CHARACTERIZING JORDAN EMBEDDINGS BETWEEN PARABOLIC
SUBALGEBRAS VIA PRESERVING PROPERTIES

ILJA GOGIC, MATEO TOMASEVIC

ABSTRACT. We consider arbitrary parabolic subalgebras A C M, (i.e. subalgebras of M,
which contain the algebra of upper-triangular matrices) and their Jordan embeddings. We
first describe Jordan embeddings ¢ : A — M,, as maps of the form

H(X)=TXT" or ¢X)=TX'T",

where T' € M, is an invertible matrix, and then we obtain a simple criteria of when one
parabolic subalgebra Jordan-embeds into another (and in that case we describe the form
of such embeddings). As a main result, we characterize Jordan embeddings ¢ : A — M,
(when n > 3) as continuous injective maps which preserve commutativity and spectrum. We
show by counterexamples that all these assumptions are indispensable (unless A = M,, when
injectivity is superfluous).

1. INTRODUCTION

Jordan algebras were first introduced by Pascual Jordan in 1933 in the context of quantum
mechanics [19]. The majority of the practically relevant Jordan algebras naturally arise as
subalgebras of an associative algebra A under a symmetric product given by

roy=zxy+yx.

This gave rise to the study of Jordan homomorphisms in the context of associative rings and
algebras. Namely, recall that an additive (linear) map ¢ : A — B between rings (algebras) A
and B is a Jordan homomorphism if

d(aob) = ¢p(a) o ¢(b), for all a,b € A.
When the rings (algebras) are 2-torsion-free, this is equivalent to
$(a?) = ¢(a)?, for all a € A.

Clearly, multiplicative and antimultiplicative maps are immediate examples of such maps.
One of the main problems in the context of Jordan homomorphisms is under which assump-
tions on rings (algebras) A and B, usually without 2-torsion, can we conclude that every
Jordan homomorphism ¢ : A — B (possibly satisfying some extra conditions such as surjec-
tivity) is either multiplicative or antimultiplicative. More generally, the question is whether
one can express all such Jordan homomorphisms as a suitable combination of ring (algebra)
homomorphisms and antihomomorphisms. This question goes a long way back. Namely, in
1950 Jacobson and Rickart [I8] proved that a Jordan homomorphism from an arbitrary ring
into an integral domain is either a homomorphism or an antihomomorphism. This paper is
particularly relevant for our discussion as it also proves that a Jordan homomorphism from
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the ring of n X n matrices, n > 2, over an arbitrary unital ring is the sum of a homomorphism
and an antihomomorphism. In the same vein, Herstein [I6] concludes that a Jordan homo-
morphism onto a prime ring is either a homomorphism or an antihomomorphism. The same
result was later refined by Smiley [30].

Let M,, be the algebra of n x n matrices over the field of complex numbers. By combining
the aforementioned result of Herstein with the well-known fact that all automorphisms of
M, are inner (for a short and elegant proof see [29]), one obtains that all nonzero Jordan
endomorphisms ¢ of M,, are precisely maps of the form

(1.1) HX)=TXT' or ¢X)=TXT!

(globally) for some invertible matrix 7" € M,<.

There have been many attempts to characterize Jordan homomorphisms, particularly on
matrix algebras, using preserver properties. These attempts date back at least to 1970 and
Kaplansky’s famous problem [20] which asks under which conditions on unital (complex)
Banach algebras A and B is a linear unital map ¢ : A — B which preserves invertibility
necessarily a Jordan homomorphism. This problem received a lot of attention and progress
was made in some special cases, but it is still widely open, even for C*-algebras (see [7],
page 270). For other interesting types of linear preserver problems resulting in more general
kind of maps, we refer to the survey paper [21I] and references within. We would also like
to distinguish the following nonlinear preserver problem which elegantly characterizes Jordan
automorphisms of M,,:

Theorem 1.1 (Semrl). Let ¢ : M, — My,n > 3 be a continuous map which preserves
commutativity and spectrum. Then there exists T € M) such that ¢ is of the form (L.1)).

A precursor to this result was first formulated in [27] and it assumed its current form a
decade later in [28]. It also serves as the main motivation for our investigation. Namely, we
are interested in the following general problem:

Problem 1.2. Find necessary and sufficient conditions on a (Jordan) subalgebra A of M,, such
that each Jordan automorphism of A, or more generally a Jordan embedding (monomorphism)
¢ : A— M,, extends to a Jordan automorphism of M,,. Additionally, for such A, characterize
all such mappings ¢ via suitable preserving properties, similarly as in Theorem

The first natural example to consider in the context of Problem is the algebra T,
of n X n upper-triangular complex matrices. First of all, it is well-known that all Jordan
automorphisms of 7, are of the form for suitable T" € M (see e.g. [25, Corollary
4]). The same holds true for all Jordan embeddings 7, — M, (a special case of our first
result, Theorem . Also, Jordan automorphisms of 7, (as well as more general type of
maps on 7, ) were characterized via both linear and nonlinear preserving properties by several
authors (see e.g. [11, 12} 13| 14, 17, 22], 26, 35]). In particular, following Theorem Petek
[26] described all Jordan automorphisms of 7, as continuous spectrum and commutativity
preserving surjective mappings 7, — 7T,. Analyzing the main result of [26] it is easy to verify
that the same holds true if instead of surjectivity one assumes injectivity, thus providing a
positive solution for (both parts of) Problem [L.2{ when A = 7.

Continuing in this vein, the next class of algebras we consider are subalgebras A of M,
which contain 7,. Such algebras are known in the literature as parabolic subalgebras of M,
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(see e.g. [1,32]) and are precisely of the form

Mkhkl Mk‘l,kg T Mklykr
0 Mk‘g,kg e Mk%k‘r

(1.2) A,k = | S :
0 0 e Mkr7k7‘

for some r, k1,...,k, € N such that k1 + -+ k, = n [32]. In other words, these are precisely
the algebras of so-called block upper-triangular matrices. Note that the parabolic algebras
Ai -1 and A,_1 ; are exactly (up to similarity) the unital strict subalgebras of M,, of maximal
dimension (see [I]). Our first introductory result verifies that parabolic algebras indeed satisfy
the desired extension property, providing an affirmative answer for the first part of Problem
1.2

Theorem 1.3. Let A C M, be a parabolic subalgebra and let ¢ : A — M, be a Jordan
embedding. Then there exists T € M) such that ¢ is of the form (1.1)).

After providing the short proof of Theorem (in Section we also present simple criteria
of when one parabolic algebra (Jordan-)embeds into another (see Corollary and . To
put Theorem [I.3)in a wider context, there is a number of related (and somewhat more general)
results concerning Jordan homomorphisms on certain classes of (block) upper-triangular rings
and algebras. For example, an influential result by Beidar, Bresar and Chebotar states that
every Jordan isomorphism of the algebra of upper-triangular matrices 7,(C),n > 2 over a
2-torsion-free commutative unital ring C without nontrivial idempotents onto an arbitrary
C-algebra is necessarily multiplicative or antimultiplicative [4]. A generalization was given in
[23] by removing the assumption that C has no nontrivial idempotents. These results were
further developed by Benkovi¢ in [5]; any Jordan homomorphism from 7,(C),n > 2 into an
algebra B is a (so-called) near-sum of a homomorphism and an antihomomorphism. We also
mention papers [0 [15] 33] B4] which treat similar problems for Jordan homomorphims between
more general types of (block) triangular matrix rings.

Concerning parabolic subalgebras in particular, the papers [3, 8, Q] (all sequels of the afore-
mentioned paper [5]) describe Jordan homomorphisms of certain classes of more general al-
gebras. As parabolic algebras are (up to isomorphism) precisely finite-dimensional instances
of nest algebras, papers [10, 24] are also relevant. Note that many of the mentioned results
above assume that the image of Jordan homomorphisms are rings or algebras. In Theorem [I.3]
we make no such assumption but this is obviously compensated by the fact that the codomain
is restricted to M,,, which incidentally also enables us to state the explicit form of such
maps.

After verifying that parabolic algebras A satisfy the first part of Problem the next step
is to characterize Jordan embeddings ¢ : A — M,, via suitable preserver properties. Building
upon both Theorem and [26, Corollary 3|, we arrived at the following theorem, which is
also the main result of our paper:

Theorem 1.4. Let A C M,,n > 3 be a parabolic subalgebra and let ¢ : A — M, be a
continuous injective map which preserves commutativity and spectrum. Then ¢ is a Jordan
embedding and hence of the form (1.1)) for some T € M.

Moreover, if we additionally assume that the image of ¢ is contained in A, so that ¢ : A — A,
using the invariance of domain theorem we show that the spectrum preserving assumption
can be further relaxed to spectrum shrinking (Corollary [4.2]).
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This paper is organized as follows. We begin by providing terminology and notation in
Section §2|along with some preliminary technical results related to parabolic algebras. Section
contains the proof of Theorem and its consequences regarding (Jordan) embeddings
between two parabolic subalgebras of M,,. Section §4]is the core of the paper. It contains the
proof of Theorem [I.4] which is nontrivial and contains most of the actual work. The proof
is carried out by induction on n. The base step verifies the result on parabolic subalgebras
of M3 for which the statement is proved by direct technical computations. The inductive
step consists of reducing the order of the parabolic algebra by passing to a map obtained by
erasing a suitable row and column, which satisfies the same assumptions. Then we notice that
the problem can be simplified by assuming that our map is the identity on certain carefully
selected sets (like diagonal matrices, matrix units and rank one matrices), a fact which we
iteratively exploit until we reach the entire parabolic algebra. After proving Theorem a
few direct consequences are stated. Finally, in Section we demonstrate the necessity of all
assumptions of Theorem via counterexamples.

