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Abstract. We describe, up to isomorphism, the local multiplier algebra Mloc(A)
of a C∗-algebra A which admits only finite dimensional irreducible representa-

tions: Mloc(A) in this case is a finite or countable direct product of C∗-algebras

of the form C(Xn) ⊗ Mn, where each space Xn is Stonean. In particularly,
Mloc(A) is an AW ∗-algebra of type I, so it admits only inner derivations and

it coincides with the injective envelope I(A) of A.

1. Introduction

The local multiplier algebra Mloc(A) of a C∗-algebra A plays an important role
when studying operators on A, in particular derivations and automorphisms. By
definition, Mloc(A) is the C∗-algebraic direct limit of multiplier algebras M(I) along
the downward-directed system of all essential closed ideals I of A. The concept of
the local multiplier algebra was introduced by Pedersen [22] in 1978 (under a slightly
different name), where he proved that every derivation of a separable C∗-algebra A
becomes inner when extended to a derivation of Mloc(A). Moreover, it suffices to
assume that every essential closed ideal of A is σ-unital. In particular, Pedersen’s
result implies Sakai’s theorem that every derivation of a simple unital C∗-algebra
is inner. Since, besides simple unital C∗-algebras, AW ∗-algebras also admit only
inner derivations (by Olesen’s theorem [21, Theorem 2]), Pedersen in the same
paper [22] raised the following question:

Problem 1.1. If A is an arbitrary C∗-algebra, is every derivation of Mloc(A) inner?

However, even though Mloc(A) is a very useful object, in general it can be very
difficult to determine it precisely (even if one has extensive knowledge about A
itself). It is known that if A = C0(X) is commutative, then Mloc(A) is a commu-
tative AW ∗-algebra whose maximal ideal space can be identified with the inverse
limit lim

←−
βU of Stone-Čech compactifications βU of dense open subsets U of X

[1, Theorem 3.1.1]. Evidently, if A is simple then Mloc(A) = M(A), and if A is
an AW ∗-algebra, then Mloc(A) coincides with A [1, Theorem 2.3.8]. Even though
Mloc(A) need not to be an AW ∗-algebra in general (just consider the Calkin alge-
bra B/K), it shares some nice properties with AW ∗-algebras (for example, Mloc(A)
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is always a standard C∗-algebra [1, Corollary 3.5.11]). Therefore, one can ask the
following question (which is also originally due to Pedersen):

Problem 1.2. Does the second local multiplier algebra Mloc(Mloc(A)) always coin-
cide with Mloc(A)?

Somerset [25, Theorem 2.7] proved that the answer to Problem 1.2 is affirmative
in case A is unital, separable and Prim(A) (the primitive ideal space of A) contains
a dense Gδ subset of closed points. This result was further generalized by Ara
and Mathieu [3, Theorem 4.7] for quasi-central separable C∗-algebras for which
Prim(A) contains a dense Gδ subset of closed points. Quite recently, Ara and
Mathieu in [2] exhibited an example of unital, primitive AF-algebra A such that
Mloc(Mloc(A)) 6= Mloc(A), providing a negative solution to Problem 1.2. Moreover,
Argerami, Farenick and Massey in [6] showed that a relatively well-behaved C∗-
algebra C([0, 1]) ⊗ K also fails to satisfy Mloc(Mloc(A)) = Mloc(A). This leads to
the following restatement of Problem 1.2:

Problem 1.3. When is the second local multiplier algebra of a C∗-algebra equal to
the first?

For the latest results regarding Problems 1.1 and 1.3 in a separable direction
we refer to Ara-Mathieu’s paper [3]. Let us just mention that they obtained a
definite answer for trivial separable continuous-trace C∗-algebras with fibre K: If
A = C0(X) ⊗ K, where X is second-countable, then Mloc(A) = Mloc(Mloc(A)) if
and only if X contains a dense subset of isolated points. However, Problem 1.3
remains open for general separable continuous-trace C∗-algebras.

