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We show that the only solutions of this eguation are w = 0, 1. For on

dividing out by
9 (51}
2 (2) (-\'1) !

we have

$ -2 d {r\* 2\ dt (g

2+( 3 )45(?;) +( 5 )r?""g(ma) FRpp—
This gives an impossible congruence mod 3, since 4, 5,7, 8,... are 3-adic
Bhits,

Suppose next that ), # 0 {moed 3). Since
78w x4 Jndy 6+ 3x, 4367 4 160
w | o 3x¥v, 6 4 30,0807 = 14 38,
say, 3} is defined for v = 0 (mod 3}, Write s = 30 + uy, 1t = 9, 1, 2
Then 73 ¥ = g, (mod 3},

Comparing coefficients of % we see that vy = 0, L
Take first 4, = 0. Then

#

nie = 79 (mod 3).

{1+ 38 = x, + 38
Denote by b, the cocfficient of @ in 8% Then

S ¥, (f) =0,

bu
or x, e + 3Babyd (g) o= 0,
Divide out by 3x; 37, and we have, say,
I v
v+ 382(2) + 3233(3) EAERRIL 2

where the B are polynominls in x,, y; with integer cocfficients, This i im-
possible, for if 3% is the highest power of 3 dividing #, all the other terms are
divisible by 3***, For the general term is

te1g {PY _ qte1 0B U"'l)
3 B‘(r)"3 r(rmz

and 3%/t is & J-adic integer. This is cbvious on putting f = 1,3* where 3 is
the highest power of 3 dividing 2,

Suppose next uy = 1, Then

s+ 703 35 () = x  0ut
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Dienote by ¢ the coefficient of §in &, Then

.’\';. z 3‘&; (f) ‘+’ )’1 tz:o 3‘(‘; (i) = G.

twd

Dividing out by 3x33%, we have, say,

20 4+ 3¢y (;) 4 3%, (;) e ),
and this is impossible as before,

3, When it is required to find all the integer solutions of an equation, the
process may not be very complicated if fundamental units are not involved as
in the following theorem. This deals with a conjecture enunciated by Rama-
nujan and first proved by Nagell. Many other proofs have been given and
these have been analysed and discussed by Hasse. He has given a simpler
version of Nagell’s! proof as well as a generalization. We give Hasse’s® proef
of

Theorem 6

The equation x* + 7 = 2* hax only the positive integer solutions given by
x o |, 3,8, 11, 181 corresponding ton = 3,4, 5,7, 15,

When # is even, # = 4 is the only solution since

(2r2P . 3% = 7, 22 3y =17, T ox o= ],
We may now suppose that # is odd, and we write the equation as
X474
= 2, {9y

where y is odd and y 2 3.

We factorize the equation in the field Q(V' =), in which the integers have
the form (m + #v — 732 where m = n{mod 2}, and in which unique
factorization holds. Since

(; + \/":7?) (z - \/“11"'?)‘

2 2
we have . Al :;/,,7 = :1;(I i;/m_?)y,
and so (l+;/:—f)y-(i—2\/;—7)”ﬁt\/r7. n

We show that the positive sign is impossible in equation (11).
Write this as

a¥ — b =g - b
Then a® m {] - BY = 1 {mod b?},
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since ab = 2, and so
a{“‘.%)w— a2 g (mod bﬁ),

=@ — b (mod 5%),

aﬂ'

il

o
B

which is false,
Hence we have

e )< Qe

and 50 -2t =y (mod 7).

This has the odd solutions y = 3, 5, 13 (mod 42}, We prove that 3 5,13 are
the only remaining solutions for y in equation {10},

1t suffices to show that there cannot be two solutions y, v, with ¥y — ¥ =
9 {mod 42). Suppose that 7' is the greatest power of 7 dividing 3, — » Then

G

@ = gb.gh ¥ s g (L 4 VT, ]
Now (¥ = (%% ¥ = | (mod 71,
Also (1 + V=Wr¥ = 1 4 (py, — )V~ 7 (mod TT+7)

as follows on raising | + V = 7 successively to powers 7, 7%, .. ., 7 and then

to the power (¥, — y)7T.

Since ¥ E..:.é_w;g,.z (mmod 1),

on substituting in equation (13}, we have

ah “a”+( 5 =3 vy (mod 7'+%). {14)

Similarly pvs = g 4 O e /T (mod ),

Since from equation (1 1),

— B ou g¥i o BV,
then {y, — yyvV =T = 0{mod "),
and 50 since py, ¥ are rational

oy = 0lmod TH).

This contradiction establishes the theoresn,
4, When the numecrical values of the fundumental pnits must be considered.
in general, a great deal of detailed numerical work, and several cases may arise,

e e
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it is only exceptionally that little detail is required and then the result may
perhaps be found more simply by classical methods. Thus we have the proof
by Skolem? of

Theorem 7
The ondy integer selutions of the equation

v 2% = ] (15

are given by y = B, x = 1,
Clearly p = 0 {mod 2} and so we may replace the equation by the cquation

T L (16)

It can be shown that the fundamental units in the feld Q(0), where § = V2,
are given by | + fand | + £2 Since v -+ 28 is a unit in the ficld, we have

{1+ A+ 0P m v + 200, (in

1

(; 4 onl 4+ ffmff.....mm e )(i + ey x {inod 2},

Since the cceﬁ”csems of &, & vanish in the lefi-hand side of equation (17),
we deduce the p-adic equations;

B+ er2((+ (s ()« () r 7m0
(o ren(() (e (el 00
Multiply the first equation by # and subtract from the secomd, Then
s 52 =)+ (- ()
* ((g) T (;)) (5)} + 2. =0, (18

1 u # 0, suppose that 2% | wand s0 A 2 1. Then
u i =1
R —— = o
(2;;4- 1) 2a+i( 2u )“O(’“"d“)'

Hence all the terms of equation (14) are =0 (mod 22+ ) except thc first and
50 we must have ¥ = Q. i

. i o f? .
Then o2 (3) 4+ (5) + - e,

and a similar argument shows that # = 0,