2. PRELIMINARIES
We begin this section by introducing some notation and terminology. Let n € N.

e M, := M, (C) denotes the set of all n x n complex matrices.

e 7, and D, denote the sets of all upper-triangular and diagonal matrices of M,,, re-
spectively.

o A, ..k denotes the parabolic algebra for some r, k1,...,k € N such that ki +
.-+ 4+ k, = n. Additionally, in this context we allow k; = 0 for some 1 < j < r in the
sense Ak, ki 1.0k 1,ike = Ak, ki1 kjar, ke We also formally define ko = 0.

e For A, B € M, we denote by A +» B the fact that A and B commute, i.e. AB = BA.

e For A € M,, by k4 we denote the characteristic polynomial of A.

e For A € M,, we denote by R(A) the image of A and by N(A) the nullspace of A.

By A and B we usually denote complex algebras. For a unital algebra A, by A* we denote
the set of all invertible elements in A. Note that when A is finite-dimensional, the set A is
path-connected in A. Namely, for every A € A* by finiteness of the spectrum we can take
an appropriate branch of the logarithm to conclude that A = exp B for some B € A. Then
t — exp(tB) is a (continuous) path from I to A within A.

As usual, we will frequently identify vectors z = (x1,...,z,) € C" as column-matrices
T
xTr =
In
and z! = [a:l a:n] as row-matrices.

Any matrix A = (A;;)ij € M, can be understood as a map {1,...,n}> — C,(i,j) — A
so we can consider its support supp A as the set of all indices (i,5) € {1,...,n}? such that
Aij #0.
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Lemma 2.1. Let

0 0 0 1

00 10
J=: 1 . € M,

01 --- 00

10 --- 00

Then the map Ay, g, — Ak, 5, X — JX'J is an algebra antiisomorphism.
Proof. Tt suffices to show that JX!'J € Ap,.. 1y for all X € A, .. Indeed, for each
0<s<r—1,1<i<ki+--+ksprand k1 +---+ks+1<j <n we have
JEZ-th = Ent1—jnti—i € Apo i
since ky +---+ks+1<n+1—-i<nand1<n+1—75<k +-- 4+ ksp1. O

This map is so ubiquitous that we will introduce a notation

X® .= JXx'J
Note that it actually corresponds to mirroring the matrix X along its secondary diagonal.
Also, for a parabolic algebra A C M,, we denote by A® C M,, the image of A under the map
X +— X©. Then A® is the parabolic algebra obtained from A by reversing the sizes of the

diagonal blocks.
For 1 < i < n denote

gf...,kr = {X € Ak17__.7kr  XE; = FE; X = 0}

It is easy to see that this is a subalgebra of .A,?lZ .

column.
For X € Ak‘jz x, denote by X bi ¢ A;i .k, the matrix obtained from X by removing i-th row
and column.

xbl o o x1? 1 11 x 12
i—1)x(i—1 i—1)x(n—1 ! '
( 2]X( ) 0 ( BX( ) _ Xg_l)x(i—l) gigl)X(n—i)
2,1 0 X2,2 (n—i)x(i—1) (n—i)x (n—1i)

(n—i)x (i—1) (n—i)x (n—i)

Conversely, for Y € .AXI ., and z € C denote by yH@2) ¢ Ay, k. the matrix obtained from

Y by adding i-th row and column as zeroes, except at the position (7,4) which now contains
z.

1,1 1,2 8(i,2) Y?,ll iy 0 Y161 n—i
Y(ijl)x(ifl) }ij(gzl)x(ni)] |t )OX( ) ; ( )OX( )
(n—i)x(i—=1) ¥ (n—i)x (n—i) y2! 0 Y32

(n—i)x(i—1) (n—i)x(n—1)
Claim 2.1.1. For each 1 < ¢ < n the maps

and y

bi . gt U

S A ke = Ak
are algebra isomorphisms.

Proof. It is clear that the maps are linear and inverses of each other. It suffices to show that
A00) is multiplicative, which follows directly from block-matrix multiplication. O
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Denote A = diag(1,...,n) € Aj, k.. We also introduce this notation: for A € Ay, . of
the form (1.2)), we write di(A) = (X1, ..., X,) extracting the diagonal blocks of A.

Lemma 2.2. Let A € M,, be a matriz satisfying A <> Egss for some 1 < s < n and denote
its etgenvalues by A1, ..., As—1,Ass, Ast1,---,An. Lhen there exists a unitary matrix U € M,

and © € T, such that U < FEgs, Uss = 1, A = UOU™* and the diagonal of © is precisely
)\la---7)\s—laass>>\s+17-'->)\n~

Proof. A can be written as
As—Dx(s=1) O—nx1 As—1)x(n—s)
A= 01><(sfl) Ass le(nfs)
A(n—s)x(s—l) O(n—s)xl A(n—s)x(n—s)

so by the Schur decomposition there exist a unitary matrix U € M,,_1 and an upper-triangular
matrix © € T, 1 with the diagonal A1,..., As_1, Ast1, ..., Ap such that

A =Ueu*.
By block-matrix multiplication we see that the desired decomposition is achieved as

A= Uﬁ(s,l)@ﬁ(&ass)(U*)ﬁ(s,l) — Uﬁ(svl)(—)u(svass)(Uﬁ(svl))*.

O
Lemma 2.3. Let A € Ay, .k, such that di(A) = (X1,...,X,). Suppose that A has eigen-
values A1, ..., An listed such that Ng,y..yk; 141, Ay +4k; o€ eigenvalues of X for all

1 < j < n. Then there exists T € "4;1 ok, and © € T, such that A = TOT! and the
diagonal of © is precisely A1, ..., \y.

Furthermore, if A <> Fgs for some 1 < s < n, then T can be chosen to satisfy T <> Ess and
T.s = 1.

Proof. Suppose di(4) = (Xi,...,X,). By Claim for every 1 < j < r we can pick a
(unitary) matrix S; € MkXJ such that SijSj_l € Tr;- Then

diag(S1,...,S,)Adiag(S1,...,S.) e T,

since the blocks on the diagonal of this matrix are all upper triangular.

The second claim follows from second statement of Claim applied on Xj. O
Lemma 2.4. Let A € Ay, 1, such that di(A) = (X1,...,X,). Suppose that A has distinct
eigenvalues A1, ..., A, listed such that Ngyy..yk; 141, Ay 4.4k, are eigenvalues of X for

all 1 < j <mn. Then there exists T € A,jl .k, Such that TAT—! = diag(A1, ..., \n).
Furthermore, if A <> Egs for some 1 < s < n, then T can be chosen to satisfy T < Ess and
Tss = 1.
Proof. We prove the claim by induction on n. For n = 1 the statement is clear so suppose
that the claim is true for n — 1. First by Claim there exists T € Aljl ..k, such that
TAT~ ' € 7,. We can write
_ M B
1_|M
v [y 2]
for some matrices B € M ,—1 and C' € T,—1. By the induction hypothesis, there exists
Q € 7,° ; such that QCQ~! = diag(Xa, ..., \n). Now we have

1 0 R R N BQ™!
[o Q} TAT™ [0 Q—l] - [01 diag()\g,...,)\n)]'
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It remains to diagonalize the latter matrix. It is not hard to verify that

R=1+ Z e e T
satisfies .
>\1 BQ_ T
R[O diag()\g,...,)\n)} R~ =diag(\, ..., \n).

Therefore the matrix Rdiag(1,Q)T € A; . satisfies

(Rdiag(1,Q)T)A(R diag(1,Q)T) " = diag(A1, ..., A\n).

Now we prove the second claim. First assume that 2 < s < n. Firstly, T can be chosen
to satisfy T +» E,s and Tss = 1 by the second claim of Claim Then TAT! < E,,
as well. By the induction hypothesis, the matrix ) above can by chosen such that Q
Es—1)(s—1) and Qs_1)(s—1) = 1. Then Q™! satisfies the same properties so it is easy to see
that (BQ_l)l(s_l) = Bj(s—1) = 0. Therefore R <> Egs and Rss = 1 as well. We conclude
that the matrix Rdiag(1, Q)T satisfies the two required properties as a product of three such
matrices.

Now assume s = 1. Then diag(1l,Q) <> Ei; and diag(1l,Q)11 = 1 while the rest of the
argument is the same. O

3. PARABOLIC SUBALGEBRAS AND THEIR JORDAN EMBEDDINGS

First we state a few basic properties of Jordan homomorphisms, proofs of which are elementary
and can be found in [I§]. For an algebra A, as usual, we denote the commutator of a,b € A

as [a,b] = ab — ba.