On the other hand, in the inseparable direction a little progress on the above
questions seems to have been made since they were raised. Motivated by this, in [16]
we considered more closely what happens for the simplest class of non-commutative
inseparable type I C∗-algebras, namely, for subhomogeneous C∗-algebras. We
proved that in this case there exists an essential ideal I of A with the property that
every derivation of A is implemented by some multiplier of I [16, Theorem 1.1]. In
particular, every derivation of a subhomogeneous C∗-algebra is implemented by a
local multiplier.

In this paper we shall continue our research by concentrating on the class FIN
consisting of all C∗-algebras which admit only finite dimensional irreducible repre-
sentations (no separability is assumed). We shall show that the answers to Problems
1.1 and 1.3 are also positive for C∗-algebras in FIN, and moreover we shall give a
precise description of Mloc(A) in this case. We state our main result:

Theorem 1.4. If a C∗-algebra A belongs to FIN then Mloc(A) is isomorphic to
the C∗-direct product

∏∞
n=1An of a sequence (An) of C∗-algebras, where each An

is either zero, or of the form C(Xn)⊗Mn, where Xn is a Stonean space.

Recall that a space X is said to be Stonean if it is an extremally disconnected
compact Hausdorff space.

The proof of Theorem 1.4 will occupy most of Section 3. The main idea of the
proof is to show that every C∗-algebra in FIN contains an essential ideal J which
can be expressed as a direct sum of a sequence (Jn) of C∗-algebras, where each Jn
is either zero, or n-homogeneous. This will reduce the problem to the homogeneous
case. Further, if A is homogeneous, we shall show that Mloc(A) can be identified
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with the algebra Mloc(Z(A))⊗Mn (where Z(A) is the center of A). The conclusion
of Theorem 1.4 will then follow from the standard properties of local multiplier
algebras.

2. Notation and Preliminaries

Throughout this paper A will denote a C∗-algebra. By Z(A) we denote the
center of A and by M(A) the multiplier algebra of A. By an ideal of A we always
mean a closed two-sided ideal. Let I be an essential ideal of A (i.e. I has a non-zero
intersection with every other non-zero ideal of A). If J is another essential ideal of
A which is contained in I, then M(I) is canonically embedded as a C∗-subalgebra
into M(J) by restriction of multipliers to the smaller ideal. In this way, we obtain a
directed system of C∗-algebras with isometric connecting morphisms, where I runs
through the directed set of all essential ideals of A. Forming the algebraic direct
limit of this directed family yields the pre-C∗-algebra Qb(A), which is called the
bounded symmetric algebra of quotients of A. The completion of Qb(A) is called
the local multiplier algebra of A, and it is denoted by Mloc(A). A nice treatment
of the theory of local multiplier algebras can be found in [1]. We summarize some
basic properties.

Proposition 2.1. Let A be a C∗-algebra.

(i) If I is an essential ideal of A, then Mloc(I) = Mloc(A).
(ii) If A is commutative, then Mloc(A) is a commutative AW ∗-algebra. More-

over if A = C0(X), where X is the maximal ideal space of A, then Mloc(A) ∼=
C(lim
←−

βU), where lim
←−

βU is the inverse limit of Stone-Čech compactifica-

tions βU of dense open subsets U of X.
(iii) Mloc(A⊗Mn) ∼= Mloc(A)⊗Mn.
(iv) If {Ai}i∈I is a family of C∗-algebras, then

Mloc

(⊕
i∈I

Ai

)
∼=
∏
i∈I

Mloc(Ai).

A derivation of an algebra algebra A is a linear map δ : A → A satisfying the
Lebniz rule

δ(xy) = δ(x)y + xδ(y) (x, y ∈ A).

If A is a subalgebra of an algebra B, then every element a ∈ B which derives A
(i.e. ax − xa ∈ A for all x ∈ A) implements an inner derivation ad(a) : A → A
given by

ad(a)(x) := ax− xa (x ∈ A).

