M and W

2
I3, = il g, + lrell2

=1

2 2
ol =3 (lvill2g, + Idivvillse,) + llogll3,, + ldivevgll3, + 3 llvi - nill3 -

i=1 i=1
Unique Solution : ag(-,-) is W—elliptic:

gV, U

3C, > 0, inf 5(—2)

vew ||v]lw

W={veW:gw,r)=0Vrec M}

> C,

B(-,-) satisfies the inf-sup condition:

v, T
3Cs > 0, inf sup Bv,r) >
reM pew ||vllw 7]l am

(cf. V.Martin, J. Jaffré, J. Roberts, 2005)



Discretization with RT,

Z; = H(div; ), i=1,2, Z= P 7

i=1,2

N; = L*(%), i=1,2, N={H N; = L*(Q).

i=1,2
Zpi X Npi CZi X N;jy 1=1,2
Wi,y C H(divr;7), An = Py(v)
Wh= D Zni ® Wh,, My, = 5 Np; ® An.
i=1,2 i=1,2

up € Wr, pn € My
ag¢(un,v) — B(v, pn) —L4(v), Yv e W,
B(up, 1) L,(r), Vr € M.

II;, : W — W, interpolation operateur in R1TIy and P, : M — M, is the
L2-projection.



II) A posteriori error estimate

Introduction

— a priori error estimates || u — uy ||< F(h,u, f)

— only vield information on the asymptotic error behaviour

— require regularity assumptions about uw which is not satis-
fied in the presence of singularity (as sharp fronts, wells,...)

— overall accuracy of the numerical approximation is deteri-
ored by local singularity

Obvious remedy:

—to refine the discretization near the critical regions = to place
more grid point where the solution is less regular.

—how to identify those regions,

— how to obtain a good balance between the refined and unrefined
regions such that the overall accuracy is "optimal’.



Obtain reliable estimates of the accuracy of the computed numerical solution

The need: error estimator which can, a posteriori, be extracted from the
computed numerical solution and the given data of the problem

Reasonable error estimator should at least satisfy three minimal requirements

Reliability = estimator vields upper bounds on the error

”u — uh”V S G(Uha fh7 f)
up, IS the computed solution.

Efficiency = estimator vields lower bounds on the error

G(un, fry ) < Cllu — un|ly

Locality= information on the local distribution of the error.

G(un, fr, f) = (Z 77;2r)1/2a nr < Cllu — up||lwr)
TeT,

nr . Local error estimator



Principal tools

€Ep = U — Up, €nh = P — Ph-

The residual equations

{ ag(en,v) — B(v,ep)
B(ep,T)

—Lg(v) — a’é(uhvv) + B(v,pp), Yv €W
Lq("“) — ﬁ(uhar)a vVr € M.

The orthogonality property

{ ag(ep,vy) — B(vpsep) =0, Vo, € Wy
B(en,Tn) =0, Vrp € My,

LLocal interpolation error bounds on elements and faces



Residual error estimators

Notations: 7;,: for i=1,2, regular families of triangulations of €; by closed
triangles (n = 2) or tetrahedra (n = 3) and 7y, regular families of triangula-
tions of the hyperplane v by closed segments (n = 2) or triangles (n = 3). &;;:
the set of the edges or faces E of T;,,and &) := Ex\(TiU), &, := EnNTy,
El = En Ny, Em the set of the edges of Ty, £2h = Ep\O7.

For w; € W), the tangential component of w;, on a face FE is defined by

wy, - tg in 2D
(wn)r,E =
wp, X g in 3D

and, if []g denote the jump across E, we define the jump of K~ lv, in the
tangential direction across E by

1

“[(K ™ up)r.5l g if END;, =0
Jt,E(uh) = 2
(K_luh + Vv (Phﬁi))T,E it ENT; # (b,

10



For any T € T; p, for i = 1,2, and for any t € Ty,

ny = hrl| K win + Vpinllor m = || K w4 Vopinllos
= hplleurl (K ung) o + 2. il 1T (wn i) o,
E€aT
G o= ht”(Z’U,Tl(K;luh,f)”o,t + Z hi/2”Jt,e(uh,f)”0,e
ecot
wy' = (@i — Pug)llor  we = |1(ar — Pusas)llog
wéf) "= 1/2”Phpz Dillo,ornr, Wi = h1/2||Phﬁf — Prllo.ainay
0 = hlpin — pgn — o (€uan - mi — (1= Otiprn - misa) o
2K

Upper bound on the velocity

Proposition 1 : The error e, is bounded from above by the indicators

feulw <3 Y (¢ +wf +30) + 3 (Gt wt @)

1=1 TGTh teTfh

11

(1)



Proof:
for i=1,2,f (as in Hoppe and Wohimuth (1999))

H (div; ;) = HY(div; Q;) & H(div; Q;)
where

H'(div; Q;) :

{v; € H(div;;),s.t.
div v; =0, and (v; - n;)|4 =0}
Hl(div; Q;) := {v; € H(div;Q;),s.t. ;

o K._lw,?vida: = O,ng e HY(div; ©;)}.

For n=2 we have H%(div;~v) = {0} and so H(div;vy) = H'(div;vy) = H'(~).

12



Notations
WY = H(div; Q1) x H(div; Q2) x H(divr;~)

wl = H(div; Q1) x H'(div; Q2) x H'(divr;~)

u:uo—l—ul

u’ € W9, ag(u?,v?) = —Ly(0?), vl e W9, (2)

ul e wl, Bl,r) = Lgy(r), vVr € M. (3)

The problems (2) and (3) are independent, and we check suc-
cessively bounds of €Y and el.

13



e v =curl p € WO, ¢y, := PP, and v = curley

ag(ey,v’) = —Lg(v° —v)) — ag(up, v’ — v})
— Z { Z (/ curl (K; "up ;) (i — din) + Z / Ji.e(un;) (@i — ¢ih)> }
i=1 | TeT) \/T Bcor ¥

+ Z (/tcurl(Kf—luh,f)(qbf — ¢d¢n) + Z /Jt,e(uh,f)(qﬁf — qbfh))

teT;, ecot” €
2
+ Z(curl(gbi — Pin) - iy (Di — Din)r,
i=1

+(curl(dy — dpn) - gy, Py — Prn)oy-

V0 = eg gives

2
lebllo = llebllaw < D= D (¢ + @) + D (G + @)

1=1TecT,, teT;,

14



e From the approximate problem we have

divuih = Rth’ for 1 = 1, 2

2
divuysn, = Py, (Z Wip * T + Qf>

=1

9 9 1/2
(Z \divel, 12,0, + lldivel, 2 + 11> el - m-n3n>

1=1 =1

15



Upper bound on the pressure
Proposition 2 The error €, is bounded from above by the indicators

2
lepllw 238 S (0 + 0 + @) + 3 6

Z (Nt + wt + wy)

teTyy,
Proof:
Dual problem (for the pressure)
Find v & W, ¥ € M solution of
a¢(v,v) — B(v,7) =0, Vv e W
B(o,r) = —(ep,'r), Vr € M.
Regularity result
3C; > 0, 1o]l1 + (|7l < Csllenl| -

Lower bound on the error by standards arguments

17



III) A Numerical test in 2D

u-1n=20 p=1 u-n=20
Qf
= 4 T Qo
| 6 o 6
Q K{ =10 ™ Ko = 10"
|
g
K
u-n=20 P=0 @&-n=0

d=0,01.
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Longeur du domain
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Maillage final du domaine
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Evolution de | indic. sur | equation de darcy dans les sous domaines
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