Lemma 3.1. Let ¢ : A — B be a Jordan homomorphism between algebras A and B. We
have:

(a) ¢(aba) = P(a)p(b)p(a) for all a,b € A.

(b) ¢(abe + cba) = ¢(a)p(b)p(c) + ¢(c)p(b)d(a) for all a,b,c € A.

(c) ¢([la, ] c]) = [[¢(a )7¢(b)} ¢(c)], for all a,b,c € A.

(d) ¢([a, b] )= [¢>( ), d(b)]? for all a,b € A.

(e) ¢(a¥) = ¢p(a)* for all a € A and k € N. In particular, ¢(p(a)) = p(¢(a)) for all a € A

and polynomials p € Clz| such that p(0) = 0.
(f) For every idempotent p € A and a € A which satisfies [p,a] = 0 we have ¢(pa) =
p(p)o(a) = ¢(a)o(p).

Now we are ready to prove Theorem [T.3]
Proof of Theorem [1.3
Claim 1.3.1. Without loss of generality we can assume that ¢(D) = D for all D € D,,.
Proof. For 1 <i # j < n we have Ej;; <+ Ej;j so by Lemma (g) it follows
0 = ¢(EiEj;) = ¢(Eii)$(Ej;) = ¢(Ejj)d(Ei).

We conclude that ¢(E11), ..., ¢(Eny) is a family of mutually orthogonal nonzero idempotents.
Therefore, there exists S € M, such that

¢(Ekk) = SEkksil, 1<k<n.
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By passing to the Jordan monomorphism S¢(-)S~!, without loss of generality we can assume
that
¢(Exk) = Bk, 1<k <n.

The claim follows by linearity. U

Claim 1.3.2. For every non-diagonal matrix unit F;; € A there exist scalars «yj, 8;; € C,
exactly one of which is zero, such that ¢(E;;) = o Eij + Bij Eji.

Proof. By Lemma (b), we have
#(Eij) = ¢(EiEijEj; + EjEijEy) = Eyi¢(Eij)Ejj + Ejjé(Eij) By
= ¢(Eij)ijEij + ¢(Eij) jiEji-
Therefore, the only possible nonzero elements are on the positions (,7) and (j,4) so there
exist scalars a;j, 3;; € C such that

¢(Eij) = aijEij + Bij Eji-
Furthermore, we have
0= ¢(E}) = ¢(Eiy)* = aijBij(EBii + Ejj)

so exactly one of a;; and 3;; is equal to zero 0 (not both because of injectivity). O
Claim 1.3.3. (a) If E;j;, E;, € A for some distinct indices 1 < 4, j, k < n, then either a;; =

a;p =0, or Bi; = By, = 0.
(b) If E;;, Eyj € A for some distinct indices 1 < 4,4,k < n, then either a;; = ay; = 0, or

Bij = Br; = 0.
Proof. (a) Suppose that ¢(F;;) = a;jE;j and ¢(Ej) = BirEri. We have

0= ¢(EijEix + EiEij) = ¢(Eij)¢(Eir) + ¢(Eir)p(Eij) = cijBin(Eij Eyi + ExiEij)
= Bk Ej,
——
#0
which is a contradiction.

(b) Analogous as (a).
O

Claim 1.3.4. Either all o;; # 0, or all §;; # 0.

Proof. By Claim the same option holds throughout the last column, for example assume
Alny - X(n—1)n # 0.

Now suppose E;; € A is a non-diagonal matrix unit such that ¢ # n. Then E;; and E;, € A
are in the i-th row so we conclude a;; # 0.

Finally, suppose E,; € A is a non-diagonal matrix unit. Then F;; € A so by the previous
argument it follows a;; # 0. This handles all matrix units in A. O

Without loss of generality we can assume ¢(F;;) = o;;E;; for all matrix units E;; € A,
otherwise we pass to the map ¢(-)’.

Claim 1.3.5. For all 1 <4, j,k < n such that E;;, Ej;, € A we have oo, = g,
Proof. 1f By, = Ej;, then the equality a;jo, = oy holds trivially. Otherwise, we have
QixEik + 0k Ejj = (B + dikEjj) = ¢(EijEj + EjpEij) = ¢(Eij)¢(Ejr) + ¢(Ejk)(Eij)
= qijoyk i Ej + ajros; Ejp By = cijoge B + Sipajpa; Ejj

so by comparing coefficients of E;;, we conclude ajjo = oy, O
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Claim 1.3.6. There exists T € M* such that ¢(X) = TXT~! for all X € A.

Proof. For all matrix units F;; € A we have

&1j Claim[[3F ,. _ .
¢(Ez ) = CkijEZ'j = alj am; dlag(an, . ,Oéln) 1E¢j dlag(an, ey aln).

17

Since A is spanned by its matrix units, by linearity it follows
d(X)=T'XT, forall X c A
where T' = diag(aq1,...,01,) € M<. O

Note that Akl,...,kp - All,...7lq if and only if there exist 1 <r; < ... <1y = p such that

T1 T2 "q
ij:ll, Z kj:l27 yeeey Z kJZZQ'
j=1

j=r1+1 j=rq—1+1

Corollary 3.2. Let A and B be parabolic subalgebras of M,. Suppose that ¢ : A — B is a
Jordan embedding. Then one of the following is true:

(a) A C B and there exists T € B* such that $(X) =TXT~! for all X € A,
(b) A® C B and there exists T € B*J such that ¢(X) = TX'T~! for all X € A.

Proof. Denote A = Ay, .k, and B = Ay, By Theorem there exists T € M, and
o € {id, '} such that ¢(X) = TX°T~! for all X € A.

Suppose first that o = id and let us show A C B. We will prove the claim by induction on n.
For n = 1, the only possible parabolic algebra is Ay = M; so the statement is clear.

Suppose that n > 2 and that the statement holds for all parabolic subalgebras of M; for
1<5<n—-1.

Claim 3.2.1. There exists a a permutation ¢ € .S,, such that ¢(D) = (D) for all D € D,,.

Proof. By Theorem there exists T € M, such that ¢(-) =T - T
The matrix ¢p(A) = TAT ! € Ai .1, has eigenvalues 1,...,n so by Lemma there exists
Se A ;, and a permutation o € S, such that SH(A)S™t = o(A). We can pass to the map

Sé(-)S™! to assume without loss of generality that ¢(A) = o(A). For every 1 < i < n the
matrix ¢(E;;) = TE;T~ is a rank-one idempotent which satisfies

so it is diagonal. Therefore, by injectivity, there exists a permutation 7 € S, such that
¢(Ey) =TE; T~ = E. i)z for all 1 < i < n. But now we have

> kB (o = 0(A) = ¢(A) = ¢ <Z kEkk) = kB (e
=1 k=1 k=1

which implies 7 = 0. The claim now follows by linearity. O

Claim 3.2.2. For each non-diagonal matrix unit E;; € Ak1,...,kp there exists ¢;; € C* such
that (Z)(EZ]) = CijEcr(i)a(

Proof. We have
o(Eij) = ¢(EiiEijEjj) = ¢(Ei)9(Eij)¢(Ejj) = Eo(i)oi)?(Eij) Eo(j)o ()
so ¢(E;j) is nonzero only in the position (o (i), 0(j)) O

7
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Claim 3.2.3. We have o({1,...,k1}) C{1,...,l1}. In particular k; <1;.

Proof. By Claim for each 1 < i < ki, the images of the matrix units E;q1,..., E;, €
Aki....k, DY injectivity occupy n distinct positions in the o(7)-th row. In order for them to be
in A1, it has to be 1 <o (i) < 1. O

Claim 3.2.4. For every 1 < i <n we have
Proof. For each X € A,?llkp we have
XEj;=E;X =0
so applying ¢ and (3.2.1)) yields
O(X)Es(iyo(i) = Eo(iyo(ny@(X) =0
which proves the claim. Il
Claim 3.2.5. For every 1 <i < n, the map ¢; : .Akzlkp — Al\f(z)lq defined as
8:(X) = G(XHE0 o)
is an algebra monomorphism.

Proof. Follows from Claim O
Consider ¢;. Since 1 < (1) <, this is a map
(]51 : .A\l — B\U(l)

which is a monomorphism of parabolic subalgebras of M,,_;. By the inductive hypothesis it
follows A\ € B\ Since 1 < o(1) <y, we have B\ = B\l and therefore

[‘* * % o0 %] r* X % oo kT
kq I
* *

0 _ [ 0 _

This shows A C B.

Claim 3.2.6. We have T € B*.

Proof. Denote r1,...,ry as in the paragraph preceding this corollary. Suppose that some
0<m < q—1 satisfies T € .Alx1 (1) (for m = 0 this is merely Ag, = M;). We
claim that the same holds for m + 1, i.e. T € A" . To be more precise,

Iy dmyr,n—(1++lmt1)
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we need to verify that all the x’s exactly below the l,,, 11 X l;,41 block are zero:

* P PR P P P P PR P o« e *
ll Xll
0 --- 0
0 0 O
Loy X I
0O --- 0
Im1 X lmya
* *
* * ok
: . : : : . : : . : : lg X lq
In symbols, this means
(3.1)
Tyt =0, for all it A+l +1 < g <n, L+ Al +1 <t <4+t
For every

o1+ Flp+lp1+1<q¢g<n,

Tm < g < Tmy1 — 1,

bt Flm+ 30 i k+1<j<n,

ht o+l +1<s<l++lny,

Dt ot + Y, ket 1<t <+l + 395k
we have

Eyj € Apyky = TEGT M€ Ay g, = 0= (TE;T g = Tp(T™ ).