If A is a C∗-algebra, it is well known that every derivation δ of A is (completely)
bounded, and that δ extends uniquely and under preservation of the norm to a
derivation of Mloc(A) [1, Theorem 4.1.11]. We shall also denote this extension by
the same symbol δ.

By Â we denote the spectrum of A (i.e. the set of all unitary equivalence classes
of irreducible representations of A) equipped with the Jacobson topology. As usual,

for an ideal I of A we shall identify the open subset {[π] ∈ Â : π|I 6= 0} of Â with

Î, using the homeomorphism [π] 7→ [π|I ] (see [24, Proposition A.27]). Note that

(under this identification) I is essential if and only if Î is dense in Â.
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If Â is Hausdorff and if for each point [π] ∈ Â there exists a neighborhood U

of [π] in Â and an element a ∈ A such that σ(a) is a rank-one projection for all
[σ] ∈ U , A is said to be a continuous-trace C∗-algebra. The standard theory of
continuous-trace C∗-algebras can be found in [24].

As already mentioned in the introduction, by FIN we denote the class of all
C∗-algebras which admit only finite dimensional irreducible representations. We
shall consider the following two important subclasses of FIN:

- The collection of n-homogeneous C∗-algebras, which consists of all C∗-
algebras whose irreducible representations have the same finite dimension
n (by a dimension of a representation π we mean the dimension of the un-
derlying Hilbert space Hπ of π). It is well known that every n-homogeneous
C∗-algebra A is a continuous-trace C∗-algebra, and that there exists a lo-
cally trivial C∗-bundle E over Â with fibres Mn such that A is isomorphic
to the C∗-algebra Γ0(E) of all continuous sections of E which vanish at
infinity (see e.g. [13, Section 3.2]).

- The collection of n-subhomogeneous C∗-algebras, which consists of all C∗-
algebras A such that sup[π]∈Â dimπ = n.

3. Results

We start with the following auxiliary result.

Lemma 3.1. Let E be a locally trivial fibre bundle over a base space X. Then X
contains a dense open subset O such that the restriction bundle E|O is trivial.

Proof. Let F be the collection of all families V consisting of mutually disjoint open
subsets of X such that E|U is trivial for every member U ∈ V. We use the standard
set-theoretic inclusion for partial ordering. If C is a chain in F, then obviously

⋃
C is

an upper bound of C in F. Therefore, applying Zorn’s lemma, we obtain a maximal
family M in F. Let O be the union of all members of M. Since E|U is trivial on
each U in M, and since all sets U ∈ M are mutually disjoint, E is also trivial on
O. By the maximality ofM we conclude that O is a dense (evidently open) subset
of X, which completes the proof. �

Proposition 3.2. Let A be an n-homogeneous C∗-algebra. Then Mloc(A) is iso-
morphic to the C∗-algebra C(lim

←−
βU) ⊗Mn, where the inverse limit is taken over

all dense open subsets U of Â. In particularly, Mloc(A) is an n-homogeneous AW ∗-
algebra.

Proof. We identify A with the section algebra Γ0(E), where E is the canonical

locally trivial Mn-bundle over Â. By Lemma 3.1, Â contains a dense open subset
O such that E|O is trivial. Then I := Γ0(E|O) ∼= C0(O)⊗Mn defines an essential
ideal of Γ0(E). Using Proposition 2.1, we now have (up to isomorphism)

Mloc(A) = Mloc(I) = Mloc(C0(O)⊗Mn) = Mloc(C0(O))⊗Mn

= Mloc(C0(Â))⊗Mn = C(lim
←−

βU)⊗Mn.