Fix ¢,t and suppose that (T~1);s = 0 for all such j,s. Then we would have di(T~!) =
(X1, Xy Xiny1) where X1 € Ap, 4y 1o+, Singular matrix since its upper left [, 1%
lm+1 block’s last kg1 + -+ + Ky, , Tows are zero. This would make T~ singular, which is a
contradiction.
Therefore, (T _1)js # 0 for at least one such pair of indices j,s. Consequently, T;; = 0,
verifying .

The claim follows for m = ¢ — 1. U

Suppose now that o = -, We have (TJ)(JX'J)(TJ)~! = TX'T~! € B for all X € A which
implies (TJ)X (TJ)~! € B for all X € A®. From the first part of the proof we get A® C B
and TJ € B>, which is equivalent to T € B> J.

P

g

Corollary 3.3. Let Ay,
(a) Ag,,..k, and Ay, . g

and All,...,lq be parabolic subalgebras of M,y,.

P

are algebra-isomorphic if and only if (ki1,...,kp) = (l1,...,1g).

q
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are algebra-antiisomorphic if and only if (ki1,...,kp) = (Ig,...,11).
are Jordan-isomorphic if and only if (k1, ..., kpy) € {(lg,--.,11), (g, - -

(b) Agy,..k, and Ay, 4
(c) Ak, and Ay,

Proof. Follows directly from Corollary O

q

4. PROOF OF THE MAIN RESULT

We now proceed with the proof of our main result, namely Theorem We begin with the
following well-known fact:

Remark 4.0.1. Consider the map k. : M,, = C<,[z] which maps a matrix A to its character-
istic polynomial k4. Then this map is continuous with respect to the standard topologies on
M,, and C<,[z] as finite-dimensional complex vector spaces. It is not difficult to check that a
sequence of polynomials (p;)52; in C<,[z] converges to p € C<,[z] (in the standard topology
of C<y[z]) if and only if p; — p pointwise.

Suppose A; — A in M,,. Then for each fixed x € C we have

ka, (x) = det(4; — a) 2225 det(A — 21) = ka(x)
by the continuity of the determinant det : M, — C. It follows k4; — k4 pointwise and hence
in C<p[z] as well.

Proof of Theorem[I.j} Let ¢ : Ay, . k. — M, be a continuous injective map which preserves
commutativity and spectrum.

Claim 1.4.1. ¢ preserves characteristic polynomial.

Proof. ¢ clearly preserves characteristic polynomial on the set of all matrices in Ay, .z, with
n distinct eigenvalues. As a consequence of Claim this set is dense in Ay, . . The claim
now follows from the continuity of the characteristic polynomial. O

Claim 1.4.2. Without loss of generality we can assume ¢(A) = A.

Proof. By Claim the matrix ¢(A) € M, is diagonalizable with eigenvalues 1,...,n so
there exists S € M, such that ¢(A) = SAS™!. Now we pass to the map S~1¢(-)S. O

1.1. Diagonal matrices.

Claim 1.4.3. We have ¢(D,) C D,, i.e. ¢ maps diagonal matrices to diagonal matrices.
Moreover, if D € D,,, then ¢(D) is a permutation of D.

Proof. For any D € D,, we have D <+ A = ¢(D) <> ¢(A) = A so ¢(D) € D,,. The second
part follows from Claim [T.4.1} O

Claim 1.4.4. We have ¢(D) = D for all D € D,,.

Proof. This is a standard argument from [28, Lemma 2.1]. For completeness we include the
proof. Let D = diag(A1,...,A,) € D, be such that all the eigenvalues are distinct. Then we
can choose continuous paths f; : [0,1] = C,1 < k < n from k to A such that for all ¢ € [0, 1]
the values fi(t),..., fn(t) are all distinct. Indeed, for 1 < k < n we can choose a path

ko [0,1] = (C\A{L,....;n, A1, ., ) ULk, Ak}
from k to A\; and then define
k, ifte [0, 521

it = o (n (1~ 52))

e [
e, ifte[E1].

7l1)}'
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Denote

— min L0 - F(O 1< < |
di= min {1fi(0) = fiO)] 1< ij <nf >0

Notice that the set

S ={t€[0,1] : ¢(diag(f1(t), .-, fn(t))) # diag(f1(2), - .., fn(t))}
={t €[0,1] : [[o(diag(f1(t), ..., fa(t))) — diag(f1(t), ..., fu(t))lls = d}
is both open and closed in [0,1]. Since 0 ¢ S, by the connectedness of [0, 1] it follows that
S = 0.
In particular for t = 1 we get
P(diag(A1, ..., An)) = @(diag(fi(t), ..., fu(t))) = diag(f1(t), ..., fa(t))
= diag(A1, ..., An).

The claim follows by density. 0

Claim 1.4.5. Let S € A, be arbitrary. Then there exists 7' € M, such that

$(SDS™1) =TDT 1, for all diagonal matrices D € D,,.

Proof. The matrix ¢(SAS™1) is similar to A so there exists 7' € M* such that ¢(SAS™1) =
TAT~!'. The map Apy ke — M, T71¢(S - S~™HT now satisfies all the assumptions as @,
including A — A so by Claim [T.4.4] the claim follows. O

Claim 1.4.6. ¢ is a homogeneous map.

Proof. By density it suffices to show that ¢ is homogeneous on the set of all matrices in
Ak, ..k, with n distinct eigenvalues. This follows directly from Claim O

r

1.2. Base step. Now we prove Theorem completely for n = 3. It suffices to prove the
theorem for A € {Aj9,A111}. Indeed, the M3 case is covered by Theorem while if
¢ : Az — M3 is a continuous injective commutativity and spectrum preserving map, then

X = ¢(X9): A2 — M;
is also such a map so the claim follows from the A; » case.

Claim 1.4.7. Without loss of generality we can assume that there exist constants ¢;; € C*
such that

O(Eij) = cijEij, for all matrix units E;; € A.

Proof. We have Eq5 <> E33 so by Claim it follows ¢(E12) <> ¢(Fs33) = E33. By Claim
and injectivity, the matrix ¢(FE12) is a nonzero nilpotent so we conclude

[ ac o> O]
#(F12) = |—c* —ac 0

0 0 0

for some a, ¢ € C not both equal to 0. Analogously we get
[bd 0 b% ]

d(Ey)=|0 0 0
—d®> 0 —bd]
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for some b,d € C not both equal to 0. Since E1o <+ E13 we have

abed 0 ab’e abed a’bd 0
—bc?d 0 —b*c?| = ¢p(Er2)p(F13) = ¢(E13)¢(Er2) = 0 0 0
0 0 0 —acd? —a2d? 0

If a # 0, then —a?d? = 0 implies d = 0 so b # 0. Now ab’c = 0 implies ¢ = 0 and therefore
¢(E12) = a*E1z,  ¢(E13) = b*Ei3.

If however ¢ # 0, then —b*c?> = 0 implies b = 0 so d # 0. Now a’bd = 0 implies a = 0 and
therefore

¢(Er2) = —*Ey1,  ¢(Fi3) = —d°Ea.
Without loss of generality we can suppose that we are in the first case, as otherwise we can

pass to the map ¢(-).
As above we obtain

0 0 0
d(Ea3) = |0 ef e?
0 —f2 —ef

for some e, f € C not both equal to 0. By using Fa3 <> Fi3 it follows that f = 0 and therefore
¢(E23) = 62E23.

This settles the matter for A = 73. In the case of A = A;3, similarly as above using
E32 <~ EH, E12 we obtain ¢(E32) = ngEgQ for some Cc39 € (CX. O

Claim 1.4.8. Without loss of generality we can assume that c;o = c13 = 1.
Proof. We can consider the map

diag(1, c12, c13) () diag(1, 12, c13) L.
Now we have

diag(1, c12, c13)p(Erj) diag(1, e12,¢13) ' = By, 2<j < 3.

Claim 1.4.9. ¢ acts as identity on all matrices of the form

* ok %k
0 00
0 00
Proof. We introduce
a Ty
R(a,z,y)=10 0 0
0 00

If we denote
1 —u —v
S(u,v)=10 1 0|,
0 O 1
1

we have S(u,v)™" = S(—u,—v) so by assuming a # 0 we obtain

Ao =as (2. 0) s (5.2)
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Aj(a, ) == 8 _ozx 8 =aS (£7 Q) F9y8 (fj E) _1,
0 0 0

Ag(a,y) := 8 8 _Oy =as (£7 E) E338 (E’ E) -
0 0 o) @

We have
Ai(o, ) > Eis, Esz,  As(a,y) < Eia, Ex

and therefore
¢(A1(a,x)) < Er3, B33,  ¢(A2(a,y)) <+ B2, B2

which implies

By Claim both diagonals consist of «,0,0 in some order so there exists continuous
functions a2, a13 : C* x C — C such that

0 —a2(a,z) 0O
?(Ai(a,z)) = |0 ! 0| = Ai(a,a12(a, x))
0 0 0
oS <a12(04,x) a13(04,y)>E S(am(a,?«“) a13(04,y)>_1
- o ) a 22 o ) o )
0 0 —a3(ayy)
¢(A2(Oé,y)>— 0 0 0 :A2(aaa13(a7y))
0 0 Q
—aS app(a,r) az(a,y) Fan ap(e, ) arz(ony)\ "
n a o« 33 a o« ’

Furthermore, we have

a—0

Ao, x) o0, A1(0,2) = ¢(A1(a,x)) —= ¢(A1(0,2)) = ¢(—xE12) = —xF19
but simultaneously also
¢(A1(Oé, l‘)) = Al(a, alg(a, (IZ)) = QEQQ — a12<a, x)Elg
which implies aj2(c, x) 220, %, Therefore, we can define a12(0, x) = x to obtain a continuous
function ajp : C2 — C which satisfies ¢(A1(a, z)) = aFag — aia(a, z)Eys for all a,x € C.
Analogously we define a13(0,y) = y and by doing so obtain a continuous function a3 : C*> — C

which for all «,y € C satisfies ¢p(Az(a,y)) = aFs3 — a13(a, y)Ers.
By F11 < FEao, E33, when « # 0 we also have

R(a,z,y) < A1(a, ), As(a,y) = (R, x,y)) <> Ar(a, a12(a, ), Aa(a, ars(a, y))

which implies

s <a12(a,:c)7 a13(e, y)>_1 d(R(ev, z,))S <a12(04,113)’ a13(§’y)> <> Eg, E33

(07 « «
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so on the left hand side is a diagonal matrix D(«, z,y). Therefore we have

o(R(a,2,y)) = S <a12(0471’), als(%?J)) Do,z 9)S (a12(a7$)’ 413(047?/))_1.

« « « «

The diagonal of D(«, x,y) consists of a, 0,0 in some order so the only options are

D(a, x, y) c {aEH, O[EQQ, OéE33}.
Furthermore, the diagonal elements are continuous in «, z, y.
Fix a # 0. Then D(a, -, )11, D(a, -, )22, D(c, -, )33 : C* — {0,a} are continuous functions
and hence constant. Therefore, D(a,x,y) is constant with respect to x,y € C. Supposing
D(a,z,y) = aFEa, in particular for z = y = 0 we would obtain

aE11 = ¢(O&E11) = gb(R(oz, 0, 0))
-1
_ OZS (alg(a, 0)’ a13<a, 0)) E22S (alg(a,0)7 alg(a,0)>

o) a
= Ai(a, a12(,0)) = ¢(A1(,0)) = p(aka) = akas,
which is a contradiction. Analogously D(«a,z,y) = aFs3 leads to a contradiction so we

conclude that D(a, z,y) = aFy; for all z,y € C. It follows

O(R(a,z,y)) = oS (alz(a,m, a1s(a, y)) £ (mzf,@, a“(j’ y)>_1

(07 «

= R(a,a12(a, x), a13(a, y))
for all z,y € C and « # 0. In particular we have
BR(0,,)) = lim 6(R(a, z,9)) = lim Rla, ara(0, ), a15(a9)) = RO, 12(0, 2), azs(0,))
= R(0,x,y).

We also consider the matrix

0 0 O
As(z,y) =10 0 —y
0 0 =«
We have As(x,y) <> E11, E21 and therefore
a 0 O
¢(As(z,y)) = [0 a b
0 0 ¢

whose diagonal consists of x,0,0 in some order. We conclude that there exists a continuous
function as3 : C*> — C which for all z,y € C satisfies

00 0
P(As(z,y)) = 8 8 a23($7y)] = As(z, azs(w,y)).

We have R(«,z,y) <> As(z,y) and therefore ¢(R(c, x,y)) <> ¢(As(x,y)) meaning
a app(a,z) az(a,y)] [0 0 0 0 0 0 a ap(o,z) az(o,y)
0 0 0 0 0 —ag(z,y)l =10 0 —ags(z,y)| [0 0 0
0 0 0 00 z 0 0 z 0 0 0

which immediately yields the following identity:

ar2(a, x)ags(z,y) — arz(o, y)x = 0.
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Letting a — 0 it reduces to
zagg(x,y) — yzr = a12(0, x)as(z,y) — a13(0,y)x =0
so we conclude ags(x,y) =y for all z,y € C. Consequently
P(As(z,y)) = As(x,y).
The above identity now states
ar2(o, z)y — ar3(a,y)r =0

so for all z,y € C* we have
a13(a, y) _ ai2(a, )
Yy N x
The left hand side is independent of x, and the right hand side is independent of y so both
sides are in fact equal to some constant C'(«) € C.

For all a,z,y € C* the homogeneity of ¢ (Claim [1.4.6]) implies

o(R(a,z.y) = a0 (R (1,2, L)) =ar (1,005, c())
= R (o, C(1)z,C(1)y) = R(a,C(1)z,C(1)y).

We have .
a—r
(ﬁ(R(O&, xz, y)) E— ¢(R(0a xz, y)) = R((): xz, y)7
and on the other hand
a—0
o(R(a,,y)) = R(ar, C(1)z, C(1)y) === R(0,C(1)z, C(1)y)
which implies C(1) = 1.
Therefore, for all a, z,y € C* we have
¢(R(a, z,y)) = R(e, 2, y)
so the continuity of ¢ implies that the above identity holds for all «, x,y € C.
As a byproduct of relations aj2(a, ) = z and a13(a, y) = y we also obtain

o(A1(a, ) = Ai(a, 2), P(A2(a,y)) = Az(a,y).

O
Claim 1.4.10. ¢ acts as identity on all matrices of the form
00
00
00
Proof. Denote
0 0 =z
Viz,y,z) =10 0 y
0 0 =z

Consider the map

VT — Mz, (X) = (X))
which, by Claim satisfies all assumptions as ¢, including A — A. Notice that V(z,y, z) =
R(z,y,7)® so we have

QZ)(V(J:? Y, Z))® = w(R(Zv Yy, T
implying ¢(V (z,y,2)) = V(z,y, 2).

Claim [[L4.9]
) T =""R(zy,x)
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Claim 1.4.11. We have

0 00 0 00
ol [0 = =10
[0 * x| 10 ]
Proof. By commuting with Fy; it is clear that
[0 0 0] [+ 0 0]
10} 0 * =x =0 *x =
_0 k k]| 0 = * |

Without loss of generality we can assume that the lower right 2 x 2 block B of the left hand side
matrix is diagonalizable with nonzero distinct eigenvalues A\g, A3. By Claim [2.4] there exists
T € M or T,* (for concreteness, we can assume the latter) such that TBT 1 = diag(A2, A3).
Let v : [0,1] = 75° be a path from I to T". Then

[0,1] = {0. X2, A3} = £ = p(diag(0, () By(t) ™))
is continuous and hence constant. But, by Claim for t = 1 it is equal to ¢(diag(0, A2, A3))11 =
0 so it is zero for all ¢ € [0, 1]. In particular, for ¢ = 0 the claim follows. O

Claim 1.4.12. ¢ acts as identity on all rank-one matrices in A of the form

Proof. For fixed x = (r1,22,23) € C? and A, A3 € C let A(x, A2, A3) € A be the matrix

0 )\233‘1 >\3$1
A(w,/\g,)\g) = [0 )\21‘ )\3{[}] =10 )\21‘2 )\3£U2
0 )\21‘3 )\31’3

columnwise. For v = (v1,v2,v3) € C? let R(v) be as in Claim We have

0 Xvlz Asviz
Az, do, \3)R(v) =0,  R(v)A(z,Ag,X3) = |0 0 0
0 0 0

Therefore, assuming v’z = 0, we have

Az, doy Ng) 0 R(v) = ¢(A(x, o, A3)) 5 d(R(v)) T2 oy

If we denote
b1 b2 b1z
P(A(x, A2, A3)) = [S1 S2 S3] = [ba1 boz bos| .
b31 b3z b33

we have
vtSl ’UtSQ Ut53 bllvt
0 0 0 = R(v)¢(A) = ¢(A)R(v) = by vt
0 0 0 b vt

We can assume v # 0 to immediately obtain bo; = b3; = 0. Now, bi1 is an element of the
spectrum of ¢(A(z, A2, A3)), and hence either 0 or Tr A(x, A2, A\3) = Aoxa + Azz3.
Consider the map

C— {O, )\Q.TQ + /\3%3}, t— ¢(A((t, x9, xg), )\2, )\3))11
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which is continuous and hence constant. By Claim have 0 — 0 and hence x1 — 0 as
well. The latter precisely means bj; = ¢(A(z, A2, A\3))11 = 0. In particular it follows S; = 0
and v'Sy = v'S3 = 0. Since v was an arbitrary nonzero vector with the property v'z = 0, it
follows that Sz, S3 € span{z}. Therefore let us write

O(A(x,X2,A3)) = [0 pox pzx] = A(, p, p3)
for some scalars pg, uz € C. Since A(x, A2, A3) and ¢(A(x, A2, A3)) are rank-one matrices, by
Claim [L4.T] it follows
(1.1) Aoy + Agzy = Tr A(a:, A2, A3) = Tr ¢(A($, Aa, )\3)) = U9Z2 + 3X3.