�

Remark 3.3. Since the center of an n-homogeneous C∗-algebra A is isomorphic to
C0(Â), note that Proposition 3.2 can be briefly stated as Mloc(A) ∼= Mloc(Z(A))⊗
Mn.
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Remark 3.4. It is well known that the multiplier algebras of homogeneous C∗-
algebras need not be homogeneous. Moreover, if A is homogeneous, then M(A) is

homogeneous if and only if the canonical locally trivial Mn-bundle E of A over Â is
of finite type [20, Remark 3.3]. Furthermore, R. Archbold and D. Somerset recently
exhibited an interesting example of a homogeneous C∗-algebra A for which M(A)∧

is not even Hausdorff [5, Theorem 1]. Therefore, Proposition 3.2 also shows that
Mloc(A) can have a much simpler ideal structure when compared to that of M(A)
(see also [2]).

Recall from [10] that a C∗-algebra A is said to be quasi-central if no primitive
ideal of A contains Z(A) (see also [14, Proposition 3.2] for other descriptions of
quasi-central C∗-algebras). It is not difficult to see that every C∗-algebra contains
the largest quasi-central ideal (which can be zero), see e.g. [11].

The next result is due to Rob Archbold [4, Theorem 3.2.2]. For completeness,
we include a proof.

Theorem 3.5. Let A be a C∗-algebra which belongs to FIN. The following condi-
tions are equivalent:

(i) A is a quasi-central continuous-trace C∗-algebra;

(ii) The dimension function d : Â→ N, d : [π] 7→ dimπ, is continuous;
(iii) A is isomorphic to the C∗-direct sum

⊕∞
n=1An of a sequence (An) of C∗-

algebras, where each An is either zero, or n-homogeneous.

Proof. (i) ⇒ (ii). Let us fix a point [π] ∈ Â. To prove that d is continuous at

[π], we may assume that [π] is a limit point in Â. Since A is quasi-central, there
exists a positive central element z ∈ Z(A)+ such that π(z) = 1Hπ , where 1Hπ is the

identity operator on the Hilbert space Hπ of π ∈ [π]. For each [σ] ∈ Â there exists
a non-negative real number λσ such that σ(z) = λσ1Hσ . By [8, Theorem II.6.5.10]

the norm function [σ] 7→ ‖σ(z)‖ is continuous on Â. Thus

(3.1) lim
[σ]→[π]

λσ = 1.

Suppose that d([π]) = n. Using the fact that A is a continuous-trace C∗-algebra
and working as in [13, Lemma 4.1], we can find an element p ∈ A such that

(a) π(p) = 1Hπ and
(b) σ(p) is a projection of rank n whenever [σ] lies in a certain neighborhood

of [π].

Since Â is Hausdorff, the norm function [σ] 7→ ‖σ(p − z)‖ is continuous on Â [8,
Proposition II.6.5.6 (iii)], so

lim
[σ]→[π]

‖σ(p)− λσ1Hσ‖ = 0,

which together with (3.1) implies

lim
[σ]→[π]

‖σ(p)− 1Hσ‖ = 0.

Using (b), we conclude that dimσ = n, whenever [σ] lies in a certain neighborhood
of [π]. Therefore, d is continuous at [π].

(ii) ⇒ (iii). For each n ∈ N let

(3.2) Ân := {[π] ∈ Â : dimπ = n}.
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Then Ân = d−1({n}), and since d is continuous, Ân is both open and closed in

Â (but possibly empty). Since A belongs to FIN, we have Â =
⋃∞
n=1 Ân, and

since Ân is open, there exists a unique ideal An of A such that Ân = Ân. If Ân is
non-empty, then An is non-zero and every irreducible representation of An is of the
dimension n; thus An is an n-homogeneous C∗-algebra. If Ân is empty, then An is
zero. Let B denote the C∗-direct sum of the sequence (An). We shall show that A
is isomorphic to B.

To prove this, let us choose an element a ∈ A and n ∈ N. If χn is the char-
acteristic function of Ân defined on Â, then χn is a bounded continuous function
on Â. By the Dauns-Hofmann theorem [24, Theorem A.34] there exists an element
an ∈ A such that

(3.3) π(an) = χn([π])π(a) ([π] ∈ Â).