Now we additionally assume x; # 0 and Aaxo + Azx3 # 0 (we will remove these assumptions
at the end of the proof).
Notice that

0 0 0 0 0 0
0 —>\3$3 >\3x2 A(.%', )\2, /\3) = A(x, )\2, )\3) 0 —)\31’3 )\3332 =0
0 Xoxg —Aoxo 0 Joxrg —Aoxo
and therefore
(1.2)
0 0 0 0 0 0
(;5 0 —/\31'3 )\31‘2 gb(A(fL‘, )\2, )\3)) = qb(A(l‘, >\2, )\3))¢ 0 —)\3563 /\3{112
0 )\21‘3 —)\2.%2 0 )\21‘3 —)\ng

By the above part of the proof, there exist ys,y3 € C such that

0 0 0
o |0 —Asw3z  Azxa = ¢(A(0, =3, A2), w3, —22)) = A((0, = A3, A\2), Y3, —¥2)
0 )\2%3 —>\21’2

0 0 0
=10 —A3ys  Asy2
0 Aoys  —Aoye
Moreover, since —(A3z3 + Aaxa) # 0, by injectivity it cannot be y2 = y3 = 0. Therefore ((1.2)
reduces to

0 0 0 1[0 pomy psxy 0 powy psz1| [0 O 0
0 —Asys  Asyz2 | |0 powa pswe| = |0 pewa pswa| |0 —Asys  Asye
0 Aoys  —Aoye| |0 pows psws 0 poxs pszs] [0 Aays  —Aye

which yields

000 0 (Aopz — Azp2)z1ys  —(Aops — Agp2)x1y2
0 * *x| =10 * *
0 = 0 * *

and consequently Aops = Azuo. Now using we obtain
(A2wa + A3z3)po = (Aop)za + (Azp2)xs = (Aop2)x2 + (Aaps)z3 = Aa(poxe + pses)
No(Aaws + Ags),
(A2z2 + Agz3)ps = (A2ps)ze + (Asps)ws = (Asp2)w2 + (Asps)rs = A3(pex2 + psws)

(1.1}
)\3()\2.’13‘2 + )\3333)
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and since \oxe + Agzs # 0 it follows pa = A2 and ug = A3. Therefore ¢(A(x, A2, A3)) =
A([L‘, )\2, )\3)

This completes the proof for all z = (21,72, 23) € C3 and (o, A3) € C? such that z; # 0 and
Aaxa+Aszzs # 0. Since these form a dense set, the claim follows for all z1, x2, 3, A2, A3 € C. O

Claim 1.4.13. Let A € A be a matrix of rank one. Then one of the two options holds:

(a)

Pl

A=10 0 0,

0 0 0

(b) ) )
0
A= |0

._O .

Proof. Assume that A is not supported only in the first row. Then in the second or third
column there exists a nonzero element at the second or third position, and the first column
has to be a multiple of that column. Since the first column has zeroes at the second and third
positions, it follows that it is the zero-multiple of that column, i.e. it is the zero column. [

Claim 1.4.14. ¢ acts as identity on rank-one matrices.

Proof. Follows from Claims [1.4.13] [1.4.9| and [1.4.12] Il

Claim 1.4.15. ¢ is the identity map.

Proof. By density, it suffices to prove that ¢ is the identity map on the set of matrices in A
with 3 distinct eigenvalues. Let S € A* be arbitrary. By Claim m there exists T' € My
such that

$(SDS™Y) =TDT!, for all diagonal matrices D € Ds.

By Claim we also have
SE;;S™t = ¢(SE;;S™Y) =TE;T™', 1<j<3
so by linearity it must be TDT~! = SDS~! and consequently
#(SDS™Yy =TDT~ ! = SDS™!
for all diagonal matrices D € Ds. This proves the claim. O

1.3. Inductive step.

Claim 1.4.16. Let 1 < s <nandlet A € Ay, ;. beamatrix with s-th row and s-th column
equal to zero, allowing perhaps that Ags # 0. Then ¢(A) has the same property:

AI

11
(s—1)x(s—1) 0 A(s—l)x(n—s) *(s—1)x(s—1) 0 *(s—1)x(n—s)
0 *1%x1 0 = 0 *1x1 0
Al gy 0 AN s *m-s)x(s=1) 0 Fn—s)x(n—s)

Proof. We have

*e—)x(s=1) 0 *(s—1)x(n—s)
A Egs = ¢(A) & ¢(Ess) = Eys — A= 0 *1x1 0

*(n—s)x(s—1) 0 *(n—s)x(n—s)
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Claim 1.4.17. Let 1 < s <n and let D = diag(dy,...,d,) € D, be a diagonal matrix. Then
forall R € A R < Ess, Rss = 1 we have

*s-1)x(s—1) 0 *Gs_1)x(n—s)
#(RDR™') = 0 ds 0
*ns)x(s—1) O *n_g)x(n—s)

Proof. By Claim[1.4.16|it only remains to prove that the element at the position (s, s) is equal
to ds, independently of R. To this end, note that the map given by

(AG, )" = o(D), R o (RECDD(RAD))

SS

is continuous and hence constant and equal to its value in the identity I. O

Claim 1.4.18. Let 1 < s <nandlet A € Ay, ;. beamatrix with s-th row and s-th column
equal to zero. Then ¢(A) has the same property.

Proof. We already know that ¢(A) <+ Ess (Claim|1.4.16]), so it remains to show that ¢(A)ss =
0. By density, it suffices to prove the claim for matrices A with n distinct eigenvalues. Hence,
Claim H implies that there exists R € A,:l ke such that R « Fys, Res =1 and RAR ! is a

diagonal matrix with (RAR™1)ss = 0. Therefore

Claim

(A)gs P g p AR, O

RAR™ 1Y), =0.

By way of induction, suppose that n > 4 and that Theorem holds for n — 1.

Claim 1.4.19. There exists an invertible diagonal matrix A € D) and a map o € {id, '}
such that

¢(Eij) = AEGATY, for all E;j € Ay, k-
Proof. For 1 < s < n consider the map
G i AL g = Mty 6s(A) = p(AHO),

For each such s, the map ¢; is continuous, injective, and preserves spectrum and commuta-
tivity so by the inductive hypothesis we conclude:

e There exists Ty € M, | and o, € {id, '} such that ¢5(X) = T X°T; ! for all X €
A
k“lr"va"
By Claim we have
Ejj = ¢s(Ejj) = TaES T, = To BT,

for all 1 < 5 < n—1 which implies that the matrix T is diagonal. Therefore, for all 1 < s <n
we can denote

T, = diag(t], ..., ti_1,tort,- -5 tp)

for some t{,...,t5_1,t5,4,...,t;, € C*.
By passing to the map Ay, x. — M, given by

([a ] o5 9)
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which satisfies all the same assumptions as ¢ including A — A, we can assume that T,, = I.
In other words

X 0 X 0 n
(13) ¢ ([0 0]) N {0 0} ’ for all X & Akl,--.,kr = Ak k1 k1

Let us fix 1 < s < n. By considering cases whether i, j are less or greater than s, it is not
hard to show that for all indices i,j € {1,...,n}\ {s} such that E;; € Az‘j ..k, We have

s +1
(1.4) ¢<Ez»j>:<i> Ej;

S
t;

Suppose 1 < s < n — 1. Then for all distinct indices i,j € {1,...,n — 1} \ {s} such that
Ei; € Ap,,...k, we have

+1
t o
Eij = ¢(E1j) - tii Eij :
J
which implies that o, is the identity map and that ¢ = t; for all such (i, 7). We conclude that
t; =t foralli,je {1,...,n—1}\ {s}. Without loss of generality we can assume that ¢ =
for alli e {1,...,n—1}\ {s}.
Now fix 1 <p# s <n—1and choose g € {1,...,n— 1} \ {p,s}. Then we have
1 . [3 3 t; 1
tT)Eqn = lEqTL ! ¢(Eqn) ! t%Eqn == thEqn
n n n
so th = t§ which we can denote simply by t,. In other words, we assumed that for all
1 <s<n-—1we have
T, = diag(1,...,1,t,)
and T, = 1.
Now it is easy to see that if we set A = diag(1,...,1,t,) € D,°, we have
o(Eij) = AE ;AL for all E;j € Ag, .k, -
O
By passing to the map (A~1¢(-)A)° : Apy ... k. — My which satisfies A — A, we can assume

that ¢(E;;) = Ej; for all matrix units E;; € Ay, .. After doing the same proof as for the
Claim on this new ¢, we obtain the following result:

Claim 1.4.20. Let A € Ay, . be a matrix with s-th row and s-th column equal to zero
for some 1 < s <n. Then ¢(A) = A.

Proof. Returning to the proof of Claim [1.4.19] the relation ([1.4]) now implies that Ts = I and
hence ¢, is the identity map. Now we have

B(A) = G(AF0) = g, (A7) = (4)H-0) = 4
O

Claim 1.4.21. Let A € Ay, k. be a matrix which is zero outside the first row. Then
6(4) = A.

Proof. Follows as in [27, p. 45]. O

Claim 1.4.22. Let A € Ay, . . be a matrix which is zero outside the n-th column. Then
6(A) = A.
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Proof. For a fixed x = (x1,...,2,) € C" denote

0 0 =

0 0 xo
V(z) = :

0 0 =z,

Consider the map
Vi To = My, 9(X) = (X9)°
which, by Claim satisfies all assumptions as ¢ including A — A. Notice that V' (z1,...,z,) =
R(zp,...,21)® so we have
d(V(x1,...,20))° = (R(zp,...,21)) R(xp,...,x1)
implying ¢(V(z1,...,2,)) = V(z1,...,Tp). O

Claim [Z9)

1.4. Rank-one matrices and conclusion. In this section we can assume without loss of
generality that ki < n as ki = n implies Ay, 1, = My.

Claim 1.4.23. Let A € Ay, 1, be a rank-one matrix. Then there exists 1 < s < r such
that supp A C [1,k1 + -+ ks] X [k1 + -+ + ks—1 + 1,n].

Proof. Let 1 < s < r be the smallest number such that A exists within rows 1 < i <
ki1+---+ks. Then there exists a nonzero element A, # 0 at the position k1 +---+ks_1+1 <
u<ki+---+ksand ki1 +---+ks1+1<v<n.

Denote by Si,...,.S, the columns of A. Consider 1 < j < k; +---+ ks_1. Since A has rank
one, there exists A € C such that the S; = AS,. In particular, since A € Ay, . 1, , we have

0=A,;=AAw = A=0
~—
#0
so S; = 0. This proves the claim. O

Claim 1.4.24. Let A € Ay, 1, be a rank-one matrix and assume that 1 < s < r —1 has
the property that supp A C [1,k1 + -+ ks] X [k1 + -+ ks—1 + 1,n]. Then ¢(A) = A.

Proof. Every matrix of the above form can be expressed as

/\13}

Agt — | Mootk

0
L 0 i
for some
(1.5) r=| 0,...,0 , T 4tkoy+1s---,Zn | € C"\ {0}
N——

kit-tks—1

and A = (A1,..., Ay +tkas 0,...,0) € C™. Note that the last row of Az® is certainly zero
since s < r — 1.



24 ILJA GOGIC, MATEO TOMASEVIC

For v = (v1,...,v,) € C" let V(v) = vel, be the matrix from Claim [1.4.22, We have
(vel)(Az') =0, (Az")(vel) = (x'v)Ael, = V(A\olz, ... Apyyo 02, 0,00, 0)
so if vfx = 0, it follows

Claim [A22
= vey,.

Axt s vel, = ¢(Az") < p(vel)

n

If we denote

Ry bir -+ bin
¢(Az') = = e
}{n bnl bnn
it follows that
(1.6) V(0'Ry,...,v'Ry) = ¢(Axt)vel, = vel p(Az') = [bniv bnav -+ bpnv] .
We can assume v # 0 to conclude b, = - -+ = by ,—1 = 0. Therefore R,, = by,e, and we know

that by, is either zero or equal to Tr(Az?) = D et he 1 1< j <y ot ks N T
The map

C— <0, Z Az oo, ur— d(A(x1, ..., 21, u)t)nn
kit dks 1 +1<j<k1++ks

is well-defined and continuous so it is constant. In particular we have
bnn = ¢(Axt)nn = ¢(A(x17 sy Tp—1, O)t)nn
Therefore R, = 0 and from [1.6] we obtain

Claim L220)

'Ry =+ =v'"R,_1 =0.
Since v € C™ was an arbitrary nonzero vector such that v’z = 0, we conclude Ry,...,R,_1 €
span{z}. Therefore we can write
Hix
p(Axt) = : = Ma'
Hn—1T
0

for some vector M = (u1, ..., pin—1,0) € C™.

For y = (y1,...,Yn)y 2 = (21,...,2n) € C" with y, = 2z, = 0 and y'A = 22 = 0 we have
(Az")(zy") = (2y")(Az') =0 = Az < 2yt

and therefore M2t = ¢(Az') < ¢(zy'). Furthermore, notice that the matrix 2y has n-th row
and n-th column equal to zero so by Claim |1.4.20] we obtain ¢(zy') = 2yt
Now if we assume z # 0, from = # 0 we obtain za! # 0 and therefore

0= (Ma")(2y) = (2y")(Mz') = (y' M) @
#0

which implies y*M = 0. Since y € C" was an arbitrary vector with the property y'A = 0
and y, = 0 (which is not a problem since M, = A, = 0, so we might as well remove this
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restriction), it follows that M € span{A}. The equality
Z Njzj = Tr(Az") = Tr ¢(Az') = Z Ui
kit tks—1+1<j<ki+-+ks ki+etks 1 +H1<j<k1++ks

and the fact that Zkl+~~-+k571+1§j§k1+~-+ks Ajz; # 0 imply that M = A. Therefore ¢(Az!) =
Azt
We have proved the desired claim for all matrices Az where z € C™ \ {0} is of the form

(1.5) and A1, ..., Ak +-qk, € C satisfy zk1+-~~+ks_1+1§j§k1+~--+ks Ajxzj # 0. Since these form
a dense set, the claim follows in general.

g

Claim 1.4.25. Let A € A, 1, be a rank-one matrix and assume that supp A C [1,n] x
[k1 + -+ kr—1 + 1,n|. Then ¢(A4) = A.

Proof. Consider the map
VY Ak, ok = M, P(X) = p(X?)°.

By Claim [2.1] we have that v satisfies all assumptions as ¢ including A — A. Furthermore,
the rank-one matrix A® is now supported only in the first k, rows so by Claim [1.4.24|it follows
P(A®) = A® and thus we obtain ¢(A) = A. O

Claim 1.4.26. ¢ acts as identity on rank-one matrices.

Proof. Follows from Claims [1.4.23] [1.4.24] (the cases 1 < s < r — 1) and [1.4.25| (the case
s=r). O

Claim 1.4.27. ¢ is the identity map.

Proof. By density, it suffices to prove that ¢ is the identity map on the set of matrices in
Ay, k, with n distinct eigenvalues. Let S € .A;l .k, be arbitrary. By Claim there
exists T € M, such that

$(SDS™1) =TDT!, for all diagonal matrices D € D,,.
By Claim [1.4.26] we also have
SE;j;S™' = ¢(SE;;S™) =TE;;T™', 1<j<n
so by linearity it must be TDT~! = SDS~! and consequently
#(SDS™YY =TDT7! = SDS™!
for all diagonal matrices D € D,,. This proves the claim. O

This completes the inductive step. We conclude that Theorem holds for all n > 3.
O

Theorem 4.1. Let A, B C M,, be two parabolic algebras and let ¢ : A — B be a continuous
injective spectrum and commutativity preserving map. Then one of the following is true:

o A C B and there exists T € B* such that $(X) =TXT~! for all X € A.
o A® C B and there exists T € B*.J such that $(X) =TX'T~! for all X € A.

Proof. Theorem implies that there exists T € M,* and o € {id, '} such that ¢(X) =
TX°T~! for all X € A. The rest of the result follows from Proposition O
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When we further assume that B = A, so that ¢ : A — A, we can relax the spectrum preserving
assumption to spectrum shrinking (o(¢(X)) C o(X) for all X € A). More precisely, we obtain
the following result (similarly as in [31], the proof relies on the invariance of domain theorem).

Corollary 4.2. Let A C M, be a parabolic algebra and let ¢ : A — A be a continuous injective
commutativity preserving spectrum shrinking map. Then one of the following is true:

o There exists T € AX such that $(X) =TXT~! for all X € A.
o A® = A and there exists T € A*J such that $(X) =TX'T~! for all X € A.

Proof. We shall prove that ¢ actually preserves characteristic polynomial so that Theorem
applies.

By the invariance of domain theorem, the image R = ¢(A) is an open set in M,, and ¢|* :
A — R is a homeomorphism. Let £ denote the set of all matrices in M,, with n distinct
eigenvalues. As £ is dense in M,,, £ NR is dense in R.

Now, since ¢ shrinks spectrum, its inverse (¢|)~! expands spectrum. In particular, the re-
striction (¢|®)~!|¢nr preserves characteristic polynomial. Since the characteristic polynomial
k. : My — C<p[z] is a continuous map (Remark[£.0.1)), we conclude that the continuous maps

R — (an[x] : X — k(¢|R)—1(X)7 and X = kx

are equal on the dense set £ N R. Hence, they are equal everywhere so (¢|)~! preserves
characteristic polynomial. The same follows for ¢, of course. U

5. COUNTEREXAMPLES

We show the optimality of Theorem via counterexamples. In short, all assumptions
except injectivity are indispensable for all parabolic algebras except M,,, while injectivity is
superfluous in the M, case and necessary in all other cases. We assume n > 3 unless stated
otherwise and let A C M,, be an arbitrary parabolic algebra not equal to M,,.