If [π] ∈ Â \ Ân, then π(an) = 0 which shows that an ∈ An. Let ε > 0 be given. By
[8, Proposition 6.5.6 (iii)] the set

K := {[π] ∈ Â : ‖π(a)‖ ≥ ε}

is compact, so it is covered by a finite number of open sets in the sequence (Ân).

Thus, there exists m ∈ N such that K ⊆
⋃m
n=1 Ân. If n > m then K and Ân are

disjoint, so (3.3) implies ‖π(an)‖ < ε whenever [π] ∈ Ân. Hence,

‖an‖ = max{‖π(an)‖ : [π] ∈ Ân} < ε.

In view of this, we can define a function

â : N→ B by â(n) := an.

Using (3.3) one can easily check that the map φ : A → B defined by φ(a) := â is
an injective ∗-homomorphism of A into B (hence an isometry). Therefore, in order
to prove that φ is an isomorphism, it suffices to show that φ(A) is dense in B. To
prove this, let b ∈ B and ε > 0. Then there exists m ∈ N such that ‖b(n)‖ ≤ ε for
all n > m. We define an element a ∈ A by a := b(1) + · · · + b(m). It follows from

(3.3) that for 1 ≤ n ≤ m, π(an) = π(b(n)) whenever [π] ∈ Ân; thus an = b(n). On

the other hand, if n > m then π(an) = 0 whenever [π] ∈ Ân; thus an = 0. It now
follows that

‖â− b‖ = sup{‖b(n)‖ : n > m} ≤ ε,

which shows that φ(A) is dense in B, as required.
(iii) ⇒ (i). Since each An is either zero, or n-homogeneous it is certainly quasi-

central. The assertion now follows from the fact that the direct sum of quasi-central
(resp. continuous-trace) C∗-algebras is a quasi-central (resp. continuous-trace) C∗-
algebra.

�

Remark 3.6. If A is a C∗-algebra and I is an ideal of A note that Z(I) = I ∩Z(A).
In particular, Z(I) is an ideal of Z(A). This can be easily seen as follows. Let us
fix an element z ∈ Z(I). Then, since Z(I) is a C∗-algebra, it is a non-degenerate
Banach module over itself. Hence, by the Hewitt-Cohen factorization theorem [9,
Theorem A.6.2] there exist some elements u, v ∈ Z(I) such that z = uv. Then for
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an arbitrary element a ∈ A we have

za = (uv)a = u(va) = (va)u = v(au) = (au)v = a(uv)

= az,

since va, au ∈ I. This shows Z(I) ⊆ Z(A) ∩ I. The other inclusion is obvious.

Lemma 3.7. Let A be a C∗-algebra which belongs to FIN.

(i) A contains a homogeneous non-zero ideal. In particularly, the center of A
is non-zero.

(ii) The largest quasi-central ideal of A is essential.

Proof. (i). For each n ∈ N, let Ân :=
⋃n
i=1 Âi, where Âi are as in (3.2). By

[12, Proposition 3.6.3] each Ân is a closed subset of Â . Since Â is a Baire space

[8, Theorem II.6.5.14], and since Â =
⋃∞
n=1 Â

n, we conclude that some Ân has a

non-empty interior in Â. If I is the ideal of A corresponding to Int(Ân), I (as a C∗-

algebra) is m-subhomogeneous, where m ≤ n. Since Îm is open in Int(Ân) ⊆ Â [12,

Proposition 3.6.3], the ideal K of I corresponding to Îm is non-zero. In particularly,
since K is m-homogeneous, it has a non-zero center. Therefore, since K is also an
ideal of A, Z(A) contains Z(K) (by Remark 3.6), so Z(A) is non-zero as well.