Example 5.1 (Spectrum shrinking is necessary). Let D be the open unit disk in C and let

1—-3z
:D — D, z) = .
g 9(2) = 5—
It is not difficult to check that g is a holomorphic bijection (actually, it is an involution).
Consider the map

X
¢ A— My, ¢(X):9(1_|_|XH>-
X

This is well-defined, as for each X € A the matrix THIX] has norm < 1 and hence its spectrum
is contained in D at which point we can apply ¢ using the holomorphic functional calculus.
Using the properties of the holomorphic functional calculus we conclude that ¢ is continuous
and preserves commutativity. Moreover, since the map X +— ﬁ is injective, via the

application of g~! = ¢g we conclude that ¢ is injective.

However, ¢ is clearly not linear as

#(0) = 9(0) = 51

Example 5.2 (Commutativity preserving is necessary). Consider the map
oM, =M X (eX 1,1

The map
o A= My, ¢(X)=fX)Xf(X)
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is continuous and preserves spectrum. Moreover, since f is a similarity invariant and ¢(X) is
similar to X, we can see that ¢ is bijective with the inverse Y +— f(Y)~'Y f(Y). However, ¢
is not linear: clearly ¢ acts as the identity on diagonal matrices and singular matrices, so we
have

gf)([ + E12) =Il+eE s #1+Ep= ¢(I) + ¢(E12)'
Example 5.3 (Continuity is necessary). Consider the map ¢ : A — M,, given by

diag(A2, A\1,..., Ay), if X =diag(A1,...,A\,) and all \; are distinct,
X, otherwise

-}

which is bijective, spectrum and commutativity preserving but clearly not continuous. This
example is taken from [28].

Example 5.4 (Injectivity is necessary). Consider the map

X1 X2 - Xip X1 0 -+ 0

0 Xoo - Xo, 0 Xgpo --- 0
¢: A— My, . . e . .

0 0 - X, 0 0 - X

Then ¢ is clearly a unital Jordan homomorphism (and hence satisfies all assumptions of
Theorem |1.4]), but is not injective.

Example 5.5 (n > 3 is necessary). This is also an example from [28]. Let f : [0, +00) — [1, 2]
be a nonconstant continuous map such that lim,_, 4~ f(z) = 1. For specificity we can consider

1
=1 .
Consider the map ¢ : My — My given by
) 1, itb=0,
_|a _ -1 _ c
A= [C d] = ¢(A) = SaASy',  where Sa=<|f ((y)b\) )| othervise

Then ¢ is a continuous injective spectrum and commutativity preserving map, but is clearly
not linear.

A similar example of a map ¢ : To — Mj can be found in [26].

REFERENCES

[1] A. L. Agore, The mazimal dimension of unital subalgebras of the matriz algebra, Forum Math. 29 (2017),
no. 1, 1-5.

[2] M. Akkurt, E. Akkurt, G. P. Barker, Automorphisms of structural matriz algebras, Oper. Matrices 7
(2013), no. 2, 431-439.

[3] M. Akkurt, E. Akkurt, G. P. Barker, Jordan homomorphisms of the structural matriz algebras, Linear
Multilinear Algebra 63 (2015), no. 12, 2518-2525.

[4] K. I. Beidar, M. Bresar, M. A. Chebotar, Jordan isomorphisms of triangular matriz algebras over a
connected commutative ring, Linear Algebra Appl. 312 (2000), no. 1-3, 197-201.

[5] D. Benkovi¢, Jordan homomorphisms on triangular matrices, Linear Multilinear Algebra 53 (2005), no.
5, 345-356.

[6] C. Boboc, S. Dascalescu, L. van Wyk, Jordan isomorphisms of 2-torsionfree triangular rings, Linear
Multilinear Algebra 64 (2016), no. 2, 290-296.



28
[7]
(8]
[9]

[10]

[11]

[12]

ILJA GOGIC, MATEO TOMASEVIC

M. Bresar, P. Semrl, An extension of the Gleason—Kahane—Zelazko theorem: A possible approach to Ka-
plansky’s problem, Expo. Math. 26(3) (2008) 269-277.

R. Brusamarello, E. Z. Fornaroli, M. Khrypchenko, Jordan isomorphisms of finitary incidence algebras,
Linear Multilinear Algebra 66 (2018), no. 3, 565-579.

R. Brusamarello, E. Z. Fornaroli, M. Khrypchenko, Jordan isomorphisms of the finitary incidence ring of
a partially ordered category, Colloq. Math. 159 (2020), no. 2, 285-307.

C. Chen, F. Lu, L. Chen, Jordan epimorphisms of nest algebras, J. Math. Anal. Appl. 494 (2021), no. 2,
Paper No. 124571, 9 pp.

W. S. Cheung, C. K. Li, Linear operators preserving generalized numerical ranges and radii on certain
triangular algebras of matrices, Canad. Math. Bull. 44 (2001), no. 3, 270-281.

W. L. Chooi, M. H. Lim, Linear preservers on triangular matrices, Linear Algebra Appl. 269 (1998),
241-255.

W. L. Chooi, M. H. Lim, P. Semrl, Adjacency preserving maps on upper triangular matriz algebras, Linear
Algebra Appl. 367 (2003), no. 7-8, 105-130.

J. Cui, J. Hou, B. Li, Linear preservers on upper triangular operator matriz algebras, Linear Algebra Appl.
336 (2001), 29-50.

Y. Du, Y. Wang, Jordan homomorphisms of upper triangular matriz rings over a prime ring, Linear
Algebra Appl. 458 (2014), 197-206.

I. N. Herstein, Jordan homomorphisms, Trans. Amer. Math. Soc. 81 (1956), 331-341.

L. P. Huang, Adjacency preserving bijective maps on triangular matrices over any division ring, Linear
Multilinear Algebra 58 (2010), no. 7-8, 815-846.

N. Jacobson, C. E. Rickart, Jordan homomorphisms of rings, Trans. Amer. Math. Soc. 69 (1950), 479-502.
P. Jordan, Uber Verallgemeinerungsmoglichkeiten des Formalismus der Quantenmechanik, Nachr. Akad.
Wiss. Gottingen. Math. Phys. Kl. I, 41 (1933), 209217

1. Kaplansky, Algebraic and analytic aspects of operator algebras, Amer. Math. Soc. (1970), Providence.
C. K. Li, S. Pierce, Linear preserver problems, Amer. Math. Monthly 108 (2001), no. 7, 591-605.

C. K. Li, P. Semrl, G. Soares, Linear operators preserving the numerical range (radius) on triangular
matrices, Linear and Multilinear Algebra 48 (2001), no. 4, 281-292.

C. K. Liu, W. Y. Tsai, Jordan isomorphisms of upper triangular matriz rings, Linear Algebra Appl. 426
(2007), no. 1, 143-148.

F. Lu, Jordan isomorphisms of nest algebras, Proc. Amer. Math. Soc. 131 (2003), no. 1, 147-154.

L. Molnér, P. Semrl, Some linear preserver problems on upper triangular matrices, Linear Multilinear
Algebra 45 (1998), 189-206.

T. Petek, Spectrum and commutativity preserving mappings on triangular matrices, Linear Algebra Appl.
357 (2002), 107-122.

T. Petek, P. Semrl, Characterization of Jordan homomorphisms on M, using preserving properties, Linear
Algebra Appl. 269 (1998), 33-46.

P. Semrl, Characterizing Jordan automorphisms of matriz algebras through preserving properties, Oper.
Matrices 2 (2008), no. 1, 125-136.

P. Semrl, Maps on matriz spaces, Linear Algebra and its Applications, 413 (2006) no. 2, 364-393

M. F. Smiley, Jordan homomorphisms onto prime rings, Trans. Amer. Math. Soc. 84 (1957), 426—429.
M. Tomasevié¢, A nonlinear preserver problem on positive matrices, Linear Algebra Appl. 666 (2023),
96-113.

D. Wang, H. Pan, X. Wang, Non-linear maps preserving ideals on a parabolic subalgebra of a simple
algebra, Czechoslovak Math. J. 60(135) (2010), no. 2, 371-379.

Y. Wang, Y. Wang, Jordan homomorphisms of upper triangular matriz rings, Linear Algebra Appl. 439
(2013), no. 12, 4063—-4069.

T. L. Wong, Jordan isomorphisms of triangular rings, Proc. Amer. Math. Soc. 133 (2005), no. 11, 3381—
3388.

Y. Zhao, D. Wang, X. Wang, Maps preserving square-zero matrices on the algebra consisting of all upper
triangular matrices, Linear Multilinear Algebra 58 (2010), no. 1-2, 121-136.

I. Goci¢, DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCE, UNIVERSITY OF ZAGREB, BIJENICKA 30,
10000 ZAGREB, CROATIA
Email address: ilja@Gmath.hr



JORDAN EMBEDDINGS BETWEEN PARABOLIC SUBALGEBRAS 29

M. ToMASEVIC, DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCE, UNIVERSITY OF ZAGREB, BIJENICKA
30, 10000 ZAGREB, CROATIA
Email address: mateo.tomasevic@math.hr



	1. Introduction
	2. Preliminaries
	3. Parabolic subalgebras and their Jordan embeddings
	4. Proof of the main result
	1.1. Diagonal matrices
	1.2. Base step
	1.3. Inductive step
	1.4. Rank-one matrices and conclusion

	5. Counterexamples
	References