(ii). Let J be the largest quasi-central ideal of A. We claim that J is essential.
Suppose, to the contrary, that J is not essential. Then its annihilator J⊥ :=
{x ∈ A : xJ = {0}} is a non-zero ideal of A. By (i), J⊥ contains a non-zero
homogeneous ideal K. Then obviously J ⊕K is a quasi-central ideal of A which is
strictly larger than J ; a contradiction. �

Corollary 3.8. If a C∗-algebra A belongs to FIN, then A contains an essential
ideal J which is isomorphic to the C∗-direct sum

⊕∞
n=1 Jn of a sequence (Jn) of

C∗-algebras, where each Jn is either zero, or n-homogeneous.

Proof. By [23, Theorem 6.2.11] A contains an essential continuous-trace ideal I.
Next, by Lemma 3.7, the largest quasi-central ideal J of I is essential in I. Obviously
J is an essential continuous-trace ideal of A, so the assertion now follows from
Theorem 3.5. �

Proof of Theorem 1.4. Let J be as in Corollary 3.8. Using Proposition 2.1 and
Remark 3.3 we have (up to isomorphism):

Mloc(A) = Mloc(J) = Mloc

( ∞⊕
n=1

Jn

)
=

∞∏
n=1

Mloc(Jn)

=

∞∏
n=1

Mloc(Z(Jn))⊗Mn =

∞∏
n=1

C(Xn)⊗Mn,

where Xn is the maximal ideal space of Mloc(Z(Jn)). Finally since Mloc(Z(Jn)) is
a commutative AW ∗-algebra for all n, each Xn is a Stonean space [7, §7,Theorem
1], which completes the proof. �

Note that Theorem 1.4 in particularly implies that Mloc(A) is a type I AW ∗-
algebra (therefore injective by [18, Proposition 5.2]), so I(A) = Mloc(Mloc(A)) =
Mloc(A), where I(A) is the injective envelope of A (see [17] for definition and
properties of I(A)). Furthermore, using the above results, we can provide a positive
solution to [16, Problem 3.5]. Moreover:
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Corollary 3.9. Suppose that A belongs to FIN.

(i) A contains an essential ideal J with the property that for every derivation
δ of A there exists an element a ∈ M(J) such that δ = ad(a) and ‖δ‖ =
2‖a‖. In particularly, every derivation of A is implemented by an element
of Qb(A).

(ii) Every derivation of Mloc(A) is inner.
(iii) Every automorphism of Mloc(A) which leaves its center elementwise fixed

is inner (i.e. it is implemented by a unitary element).

Proof. (i). Let J be as in Corollary 3.8. We can now proceed using the similar
arguments as in the proof of [16, Theorem 1.1].

(ii). By Theorem 1.4, Mloc(A) is an AW ∗-algebra. The assertion now follows
from Olesen’s theorem [21, Theorem 2] which says that every AW ∗-algebra admits
only inner derivations.

(iii). This follows from [19, § 9,Theorem 3], since Mloc(A) is an AW ∗-algebra of
type I. �

At the end of this paper let us recall that an elementary operator on a C∗-algebra
A is a map T : A→ A which can be expressed as a finite sum

T =

n∑
i=1

Mai,bi

of two-sided multiplication operators Ma,b : x 7→ axb (a, b ∈ M(A)). Using The-
orem 1.4 we can also give the following characterization of subhomogeneous C∗-
algebras.

Corollary 3.10. If A is a C∗-algebra, then the following two conditions are equiv-
alent:

(i) A is subhomogeneous;
(ii) Every bounded linear map φ : Mloc(A) → Mloc(A) which preserves the

ideals of Mloc(A) is an elementary operator on Mloc(A).

Proof. (i) ⇒ (ii). In this case Mloc(A) is a finite direct sum of homogeneous AW ∗-
algebras, so the assertion follows from [20, pp. 732–733].

(ii) ⇒ (i). By [15, Theorem 2.6] Mloc(A) is subhomogeneous, and since A is a
C∗-subalgebra of Mloc(A), A is subhomogeneous as well (see e.g. [8, Proposition
IV.1.4.3]). �
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